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	xIntroduction to the Decimal System

	
'Our aim is not only to make the child understand, and still less to force him to memorize, 
but so to touch his imagination as to enthuse him to his innermost core.'
- Maria Montessori
    With the first mathematics materials the child is introduced to the numbers one through ten. The materials that follow will develop the concept of the decimal system, that is, a numerical system based on ten. Maria Montessori called the decimal system the "cell of our system."
    To understand the decimal system is not easy for a child. It took humans many years to realize that the value of a numeral is dependent on the position it occupies. It was much later that the concept of zero was developed, and even later that the decimal point came into existence.
    Our decimal system (base 10) has nine numerals, one through nine. The presence of one or more zeroes allows us to create numbers beyond nine up to infinity. Thus, learning the numbers one through nine and their numerals, in addition to the concept of zero, is the only truly difficult part for the child. This he has already accomplished. Counting experiences (adding one more) up to 10 have preceded; now the child will learn to count beyond 10.
    In the hierarchical orders-ones, tens, and hundreds of the simple class; ones, tens, and hundreds of thousands, and so on- there are nine units: one through nine. No matter in which hierarchy the numeral one appears, the absolute value of one is one. The relative value depends on its position. The limit between one hierarchical order lies in the 'secret of ten' and in the exact value of the numerals one through nine. It is necessary that the child fixes in his mind the concept of the hierarchical orders and their values. The materials that follow enable the child to avoid the confusion and difficulties he may otherwise encounter.
[top] 

	xThe Great Lesson

	    Prepare a broadly engaging, impressionistic story of the history of Mathematics. Card materials, timelines, and captivating stories will engage the child when offered with tales of early humans and their efforts to measure and quantify their universe. Explore early symbols of numeration, the history of 'zero', and prehistoric calendars. Study the precision of the Great Pyramids of Egypt. Delve into the navigation techniques of the ancient polynesians. Pursue this information enthusiastically and your students will become enthused, as well. Present this work graciously, and your students will express grace in their own studies. Their understanding of arithmetic within the context of human progress will grow.
    This understanding of how arithmetic evolved, and continues to evolve today, will inform an appropriate awe of our 'language of numbers'. Continue your 'Great Lesson' throughout the years, through attention to technology & current events and an ongoing expressed passion for the measurement of our world. This passion is a 'Fundamental Need', a common thread across cultures that ties humanity together.
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	xQuantities and Symbols

	
QUANTITIES IN THE DECIMAL SYSTEM
Materials: 
...the golden bead materials which consist of: 
...one container of loose gold beads representing units
...one box of gold bead bars of ten beads each
...one box of 10 gold bead squares of ten bars (representing 100)
...one box containing 1 gold bead cube of hundred- squares (representing 1,000)
...a large tray with a dish or smaller tray, used for transferring the quantities
Presentation: 
Individual Presentation. As a unit bead, and then a ten bar is placed on the table, the child is asked to identify the quantities. One hundred and one thousand are presented also. The teacher gives a three period lesson naming the quantities: unit, ten, hundred, and thousand. The child is then invited to examine the materials and their composition. The child may count the ten beads on the ten-bar again. "The hundred is made up of ten ten bars". The ten-bar is placed on top of the square as the child counts. "The thousand is made up of 10 hundreds". The hundred-square is placed next to each section of the cube as the child counts. The teacher gives the three period lesson defining the composition of the quantities.
Exercise: 
Small Group exercise. The golden bead materials, now including the wooden hundred-squares and thousand-cubes are arranged at random on a rug (in a basket). Each child takes a tray. The teacher asks the child to bring a quantity. 'Bring me 3 hundreds' As each child returns with the quantity, the child identifies it, and the teacher and child count it together. At first the child is asked to bring only one hierarchy at a time. Later he will bring all four at once.
Age: 3-6
Direct Aim: 
...to develop the concept of the hierarchical orders of the decimal system: units, tens, hundreds, thousands.
...to give the child the relative measurement of the quantities: bead, bar, square, cube.
Indirect Aim: 
...to prepare the child for geometry concepts: point, line, surface and solid.


NUMERALS (SYMBOLS)
Materials: 
decimal system numeral cards:
...1-9 printed in green
...10, 20...90 printed in blue on double-sized cards
...100, 200...900 printed in red on triple-sized cards
...1000, 2000...9000 printed in green on quadruple-sized cards
Presentation: 1st Part 
Individual Presentation. As the one and the ten cards are placed on the table, the child reads them. One hundred and one thousand are presented in a three period lesson. The cards are arranged as in the diagram. Then the child examines the particular characteristics of each numeral, its color and the number of zeros.
Games:
1. The cards are turned face down on the table. Without turning the card face up, the child identifies the numeral indicated by the teacher. How many zeros does it have? The card is turned up to control. Another time, the teacher asks the color of each numeral.
2. 'Magician'. The teacher picks up the four cards arranging them in a pile weighted to the left. This arrangement is shown to the child. The cards are stood on end as the top cards slide into the second position. Where did all the zeros go? They seem to have disappeared, but they are still there. The cards are lifted one by one to reveal the zeros. The child performs the magic trick.
Presentation: 2nd Part: 
The first four numeral cards, just previously presented, are lain in order. The remaining unit cards are placed in a column below one, the child being encouraged to read each as he lays it in position. This continues for the tens (one ten, two tens...), hundreds (one hundred, two hundred...), and thousands (one thousand, two thousand...). The three period lesson continues noting color and number of zeros as well. If the child is familiar with the names, twenty, thirty..., these may be supplemented. It is important for the child to realize that twenty (20) is two tens.
Age: 3-6
Direct Aims: 
...to understand the orders of the decimal system.
...to turn the numerals for each of those four orders
Indirect Aim: to understand the importance of zeros in distinguishing the numerals.


UNION OF QUANTITIES AND NUMERALS (SYMBOLS)
Materials: 
...golden bead materials
...numeral cards 1-9, 10-90, 100-900 and 1000
Presentation: 
As the teacher lays out the unit beads, the child counts: 'one unit, two units...nine units.' The teacher goes on: 'If we added one more unit, we'd have ten units. Ten units make one ten.' The tens are counted as they are lain out: 'one ten, two tens... nine tens.' 'If we add one more ten we'd have ten tens. Ten tens make one hundred.' And so on up tone thousand. Here the rule of the decimal system is stated: Only nine quantities can remain loose. When we reach ten, we move to a superior hierarchical order.
Exercises: 
1. The teacher places the numeral cards (as in the diagram) on one table and the quantities on another. The teacher places one quantity on a tray. The child finds the corresponding numeral card and places it on top of the quantity. The teacher controls.
2. The teacher places a numeral card on a tray. The child brings the corresponding quantity.
Subsequent Presentation: 
Group Presentation: The teacher places cards of different orders on the tray. The child brings the corresponding quantities with the cards placed on top. The teacher controls and hands the cards back to the child. When the child has all of the numeral cards, he does the magic (arranges the cards) and reads the numeral. The exercise continues omitting one hierarchical order to show that the place is held by zeros.
Age: 3-6
Direct Aim: 
...to understand the rule of the decimal system: only nine quantities can remain loose.
...to familiarize the child with the hierarchical orders
...to offer the opportunity to write complete numerals
Indirect Aim: 
...to give the understanding that zero occupies the place of a missing order.
Note: With these and all other activities involving the golden bead material, the units should remain in the small tray. This confines the loose beads in a set and makes it easier for the child to see that he has nine, one more would make ten. When counting, the beads may be dumped into the palm and counted back into the tray.


ADDITIONAL EXERCISES IN NUMERATION

The Hundred Board


ADDITIONAL EXERCISES IN NUMERATION

The Seguin Boards

Teen Boards
Materials: 
...box containing two boards and 9 wooden tablets for 1-9
...box of ten golden ten bars
...box of 1 each of colored bead bars 1-9
Presentation: 
Individual presentation. The teacher presents the boards side by side and the tablets ordered in a row. Indicating the first slot, the child reads the numeral 10 and places a ten-bar to the left of that slot. The teacher then adds a unit bead and the tablet - 1 to make eleven. 'This numeral is eleven: eleven is ten and one.' This continues through nineteen. When counting the beads the child counts ' ten, eleven, twelve... ten and two is twelve.' Three period lesson follows naming the quantities and in the second period forming them.
If the child questions why the last slot is blank, explain that in order to make the numeral that comes after nineteen, other materials are needed.
Age: 3-6
Aims: 
...to clarify understanding of the decimal system (11 means: 1 ten and 1 unit )
...to progress in counting from 10 up to 19
...to learn the names of numbers 11-19


ADDITIONAL EXERCISE IN NUMERATION

The Seguin Boards

Ten Boards
Materials: 
...box containing two boards with numerals 10, 20, 30....90, and 9 wooden tablets for 1-9
...box of 9 gold unit beads
...box of 45 gold ten-bars 
...1 golden hundred square
Presentation: 
Individual presentation. With these materials we will be able to make the numeral that was missing from the teen boards.
a) Only the boards and ten-bars are used for now. Pointing to the first numeral 10, the child is asked to identify it and place the correct quantity next to it. The child identifies the next numeral 20 as two tens. We call this twenty. The ten-bars are placed next to twenty, and counted 'ten, twenty.' This continues, identifying numbers by correct names and counting the ten-bars by 10's. Now we have counted by tens up to ninety. The three period lesson follows.
b) The ten-bars have been returned to their box. Again the child identifies 10 and brings out one ten-bar. After ten is eleven: the one tablet is placed in the slot and one unit bead is added 'ten, eleven.' This continues up to nineteen. After nineteen is twenty: Twenty is two tens, so we put away the nine unit beads and take another ten-bar. Both ten-bars are moved down by twenty. This one-by-one counting continues up to 99. If we added one more bead, we'd have 10 units which make another ten-bar. Then we'd have ten ten-bars which makes one hundred. After 99 comes 100. The hundred square is placed next to the blank space.
Age: 3-6
Aims: 
...to clarify understanding of the decimal system (11 means 1 ten and 1 unit )
...to count from 1 to 99
...to learn the names of numbers 20-99
Note: These materials may be presented any time after the Union of Quantities and Numerals of the Decimal System.
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	xIntroduction to Operations Using the Change Game

	
STATIC OPERATIONS IN THE DECIMAL SYSTEM
Materials: 
...golden bead materials including wooden hundred squares and thousand cubes
...large numeral cards
...three sets of small numeral cards
...a box containing symbols for operations +, -, x,÷
...small pieces of paper
...a thin rod to be used for the = line
...a soft cloth.
a. Presentation of Addition: 
Small Group Presentation. Each of two or three children takes a tray. The teacher states a different numeral for each and they find the appropriate small numeral cards and the quantity, placing the cards on top of the respective quantity. The teacher controls. The child arranges the cards, places the numeral on the table and dumps the quantity on the cloth. When all the quantities are on the cloth, the teacher gathers up the cloth, mixing all the quantities together. The cloth is opened and the materials are sorted. The child begins with units counting the quantity and bringing the large numeral card. When all has been counted, the child arranges the cards and reads the quantity that the combination has produced. Pointing to small numeral cards: 'The children brought these small quantities. When we put them together we made this large quantity." (indicating the large numeral cards which is seperated from the addends by the thin rod) 'We have done addition.'
The numerals are arranged in a column. The plus sign and its function is presented. The line (which was formed by the thin rod) is equivalent to the = sign. The teacher reads the problem (equation) '2,512 plus 1,234 equals 3,746.'
b. Presentation of Subtraction: 
Group Presentation: Initially the teacher may play the "Rich Man, Poor Man" game to demonstrate the concept of "taking away." The teacher has a large quantity from which several children take away small quantities until there is nothing left. The purpose of this game is to make the impression of taking away and nothing remaining.
The child has an empty tray. The teacher has a large quantity on his tray. The quantity is counted beginning with the units and large numeral cards are placed on the quantities. The child arranges these cards and reads the numeral. Offering the child some of this large quantity, the teacher chooses some small numeral cards. The child arranges these cards and reads what shall be taken away. The teacher counts out this quantity from what is on the tray, beginning with units. What is left? This quantity is counted and small numeral cards placed on the quantities, arranged and read. What remains on the tray is the result of subtraction. When we take away, we are subtracting. The problem is set up with the minus sign and read. The large cards tell us the large quantity; the smaller cards are for the small quantity that was taken away and the small quantity that remains.
c. Presentation of Multiplication: 
Group Presentation: Each child is given a tray and is asked to get the cards and quantities for a stated number. The teacher controls each child's tray; the cards are arranged, the numeral is read and the quantity is placed on the table. As in addition the quantities are put together, sorted, counted, labeled and the sum is read. The problem is then set up as in addition with the plus sign. 
Now it is observed that in this 'special' addition, all of the quantities put together (addends) are the same. This special addition is called multiplication. Taking one small numeral : 'We can say that we took this quantity three times.' The times sign is presented and the numeral three is written on a blank piece of paper. The result has not changed; this is just an easier way to write the problem.

Note: After this initial presentation, the child no longer sets up the addition problem first.
d. Presentation of Division: 
Group Presentation: The children are seated in a circle. One child is asked to pick up the large numeral cards for the stated quantity, and he brings the golden bead material. 'This large quantity must be distributed to each of these other children equally. 'Starting with the thousands, one thousand for you, one thousand for you, another thousand for, another thousand for you'... until all of the quantity has been distributed. The children who received count their quantity to be sure that everyone received the same amount. One child is asked to get the small numeral cards. It is emphasized that each child received this amount. When we distribute equally to many others, we divide. The division problem is set up, using a small piece of paper for the divisor, and it is read. The result of division is what one child receives.
Exercises:
After each problem has been demonstrated and set up with numeral cards and symbols, the child may write this in his notebook, preferably on paper with columns and in colors for the hierarchical orders.
After all of the operations have been presented, it is important for the child to understand the function of each operation. 'What is addition?... putting together...etc.
Age: 3-7
Control of Error: The teacher checks the quantities counted.
Aims: 
...to realize the concept of addition (putting together), subtraction (taking away), multiplication (adding the same number many times), and division (distributing equally)


DYNAMIC OPERATIONS IN THE DECIMAL SYSTEM
Materials: 
...golden bead material
...large and small numeral cards
...symbol cards for the operations
...problem cards for each operation
a. Introduction to the Change Game: 
Individual Presentation. A large quantity is placed on the tray and the child is invited to count it. Beginning with units, the child counts, but is stopped at 10. Ten units cannot remain loose; they must be changed for a ten-bar. The ten beads are traded for one ten-bar from the bank. The child continues counting units and placing the correct large numeral cards on the try. So on to thousands. The cards are arranged and read. The child does many exercises.
Aim: to exchange equal quantities of different hierarchies
to reinforce the rule: only 9 units can remain loose
to reinforce knowledge of the composition of each hierarchy (ten tens=100)
b. Presentation of Addition:
The teacher reads a task card. The child performs each command as it is read. The teacher controls.

c. Presentation of Subtraction:
The teacher reads a task card. The child performs each command as it is read. The teacher controls. 
The teacher presents the thousand cube (golden bead) and wants to take away 1 unit. This may be symbolized with the large and small numeral cards for emphasis. How can this be done? The thousand is changed to 10 hundreds. Now can we take away one unit? Not yet. So on until one unit can be taken away. The remaining quantity is counted and represented with small cards.
Aim: to realize that one unit revolutionizes a large quantity.
d. Presentation of Multiplication:
As for addition task cards are prepared.
e. Presentation of Division:
Group Presentation. As with static division the child sets about distributing. When he finds that he doesn't have enough for one hierarchy to go around, he must exchange for a lesser hierarchy.
When there is a remainder, the corresponding small numeral cards are brought and placed after a small card with the initial r to the right of the result (quotient)
 

Age: 4-7
Aim: 
...to further understand the concept of addition, subtraction, multiplication, and division
[top] 

	xGolden Bead Chains

	
CHAIN OF ONE HUNDRED
Materials: 
...a chain formed of 10 ten-bars 
...a hundred square
...an envelope containing: 9 units arrows 1-9 in green, 9 tens arrows 10-90 in blue, a red hundred arrow
Presentation: 
The chain is folded like a fan to resemble a hundred square. Do you recognize this? It looks like 100. We prove that it is 100 by placing the hundred square on or beside the folded chain. The chain is stretched out to its full length. How many tens are there in this hundred square? How many tens are in this chain? The square and the chain are exactly equal.
The child begins counting the beads placing the corresponding arrows by the bead. At 10, he begins counting by tens to 100. The red hundreds arrow and the hundred square are placed by the last bead.
Exercise: 
1) The unit arrows are removed and the tens arrows are turned over. The child counts by 10's to 100, and then backwards by 10's.
2) The teacher asks the child to indicate a number on the chain. Then pointing to a bead, asks, 'What is this?'
Age: 3-6
Aims: 
...to represent one hundred in a line
...to learn numeration from 1-100
...to count forwards and backwards by 10, s from 1-100


CHAIN OF ONE THOUSAND
Materials: 
...a chain of 100 ten-bars with a ring after every 100 beads 
...an envelope containing: 9 green units arrows, 9 blue tens arrows 10-90, 9 red hundreds arrows, and 1 green thousands arrow
...10 hundred squares
...1 thousand cube
Presentation: 
The chain is stretched out to show the difference between this chain and the chain of 100. It is folded like a fan to resemble hundred squares. It is proven that there are ten hundreds in this chain by placing the hundred squares on top of each section. The hundred squares are then stacked up to prove that this chain is equal to the cube. After this correspondence has been firmly established, the child begins counting, first by units, matching the arrows, then by tens, and lastly by 100's. At each hundred the child places a hundred square. At 900 the child counts by 10's again to 990. The child counts by units from 990 to 1000. We place another hundred square here, but now we have 10 hundreds. Ten hundreds make one thousand, so we can put the cube here instead.
Exercise: 
1) The child counts by 100's to 100, forwards and backwards from 1 to 1000, with the arrows overturned
2) The teacher asks the child to point to a number on the chain. Then pointing to a bead, the teacher asks, 'What is this?'
Age: 3-6
Direct Aim: 
...to count forwards and backwards by 10, s and 100's to 1000
Indirect Aim: 
...to prepare for learning the powers of numbers
[top] 

	xHierarchical Material

	
INTRODUCTION
These materials are the geometric representation of the quantities from one unit to one million-the powers of ten; 100 to 106 Having reached one million the child will easily imagine the succeeding hierarchies.
Materials: 
...the wooden materials made of light wood to facilitate movement, in relative proportions:
...1 - green cube - .5cm
...10 - blue rod with green lines .5 x .5 x 5cm
...100 - red square with blue lines .5 x 5 x 5cm
...1000 - green cube with red lines 5cm
...10,000 - blue rod with green lines 5 x 5 x 50cm
...100,000 - red square with blue lines 5 x 50 x 50cm
...1,000,000 - green cube with red lines 50cm
...numeral cards 1; 10; 100; 1,000; 10,000; 100,000; 1,000,000 all on white backing with numerals printed in black
...a ruler or stick or an expensive laser pen
Presentation: 
The materials should be laid out in a row as they are presented, from right to left. Isolate the unit cube and identify it. This is one. If I had ten of these little cubes and placed them end to end, I would have this rod. This is ten. Place the cube along the side of the rod to count the ten sections. If I had 10 of these tens, I would get one hundred-this square. Count the sections of the square using the rod. Place the three pieces on the table in a row, and place the ruler on top. These all have the same height. Identify the three pieces again - 1, 10, 100, unit, ten, hundred. They are numbers of the simple class. Set the stick aside.
Isolate the thousand cube. This is still a unit, but it is a unit of the thousands. Compare its color and shape to the unit cube. Present the ten and hundred as before. Place the stick on top to see that they are all the same height. They are 1, 10, 100 but of thousands.
Present the million cube. This is still a unit, but it is a unit of millions. Imagine the ten of millions. It would be as long as ten of these side by side. Imagine also the hundred, which would be made of ten of these tens. These would make up the class of millions.
Review the first period giving the names of the classes and the names 1, 10, 100 for the cube, rod, square, to show how these three orders are repeated in each class. The dominant figure of each class is the cube for it gives us the name of the class. Compare these materials to the concepts of point, line, surface and solid-which is only a point of the next line. The point is represented bigger each time. Even the Earth, as big as it is, is just a tiny point in space. Three period lesson
Give the child the symbols to match by placing on top of the material. Identify for the child the symbols of 10,000 · 100,000 · and 1,000,000. Notice that the comma corresponds to a change in hierarchical class.

Games: 
Distribute the cards to a group of children and they place the cards on the appropriate material. Give each child a piece of material and he finds the right card.
Ask the child to identify a piece of material, the class to which it belongs, the reason for the color of the lines, of what it is composed. In this way the child will be able to form definitions in his own words. Emphasize that the superior hierarchy is always formed of 10 of the preceding hierarchy.
The child draws the material in his notebook or cuts and pastes the pieces using a different scale of measurement. The cube is drawn as a three-dimensional image.

Age: 7 years
[top] 

	xIntroduction to Other Mathematical Materials

	
STAMP GAME
Materials: 
...wooden stamps of four types: 
...green unit stamps printed with the numeral 1, 
...blue tens stamps printed with the numeral 10, 
...red hundred stamps printed with the numeral 100, and 
...green thousand stamps printed with the numeral 1000 
...box with three compartments each containing 9 skittles and one counter in the hierarchic colors;
...four small plates
Presentation: 
One of each stamp is presented and identified, lain in correct order-units t the far right; thousands to the left. The teacher forms a number laying out the stamps in a straight column for each hierarchy. 'Can you read this to me?' Now the child reads a number from a slip of paper and forms the number with the stamps. After the child has done many exercises of this type, he will be ready to go on to operations.


HIERARCHICAL BEAD FRAMES

INTRODUCTION
In this work, which follows memorization, the child encounters a new difficulty. He must identify quickly the value of each digit of a number as it is indicated by the place the digit occupies. The child considers the position of the digits in a number, and determines the value of each digit according to this position.
The decimal system material: the bead-1, bar-10, square-100, and cube-1000, represented constant values, values which did not change when the position of the material changed. On the bead frames beads of the same size represent the various quantities, thus eliminating the sensorial element of size. The quantities are symbolically represented on the bead frame aided by the hierarchic colors and the relative positions of the frame.
These hierarchic colors have been encountered before in the decimal system material numeral cards and the stamp game. On the frame one blue bead represents ten (unit) beads of the previous hierarchy and one-tenth of a (hundred) bead of the next superior hierarchy.


SMALL BEAD FRAMES

First Presentation:
Materials: 
...small bead frame, corresponding form
...a golden unit bead, 10-bar, 100-square, 1000-cube
...2 green beads (from the unit division board)
Presentation: 
Introduce the child to the concept of hierarchy with an analogy: i.e. the social organization differentiates one person from the next. The same thing happens in the beads, These 4 beads could be units of the simple class or units of the thousands depending on their position.
These three colors, green, blue, and red are repeated in each class in the same sequence. Only their position will differentiate them.
Isolate two green loose beads. How many are there? 2 On the frame isolate one unit and one thousand bead. Here I also have two green beads, but I can't call them just '2 green beads.' The one at the top has the value of one; the bead on the lower wire has the value of 1000. The position makes the difference.
The absolute value is the value of the unit independent of its position (the number of beads on the wire). The relative value is the value of a digit when its relative position is taken into consideration.
The History of The Abacus
Relate the story of the abacus: A bead frame like this is used by children all over to learn to count. It is a very, very old instrument, that was used by the Chinese as far back as 500 BC. They called it 'swan-pan'. The Japanese caught on to the idea, but they called it 'soro-ban.' The Russians learned about it and began to use it in their country, calling it 's-ciot', which means calculator. Around 1812 there were French prisoners in Russia who learned about the abacus. When he was released he brought the idea back to France. This knowledge spread rapidly around Europe and to America.
Studies have shown that this design originated long, long ago. People made little grooves in the sand and placed little pebbles into the grooves. Each groove was like one of our wires, and the pebbles were like our beads.
Introduction to the materials
Our bead frame has four wires; the first three are equal distances from one another, and between the third and fourth there is a greater distance. This space separates the simple class from the class of thousands. On the right side we see these two classes indicated by two different colors. There are ten beads on each wire. The number on the left side of the frame indicate the value of each bead on that wire. Here it says 1, so each bead has the value of one... and so on to 1000. 
On this form the same situation is repeated. Turn the bead frame on its side to demonstrate the corresponding colors, names of classes, and the space to divide the classes, which has been replaced by a comma.
Passage from sensorial to symbolic representation
Isolate the golden bead, and ask the child to identify its value; one unit. Isolate one green unit bead on the right side of the frame. This green bead is also one unit. Each bead on this row is a unit.
Isolate the ten-bar, and ask the child to identify its value; ten. This blue bead also has the value of ten. Each one of the beads on this row is worth ten units. Continue in the same way with the square and the cube. 
By means of the three period lesson: have the child match the corresponding quantities, i.e. Give me 100. The child gives the square. Now show me 100 on the frame, or pointing to a particular bead: What is this? The child names it and gets the corresponding golden bead material.
To check the child's comprehension, isolate one unit bead and one thousand bead. These two beads are both green: do they have the same value? Why?


SMALL BEAD FRAMES

Numeration Based On Position
Materials: 
...small bead frame
...form for each child
Presentation: 
Moving one unit bead to the right, the teacher counts one and writes the digit on the form. The numeration continues: move a bead, say the number, write it down. As the tenth unit bead is moved forward: I change these ten units for one ten bead forward. Write the digit 1 on the blue line. Move another ten bead forward- 2 tens and write a 2 in the column. The numeration continues in this way up to 90, changing 10 tens for 100. Finally the numeration ends at 1000. This is controlled by 28 lines on the form.
At the end fill in all of the zeros to bring into focus the passage from one hierarchy to the next by the placement of one more zero each time.
This work recalls the concept of changing from one hierarchy to another from the decimal system operations. This activity helps the child to fix the places which correspond to each hierarchy.
Activities: Formation of Numbers
1) The teacher forms a number on the frame. The child reads it.
2) The child reads a number from prepared cards and forms it on the frame.
3) The child forms any number on the frame, reads it and records it on the left side of the form used earlier for the presentation.
Note: Each time the child forms a number he will recall the formation 10.
Aim: familiarization with the bead frame
knowledge of the passage between hierarchies


LARGE BEAD FRAMES

First Presentation
Materials: 
...large bead frame, bearing the same characteristics as the small frame: 
...space and change of frame color to separate the classes, 
...10 beads of respective hierarchic colors on each row.
...wooden hierarchic materials
Presentation: 
Slide one green bead to the right and isolate the unit cube. This green bead has the same value as this cube. What was the value of this cube? ..unit of what class? the simple class. Every green bead on this row has the value of one unit. In the same way identify each row of beads using the hierarchic materials.
Exercise: 
Isolate a bead and ask the child to identify the equivalent material and ask the child to isolate the corresponding bead.


LARGE BEAD FRAMES

Numeration According To Position
Materials: 
...large bead frame
...corresponding long form with 55 lines
Presentation:
Move one unit bead to the right, count one and write the digit 1 in the first space of the form. Continue counting and writing. When the tenth unit bead is moved forward, 'we know that 10 units make 1 ten.' The units are moved back and one ten is moved forward. Write '1' in the tens column (without a zero) Continue in this way up to 1 million; the form will be filled up. Go back and add the zeros. Notice the passage from one hierarchy to the next as indicated by the zeros. Note that the commas correspond to the spaces between classes.
Exercises;Formation of Numbers:
1) The teacher forms a number on the bead frame. The child reads the number and writes it on the form.
2) The teacher writes a number on a piece of paper and the child reads it, forms it on the frame and writes it on the form.
3) The child creates a number on the frame and writes it on the form. The child performs addition, subtraction and multiplication (with a one-digit multiplier) on this frame. This larger frame permits the child to work with larger numbers.


HORIZONTAL GOLDEN BEAD FRAME
Materials: the frame which lies flat on the table.
It is less sensorial in that hierarchic colors and spaces between the classes have been eliminated (note: the black lines are drawn on the board beneath the wires; they will indicate where to begin the multiplication when multiplying by units, tens, hundreds or thousands.). All of the previous operations can be done with this material, but we will do the most interesting - multiplication with a two-digit multiplier.
[top] 

	xIntroduction to Memorization

	
Memorization is the key that will allow the child to continue in his development of the mathematical mind. Memorization can be defined as conservation in the memory along with the ability to recall experience and impressions. Oftentimes the exercises of memorization are boring to the child because the same thing is repeated over and over until he remembers. In order for our goals to be achieved, we must find ways to make memorization attractive and interesting.
Memorization must be taught along with the decimal system materials. The child has realized the concept of the decimal system: that only nine units can remain loose, and he has understood the function of each operation. Now we must learn to calculate. As soon as the child has memorized all of the possible combinations of 1-9, he will be able to calculate any complex addition. In order to enter the world of mathematics, the child must be given the opportunity to memorize.
[top] 
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	xStamp Game Addition

	
DYNAMIC ADDITION
Materials: 
...wooden stamps of four types: 
......green unit stamps printed with the numeral 1, 
......blue tens stamps printed with the numeral 10, 
......red hundred stamps printed with the numeral 100, and 
......green thousand stamps printed with the numeral 1000 
...box with three compartments each containing 9 skittles and one counter in the hierarchic colors;
...four small plates
Presentation: 
Using dynamic addition work cards, the teacher presents addition using stamps. The child forms the first addend and then forms the second addend, starting his columns well below the first addend. Now you do the addition. The child slides the rows together and begins to count, starting with units. At ten units the child must stop and change these to a ten. The units are put back and a ten is taken out. The child continues counting and changing. Now let's see what the result is. The number is read and the problem is recorded in his notebook.
top 

	xMemorization

	
STRIP BOARD (including doubles)

a. Complete List of Strip Board Materials
Materials:
...addition strip board 
...pink box containing pink and blue strips
...mimeographed booklets
...box containing 81 combinations on small cards
...box containing pink tiles with 81 sums
...box of 36 pink rectangles and 36 squares
...Control Charts I-VI
top


STRIP BOARD (including doubles)

b. First Presentation of the Addition Strip Board
Materials: 
...addition strip board and strips
Presentation: 
In order to show the child how to use the materials, the teacher presents a few short exercises. A blue strip is chosen at random. The child identifies the strip. It is placed along the top row of squares. The teacher takes a pink strip. I am going to add 5 (pink) to this 7 (blue). The pink strip is lain on the board. We can see that 7 plus 5 is 12. I read 12 here at the top, pointing to the top row of numerals. The exercises continues like this.
Then the child adds keeping the first addend the same. The second addends are chosen at random order. In these exercises the blue strip remains on the board throughout.
top


STRIP BOARD (including doubles)

c. Addition Booklets
Materials: 
...mimeographed booklets of nine pages each; each page has 
...nine combinations with a common first addend
...addition strip board and strips
...control chart I (81 combinations in 9 columns)
Exercises: 
The child chooses one page in the booklet. He reads the first combination 3+1=__. The first addend is 3, so the blue strip for 3 is placed on the board. The second addend is 1, so the pink strip for 1 is added. The sum is read at the top, and is written in the booklet near the equal sign. The first addend remains the same, therefore the blue strip remains on the board. The pink strip may be turned face down in its place, to remind us that we've finished with 1. The child follows the order on the form.
If the child is just writing the numbers in succession on the column, the aim of memorization is not being met. Therefore, the child may complete a page in any order. A booklet with random order problems for one number can be introduced as well.
example:
3+2=__
3+4=__
3+7=__
3+9=__
3+1=__
3+1=__
3+5=__
3+8=__
3=3=__
3+6=__
Control of error: Chart I. The child simply compares his page to a column on the chart.
top


STRIP BOARD (including doubles)
d. Combination Cards
Materials: 
...box of combination cards
...addition strip board and strips
...paper
...Control Chart I
Exercise: 
The child fishes for a combination. He reads it and writes it down on his paper 7+6=___. The first addend is 7, so the blue strip for 7 is placed on the board. The second addend is 6, so the pink strip is placed directly next to the blue strip on the board. The sum is read at the top and is written on the paper next to the equal sign. The strips are put back in their places. The child fishes for another combination, and the exercise continues.
Control of error: Control Chart I. The child looks at the first addend, finds the column where the combinations have that first addend, then looks for his combination.
top


STRIP BOARD (including doubles)
e. The Combinations of One Number
Materials: 
...addition strip board and strips
...paper
...Control Chart I
Exercise: 
Let's see all of the different ways to form 10. The blue strip for one is placed on the board. What do we need to make 10? The pink strip for 9 is added, 1+9=10. The child continues in order, making combinations until 1+9=10. The child then writes the combinations and sums on his paper.
Now the child observes that the pink strip decrease in size as the blue strips increase. Also it is observed that 9+1 is the same as saying 1+9. The 9+1 are held up to the 1+9 strips to compare. If I remember that 1+9=10, then I also remember that 9+1= 10. We can eliminate one of these combinations. The strips are put back in their places and 9+1=10 is crossed off the list. We can do the same for 8+2. It is the same as 2+8. This continues until only five combinations remain. It is sufficient to know these five combinations to know the combinations which form 10. The same is done for all numbers 2-18.
Control of error: Control Chart I. The child looks all the combinations he has made, noticing the tens in red on the diagonal.
top


STRIP BOARD (including doubles)

f. The Combinations of One Number with Zero as an Addend
Materials: addition strip board and strips
paper
Control Chart 1 and /or Chart II (45 combinations)
Exercise: 
Let's find all of the combinations that make 9. 0+9=___? Our first addend is zero, so we place nothing on the board. Our second addend is 9, so we place the pink strip for 9 on the board. Our sum is 9. This continues until 9+0 is the last combination.
We notice that the first strip is all pink and the last strip is all blue. 
Zero doesn't change the number in addition. 
As before the child eliminates the unnecessary combinations.
Control of error: Control Chart 1 and/or Chart II
top


STRIP BOARD (including doubles)
g. Doubles of Numbers
Materials: addition strip board and strips
paper
Control Chart 1
Exercise: 
We find the doubles of numbers by taking a blue strip: 1 and the same second addend; the pink strip for 1. The strips are placed on the board, and the combination is written on the paper. The sum is read at the top. The one strips are returned to their places, and the twos are added, etc.

N.B. Here the teacher helps the child reflect on his work, thus noticing that not only is 9+9=18, but also that 1/2 of 18 = 9. The possibility for dialogue here is very great and is a way of engaging langugae in the course of understanding mathematics.
Control of error: Control Chart II on which the double of each number is found at the top of each column.
top


GAMES AND EXPLORATION USING BEAD BARS

a. Complete List of Materials
Materials: 
...Snake Game reminder beads, without the bridge 
...box of ten bars
...box of colored bead bars (9 of each)
...box containing signs for the operations +, -. x, /, =, ()
...Addition Chart I
top


GAMES AND EXPLORATION USING BEAD BARS

b. The Snake Game
Materials: 
...reminder beads usually black and white
...ten bars
...colored bead bars
...Addition Chart I
Presentation: 
The reminder beads are lain out in a triangle arrangement to facilitate movement. The child is asked to make a snake with the colored bead bars. (The box is then covered again) The child no longer counts bead by bead to arrive at the ten. The first two beads are isolated. The child mentally computes the sum, i.e. 8+9=17. We can replace these with a ten (the ten bar is lain out) and seven (the reminder bead bar connects the ten to the rest of the snake). The 8 and 9 are put into the empty box. Go on adding the seven reminder bar to the next bar of the snake. These are isolated, added, the ten bar and corresponding reminder bar replace them in the snake, and the colored bead bar is returned to the empty box while the first reminder bead bar is replaced in its place in the triangle.
The child may make combinations of more than two bead bars, keeping the sum less than 19. If the child does not remember a combination, he may use the Addition Chart I. Command cards may be made.
Control of Error: As before, the child controls his work by matching. The ten bars and reminder bead bar (if any) are grouped together to one side. The colored bead bars from this snake are arranged in hierarchic order. the large box of colored bead bars is reopened, in case exchanges are necessary. The child takes a ten bar and a colored bead bar, i.e. 8. What must be added to eight to make ten? A colored bead bar of two is united with the 8 and placed next to the ten. If the child doesn't have a bead bar of two, an exchange must be made. Combinations of two numbers to make ten should always be used when controlling. The child sees that his addition was exact when the colored beads are all matched to ten bars (and the black reminder bar).
top


GAMES AND EXPLORATION USING BEAD BARS

c. Sums Less Than Ten
Materials: 
...ten bars
...colored bead bars
...box of signs for operations
Presentation: 
The teacher sets up an addition of two numbers, using colored bead bars and the plus and equals signs. the child reads the problem, computes the addition problem in his head and puts out the appropriate bead bar for the sum.
The child also adds combinations of these numbers. Sums are always less than ten. Command cards may be made for the work. The Addition Chart I may be used for control, or to help the child remember the combinations.
top


GAMES AND EXPLORATION USING BEAD BARS

d. Sums Greater Than Ten
Materials: same as above
Presentation: 
As before, the child combines two or more numbers, whose sum will be greater than ten. The colored bead bar is placed below the ten bar to facilitate counting.
For example:
A child chooses 14 and 12 in beads to add. Tell the child to add the units first and then the tens to achieve the sum. 4 + 2 = 6 and 2 tens are twenty. The sum is 26.
The child chooses 18 + 25 in beads. Again units are added first. Since that sum is 13. Place a three bar below and carry the one ten mentally. Carrying the one ten add the other tens. The sum is 4 tens and the total sum is 43. This exercise gives a child experience with horizontal as well as vertical addition, a fact often overlooked in preparation for standardized tests.

Command cards may be made. The chart may be used as control.
top


GAMES AND EXPLORATION USING BEAD BARS

e. Changing the Order of the Addends
Materials: same as above
Presentation:
The teacher sets up an addition of two numbers, and the child completes the sum, placing the corresponding bead bars in their places. This equation is correct. The teacher switches the places of the two colored bead bars. Is it still correct? Perhaps it was a coincidence; let's try another.
Aim: to give the concept of the commutative property of addition (although it is not named as such at his age)
top


ADDITION CHARTS AND COMBINATION CARD EXERCISES

a. Passage from Chart I to Chart II
A group of children or individual children may copy Control Chart I or the teacher may make up 36 pink rectangles which are the dimensions of the space for the combinations.

Let's see how many combinations we can eliminate. We start from the first row 1+1=2. We must leave that...1+2=3. We can read along the diagonal the combinations that make 3. 2+1=3. We can cancel this combination. A card is placed over it, or it is crossed out. We'll go on to the combinations that make 4. They are 1+ 3 = 4, 2+ 2 = 4 and 3 +1 = 4. We must leave the first two. But what of 3 + 1 = 4 ? This can be eliminated. 

We have another chart on which all of these combinations which were crossed out. are eliminated. Something else is different. All of the combinations that make the same sum are arranged on a horizontal row. Now each column begins with a combination in which the addends are the same. But this chart contains all of the same combinations as before, just arranged slightly differently. Here you can find all of the combinations needed to do your work. The teacher gives an example or two to show that even though 8+2 is not listed, we find the sum when we look at 2+8.
top


ADDITION CHARTS AND COMBINATION CARD EXERCISES

b. Passage from Chart II to Chart III (the Whole Chart)
Materials: 
...box of combination cards
...paper
...Control Chart I and III (which has only sums)
Exercise:
The child fishes for a combination. He reads it and writes it down on his paper. What is the first addend? Place your finger on the blue row at the first addend. Place your finger of the other hand on the pink column at the second addend. Move along the row and column until your fingers meet. The meeting place is at the sum. Write the sum on your paper. Fish again, etc.
Control of error: Control Chart I
top


ADDITION CHARTS AND COMBINATION CARD EXERCISES

c. Passage from Chart III to Chart IV (the Half Chart)
Materials: 
...box of combination cards
...Control Chart I and IV (which has only sums)
...paper
Exercise:
In the same way as the child passed from Chart I to Chart II, a group activity may be conducted to show that some of these sums on Chart III can be eliminated. The combinations are reconstructed, going along the diagonal. This 4 was made by 1+3, this by 2+2, and this by 3+1, so we can eliminate it. When the elimination is complete, we have Chart IV.
The child fishes for a combination, reads it and writes it down on his paper, i.e. 5+9. On the pink column at the left, he places his finger on the first addend and goes all the way to the end of that row. Then he places his other finger on the second addend (in the same pink column) As before the two fingers are moved toward each other, and at the meeting place in the sum. When the child pulls out a combination, which has the first addend greater than the second, he will find that he can't do it. We simply reverse the order of the addends.
Control of error: Control Chart I
top


ADDITION CHARTS AND COMBINATION CARD EXERCISES

d. Passage from Chart IV to Chart V (the Simplified Tables)
Materials: 
...box of combination cards
...Control Chart I and V (which has only 17 sums on two diagonals: external is even, internal is odd)
...paper
Exercise:
The child fishes for a combination, reads it and writes it down on his paper, i.e. 4+6. The first finger is placed at 4 on the left-hand column and moved along to the end of the row. The other finger is placed at the second addend, 6 on the left hand column, and is also moved along to the end of the row. The two fingers are then moved toward each other along the diagonal one step each at a time. Where they meet we read the sum. The next combination is 3+9=___ to emphasize that each finger goes the same distance. Then 2+9=___ is used as an example. The two fingers must meet on the internal diagonal. Other examples are given.

To bring a new slant of interest to this activity, the teacher brings into focus that when both addends are even, the sum is even. When both addends are odd, the sum is even. When one addend is even and the other odd, the sum is odd.
Control of error: Control Chart I
top


ADDITION CHARTS AND COMBINATION CARD EXERCISES

e. The Bingo Game for Addition (using Chart VI)
Materials: 
...box of combination cards
...Chart VI (which has only the first and second addends; the rest is blank)
...Control Charts I and III
...box of 81 pink tiles for the sums
i. Exercise One: 
The tiles are randomly arranged on the table face up. The child fishes for a combination, reads it and writes it down. The child thinks of the sum, looks for a tile with that sum , and looks for the place to put it on Chart VI. The first finger is put on the first addend, the other finger on the second addend. Where they meet is where the tile belongs. The sum is written on the paper. The child fishes again, etc.
ii. Exercise Two: 
The tiles are in the box. The child fishes for a tile and reads the numeral. On his paper he writes the numeral and the equal sign. He thinks of a combination and writes it to complete the sentence. Then those two addends are used to find the tile's position.
iii. Exercise Three: 
The tiles are placed in piles that have common sums. The child takes one pile, i.e. the pile of 8's. What does 8 equal? The child thinks of a combination, writes the sentence and uses the addends to find the corresponding position for the tile. He continues thinking of combinations until all of the tiles of that pile have been placed on the board. He notices that a diagonal is formed. the child does not need to do all the piles in one sitting; however he must complete whole piles he has chosen.
If the child arranges the piles in order, he may find an ascending and descending stair.
Control of error: Control Chart I and III
iv. Group Game One. 
The teacher fishes for a combination, shows it to the child and asks, What is 2+3 equal to? If the child responds correctly, he receives the card (flash cards). 
v. Group Game Two 
The teacher fishes for a tile-say 10. What combinations are equal to 10? Each child gives a different combination until all have been named.
Age: Children's House-7 years
Aim: to give the child the possibility through many different exercises to memorize the combinations necessary for abstract problem solving

vi. Notes: 
The pink strips on the addition strip board are segmented so that the child may see how many units are needed to make 10 and how many more are after 10. It is hoped that the child will absorb this aid to memorization. Later when the child is confronted with larger combinations, 24+8=?, he will have memorized 4+8=12 and the rest follows. The point of consciousness to be reached is to look for the combination which makes 10. Therefore, the child will say-I need to add 6 to 4 to make 10, 
24 + 8 =
20 + (4 + 6) + 2
20 + (10) + 2
24+6 +(2) brings me up to 30. I have two more units on the right to add...32. Once the combinations are memorized, this type of mental activity naturally follows, thus abstraction. As the child works with various exercises, the teacher must observe and check to see if these points of consciousness are being met.
top 

	xBead Frame Addition

	
STATIC ADDITION
Materials: 
...small bead frame, form
Presentation:
The teacher initially presents a static addition of two or three 4-digit numbers. The addition problem is written on the form. The first addend is formed on the bead frame. Now we must add the second number. Beginning with the units the teacher moves forward the corresponding number of beads, Invite the child to continue adding the tens, hundreds and thousands. The third addend is added in the same way, units first. The result is read and recorded appropriately on the form.
top


DYNAMIC ADDITION
A second (and all others succeeding) example is dynamic. The problem is written on the form as before and the first addend is formed on the frame. Of the second addend, begin by adding the units, counting the beads as they are moved forward...1,2,3,4 all of the units have been used, so we exchange a ten for ten more units- (move a ten forward, and ten units back) 5, 6, 7, 8, 9 (continue counting and adding unit beads) In fact, 6 + 9 = 15, which is 10 plus 5 units. Continue adding the second addend and then the third addend changing when necessary. Upon completion read and record the sum. The child should have many exercises of this type.
FINDING THE SUM MORE ABSTRACTLY
Presentation: 
A dynamic addition problem is written on the form. This time add all of the units first, making the necessary changes. Write the total for the units under the units column and go on to add all of the tens. Where did these two tens come from? Those are the result of changes you made when adding up the units. (The carried over tens are not recorded anywhere.)
After each column the child records the total. The result when completely written corresponds to what is seen on the frame.
Game: 
Form 999 on the bead frame. Add one unit. The result, 1000 was obtained by making three changes.
top 

	xMore Memorization Exercises

	
FURTHER EXPLORATION USING BEAD BARS

a. Sums with Parentheses
Materials: 
...ten bars
...colored bead bars
...box of signs for operations
A. Presentation:
The teacher presents the new symbols: ( ) parentheses. First a combination of three numbers is set up and the sum is completed. These signs are called parentheses; they group things. The same addition is repeated, now with the first two addends in parentheses. Whenever you see these parentheses in arithmetic, it means you must perform the addition inside the parentheses first. The first combination inside the parentheses is added, and the bead bar for the sum is placed below. The signs and bead bar for the next addend (outside the parentheses) are placed below as well. We find that this sum is the same as the original answer.
We haven't changed the addends, and the sum hasn't changed, only the addends have been grouped in a special way.
Aim: to give the concept of the associative property of addition
B. Presentation:
The teacher writes a long addition problem on a slip of paper. The child sets up the problem with the bead bars and signs, and computes the answer. The parentheses are placed around pairs of numbers. Review: We must perform the addition inside the parentheses first. New bead bars are put out for the sums of the pairs. These are added and the sum is found to be the same as the original problem
Note: Command cards may be made up for this work.
top


FURTHER EXPLORATION USING BEAD BARS

b. Breaking Down the Addends
Materials: same as before
Presentation:
On a strip the teacher writes a combination of two or three numbers. The child constructs the problem with bead bars and symbols and computes the answer and puts out the corresponding bead bars for the sum, The child reads the equation.
Now try to do this one; the teacher lays out combinations in parentheses that equal each addend of the first problem, i.e. 1st 9+7+8= 24, 2nd (4+5) + (3+4) + (6+2) = The child computes this as before, adding the first two addends in parentheses, placing the bead bar for the sum below, etc. Those three are added again to obtain the same answer as before. It is noticed that the first and third equations are identical. In the second, each addend was broken down into two smaller addends.
Aim: to give the concept of the dissociative property of addition
top


FURTHER EXPLORATION USING BEAD BARS

c. Addends Greater than Ten
Materials: same as before
Presentation:
The child is asked to set up a given addition with addends greater than ten. At first these should be static operations, i.e. 12 + 14 = When we have an addition like this, we first add the units, then the tens.
After practice such as this, we go on to dynamic operations, ex. 18 + 25 = First we add the units 8 + 5 = 13 We place a three bar here for the units and keep the ten in mind. We then add the tens; 1+2=3 and one ten in my mind makes four tens, put out four ten bars. The sum is 43.

Addition Chart: may be used here if the child doesn't remember a certain combination.
Aim: to practice carrying over
memorization of addition combinations
Notes: All of these games are more popular than the other memorization exercises because they are short, and the result is obtained quickly and easily. The children may invent others
Age: 6-61/2 years
top


SPECIAL CASES
Note: To find out if the child memorized not only the process of calculating in addition, but also the concept, the teacher organizes special combinations, starting with the combination that is familiar to the child.
Materials: 
...addition combination booklet
...large sheet of paper or chart,
...red and black pens
...special combination cards
Presentation:
Taking any one page of the booklet, the teacher asks, 'When you work on this page, in this case 1+1, what are you looking for? the sum. In the work you have been doing up till now, you have been calculating the sum. On the chart the teacher writes the title, gives an example, and reads the example to the child.

0 - Calculating the Sum
1 + 2 = ? (One added to two gives you what number?)
The child fills in all the sums for that page.
1 - Calculating the Second Addend
1 + ? = 3 (One added to what number gives you three?)
Let's cover the column of second addends with a strip of paper. Note, this is the first time the child considers a problem of this type. What must we solve here? the second addend.
2 - Calculating the First Addend
? + 2 = 3 (what number added to 2 will give you 3?)
On the model page with totals, the column of first addends is covered. The child sees that in order to complete this combination, the first addend must be found.
3 - Inverse of Case Zero; Calculating the Sum
? = 1 + 2 (what number is obtained by adding one and two?)
The same column of combinations is written on another sheet, without their sums this time, and with the addends to the right of the equal sign. The child sees that the sum must be calculated, as in the first case. The difference is that the problem is set up in reverse order.
4 - Inverse of 1st Case, Calculating the Second Addend
3 = 1 + ? (3 is equal to one plus what number?)
The sums are written in this inverted model, and the column of second addends is covered. The child sees that he must find the second addend.
5 - Inverse of 2d Case, Calculating the First Addend
3 = ? + 2 (three is equal to what number plus 2?)
The column of first addends is covered.
6 - Calculating the First and Second Addends
3 = ? + ? (three was obtained by adding the first number to the second number. What were these numbers?)
In this last case, both columns of addends are covered with strips of paper, leaving only the sum.
Collective Activity: 
The teacher passes out the combination cards. In turn the child reads the problem, states what must be found, and finds the case on the chart.
Individual Work: 
When the child has understood all of the cases as presented, he may work with these special combination cards. He fishes for one, reads it and writes the equation in his notebook, substituting the red question mark for the right number written in red
Direct Aims: to memorize addition combinations
to make the child realize what must be calculated
Indirect Aim: to prepare first degree equations in algebra, i.e. ( 4 + x = 6).
Notes: On the chart, #0 is not a special case since this is what is familiar to the child. In cases #1, #2, #4, #5, and #6, subtraction is indirectly involved. For this reason fewer activities for memorization of subtraction are necessary.
top 

	xWord Problems

	
In these problems the special cases previously examined are recalled. If the child has understood the last activity, he will be able to write a complete equation.
Examples:
1. Yesterday Adam had 3 notebooks. How many did his mother give him, if we know he has 5 notebooks today? 3 + ? = 5
top 


	xMath :: 6-9 :: Mulitplicationxxxxxxxxxxxxxxxxxxxxxxxxxxxxxhome

	xTable of Contents:

	· Introducton 

· Numeration 

· Addition 

· Multiplication 

· Stamp Game Multiplication 

· Memorization Exercises 

· Multiplication Boards (Bead Boards) 

· Introduction and List of Materials: 

· Initial Presentation: 

· Multiplication Booklets 

· Combination Cards
· Skip Counting (Linear Counting) 

· List of Materials 

· Initial Presentation: 

· Short Chain: 

· Activity:
· Long Chain: 

· Games of Comparison
· Bead Bar Multiplication 

· Multiplication Charts and Combination Cards 

· Passage from Chart I to Chart II 

· Passage from Chart II to Chart III (the Whole Chart) 

· Passage from Chart III to Chart IV (the Half Chart) 

· The Bingo Game of Multiplication (using Chart V) 

· Exercise 

· Exercise 

· Exercise 

· Group Games:
· Multiplication By 10, 100, 1000 

· Presentation: 

· By ten 

· By one hundred 

· By one thousand
· Checkerboard - Geometrical Analysis of Multiplication 

· Introduction to the Checkerboard 

· Presentation: 

· Games:
· Multiplication with the Checkerboard 

· 1st level 

· 2nd level-Small Multiplication 

· 3rd level-Partial Products (this passage can be skipped) 

· 4th level-Mental Carrying Over
· Multiplication and Drawing
· Bead Frame Multiplication 

· Small Bead Frame 

· Multiplication By 10, 100, 1000 

· Multiplication with a One-Digit Multiplier
· Large Bead Frame-Multipliers of 2 or More Digits 

· The Whole Product 

· Partial Products
· Horizontal Golden Bead Frame 

· The Whole Product 

· Partial Products 

· Carrying Mentally
· More Memorization Exercises 

· The Snake Game 

· Various Ways of Constructing a Product 

· Small Multiplication 

· Inverse Products 

· Construction of a Square 

· Multiplication of a Sum 

· Analysis of the Squares-Binomial 

· Analysis of the Squares-Trinomial 

· Passage From One Square to a Succeeding Square 

· Passage From One Square to a Non-Successive Square 

· Skip Count Chains-Further Exploration 

· List of Materials 

· Construction of Geometric Figures 

· Decanomial (a polynomial having ten terms) & The Construction of Chart I 

· List of Materials 

· Vertical Presentation 

· Horizontal Presentation 

· Angular Presentation 

· Commuted Decanomial 

· Part One 

· Part Two-Building the Tower 

· Variation on the 1st Method 

· 2nd Method 

· Part Three-Decomposition of the Tower
· Skip Counting Chains-Further Explorations 

· Decanomial (a polynomial having ten terms) & The Construction of Chart I 

· Numeric Decanomial
· Special Cases 

· 0- Calculate the product 

· 1- Calculate the Multiplier 

· 2- Calculate the Multiplicand 

· 3- Inverse of Case Zero---Calculate the Product 

· 4- Inverse of The First---Case, Calculate the Multiplier 

· 5- Inverse of the Second Case ---Calculate the Multiplicand 

· 6- Calculate the Multiplier and the Multiplicand 

· Activity:
· The Bank Game
· Word Problems
· Subtraction 

· Division 

· Fractions - COMING SOON 

· Decimals - COMING SOON 

· Pre-Algebra - COMING SOON
[top] 

	xStamp Game Multiplication

	
Materials: 
...wooden stamps of four types: 
xx...green unit stamps printed with the numeral 1, 
xx...blue tens stamps printed with the numeral 10, 
xx...red hundred stamps printed with the numeral 100, and 
xx...green thousand stamps printed with the numeral 1000 
...box with three compartments each containing 9 skittles and one counter in the hierarchic colors;
...four small plates
Presentation: 
Given a multiplication problem, the child prepares several like quantities, puts them together, makes the necessary changes and records the problem and the result in his notebook.
[top] 
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MULTIPLICATION BOARDS (Bead Boards)

a. Introduction and List of Materials:
The child has encountered multiplication before. The first impression was given with the number rods, finding that the double of 5 is 10. Later with the decimal system material, the child learned that multiplication is a special type of addition. In the exercises that follow this concept will be reinforced and the child will be given the chance to memorize the necessary combinations.
Materials: 
...Bead Board, and corresponding Green box which contains:
xx...100 green beads (the product), numeral cards of 1-10 (the multiplicand), and 
xx.xone green counter (this, when placed by one of the xx...numerals 1-10 across the top, indicates the multiplier).
...Booklet of Combinations (10 pages of 10 combinations each)
...Box of Multiplication Combinations (same combinations as are found in the booklet)
...Box of green tiles for bingo game
...Multiplication Charts I-V (for control)
[top]


MULTIPLICATION BOARDS (Bead Boards)

b. Initial Presentation:
To familiarize the child with the materials, the teacher suggests a problem and writes it down, i.e. 3 x 4 = (three taken 4 times). The 3 numeral card is placed in the slot. The counter is placed over 1 as 3 beads are placed in the first column...(Attempt to get children at this point to be counting by threes up to whatever level they are capable, in place of counting every bead.) ...'three taken one time...' As the three beads are placed in each column, the counter is moved along, until '...three taken four times...' We've taken 3 four times, what is the product? The beads are counted and the result is recorded.
[top]


MULTIPLICATION BOARDS (Bead Boards)

c. Multiplication Booklets
Materials: 
...Bead Board, and box with beads, cards, counter
...Combination booklet
...Chart I (for control; a summary of the combinations found in the booklet)
Exercise:
(Starting with 1 is a problem because it doesn't give the concept of multiplication) Start with any other unit like the number 3. The numeral card is placed in the slot. The child reads first combination 3 x 1 Three beads are placed in the first column with the counter over the numeral 1. The child records the answer in the booklet. The next combination is read: 3 x 2 =. The counter is moved over and three more beads are added. The product is recorded in the booklet. At 3 x 3 = the child should notice the geometrical form created when the multiplier and multiplicand are equal. If he doesn't, the teacher may set up a situation wherein he may easily make the discovery himself forming several doubles in a row.
Control of error: Chart I
Note: In the material the child ends his work with the table of 10, rather than 9 as was the case in addition and subtraction. This is to show the simplicity of our decimal system. The table of 1 is very similar to the table of 10. It differs only in the presence of zero.
[top]


MULTIPLICATION BOARDS (Bead Boards)

d. Combination Cards
Materials: 
...Bead Board and box with beads, cards, counter 
...box of loose combinations
...Chart I (for control)
Exercise:
To facilitate the child's work in this exercise, the number cards used to indicate the multiplicand are arranged in a row or column on the table. The child fishes for a combination, 3 x 9 =, reads it, and writes it on his paper. The number card 3 is placed in the slot, the counter is placed over column 1; 3 beads are placed in the first column. The counter is moved to column 2, as three more beads are placed in that column, making a subtotal of 6. This continues up to 9. The result of 3 taken 9 times is 27. This product is written on the paper.

NOTE: In the beginning the teacher should supervise the child's work to see that he skip counts the beads as he goes along3, 6, 9, 12, 15, 18, 21, 24, 27. For if the child counts the beads one at a time when he is finished, he will never memorize the combinations.

The child removes the beads, number card and counter and fishes for another combination.
Control of error: When the child has finished his work, he controls with Chart I. This control reinforces memorization of the combinations.
[top]


SKIP COUNTING (Linear Counting)

a. List of Materials
Materials: 
...Board of powers (though it is not named as such at this point)
...Cubes, long chains, squares, short chains
...Two Boxes:
xxx...arrows for short chains, i.e. for 5 we have 1, 2, 3, 4, 5, 10, 15, 20, 25
xxx...arrows for long chains, i.e. for 3 we have 1, 2, 3, 6, 9, 12, 15, 18, 21, 24, 27
b. Initial Presentation:
In the first presentation of the material the nomenclature should be given in a three period lesson, i.e. cube of seven, long chain of seven, short chain of seven, square of seven.
c. Short Chain:
The chain is lain stretched out on the table, and the child identifies it as, i.e. the short chain of 5. The teacher folds it up like a fan, and the child identifies it as a square of 5. This is proven by placing a square on top of the folded chain to see that they are equal. The child is given the arrows to lay face up on the table. Together the teacher and the child put the arrows in their respective places as the beads are counted...1,2,3,4,5...; the counting continues by ones up to 10, and the arrow for 10 is placed there, and likewise counting by ones to 15. From 15, we add five more to reach 20, and place an arrow and add five more to 25, The square of 5 is placed at the end of the chain since the chain is equal to the square.
Activity:
Materials: same as before
The child lays out the arrows as before. Little by little he works from counting one by one using the arrows face up, to skip counting as he lays the arrows out, and then skip counting with all of the arrows face down.
When the child is able to skip count well with the arrows face down, he may also skip count regressively.
d. Long Chain: 
The chain is lain out one the table or floor (if necessary), and the child identifies it as, i.e. the long chain of three. The child lays out the arrows appropriately as he skip counts. At 9, as the square of three is placed, the child is reminded if they do not see it, that this part of the chain makes a square. (It is equal to the short chain.) A square is placed by the chain at 9. The skip counting continues placing a square at 18 and finally at 27. The three squares are stacked up to see that they make a cube of 3, thus this chain is also equal to the cube of three. The cube is placed at the end of the chain.
In successive activities the child works up to counting progressively and regressively with the labels turned over.

e. Games of Comparison
Materials: same as before
Presentation: 
The short chains are arranged as the pipes of the organ. Here the child sees the progression of the quantities which is the same as that seen on the shelves of the frame, in the hanging chains and in the cubes,
The visualization of the difference between the quantities becomes more apparent when the long chains are lain out in the same arrangement. In the long chains, the jump from one quantity to the next is more drastic.
Direct Aim: comparison of quantities sensorially
Indirect Aim: preparation for the powers of numbers (exponential increase)
[top]


BEAD BAR MULTIPLICATION
Materials: 
...box containing colored bead bars 1-10, 55 of each
...Chart I (for control)
Presentation:
We are going to represent the table of a certain number with bead bars. The child is invited to choose a number, i.e., 8. We start with 8 taken one time. One 8 bar is lain horizontally 8 x 1 = ?8. The product is also represented by an 8 bar (lain vertically below the first) The child writes 8 x 1 = 8.
Now take 8 two times. The two 8 bars are lain horizontally 8 x 2 = ?16. A ten bar and a six bar to represent the product are lain vertically, thus making a double row, The child writes the equation in his notebook. This continues until 8 x 10 = 80. Observe the geometric figures which have been formed with the 8 bars: 8x1 is a line; 8x2 is a rectangle; and so on; 8x8 represents a square, etc.

NOTE: Notice the rectangles that come before the square have a base longer than the height. The rectangles that come after the square have a base which is shorter than the height. 8x8 produced a square, which is when the number was multiplied by itself.

Afterward the child does the other tables.
Direct Aim: memorization of the multiplication tables
to bring the child to awareness of the functions of the multiplier and the multiplicand
Indirect Aims: to understand that a number when multiplied by ten results in the same number of tens and zero units
to realize that a number multiplied by itself results in a square to give the concept of forming surfaces, starting with a line, progressing to rectangles
[top]


BEAD BAR MULTIPLICATION

Adjunct: Multiplication by Ten
Materials: 
...same box of colored bead bars 1-10
...Chart I
...small white strips of paper
...black pen
Presentation:
The child is invited to take 10 bars of any color he wants. Lay them in a column, skip counting as you go. When he is finished and has found the total, lay out the corresponding number of 10 bars vertically in a row beneath the column (note the resulting rectangles should be congruent)
The number we took was 4 (place a label for 4 beneath the row of beads), 10 times. The result was 40. How do we write 40? The 4 will now indicate tens, and we put a zero for the units. (place a 0 label next to the 4 to make 40)
Repeat this with other numbers until the child realizes by himself that when you multiply a number by 10, the product will be the multiplicand with a zero tacked on in the units place.
Direct Aims: memorization of multiplication
independent realization of the fact stated previously: n x 10 = n0
[top]


MULTIPLICATION CHARTS AND COMBINATION CARDS

a. Passage from Chart I to Chart II
The child copies Chart I. Later with the teacher or a group of children, they try to find those combinations which can be eliminated, that is, those which have like factors and equal products. Look at the first column 1 x 1 = 1 must remain. 1 x 2 = 2 and 2 x 1 = 2 are the same. 2 x 1 = 2 is crossed out. ( Or the combinations to be eliminated may be covered with green strips of the appropriate size) As in addition we can change the order of the multiplier and multiplicand, eliminating many combinations. At the end we find that half of the chart is eliminated giving us Chart II. The combinations of two equal factors were not eliminated1 x 1 = 2, 2 x 2 = 4, 3 x 3 = 9This was the same case in addition. Chart II has only 55 combinations to be memorized. (We can make the child see that only 45 of these must be memorized, as the table of ten is simply a repetition of 1)
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MULTIPLICATION CHARTS AND COMBINATION CARDS

b. Passage from Chart II to Chart III (the Whole Chart)
Materials: 
...Chart III (products only- the numbers in pink serve as the multiplicand, blue as the multiplier; the one should be colored violet. -xAlong the diagonal are found the squares of the numbers)
...box of combination cards
...Chart I or II
Exercise:
The child fishes for a combination, writes it down on a piece of paper 5 x 7 =. A finger of the left hand is placed on the 5 (pink) while a finger of the right hand is placed on the 7 (blue). Where the fingers meet, the product is found. This is written on the paper to complete the equation. The child fishes for another combination, and so on.
Control of Error: Chart I or II
[top]


MULTIPLICATION CHARTS AND COMBINATION CARDS

c. Passage from Chart III to Chart IV (the Half Chart)
Materials: 
...Chart IV (half of Chart III)
...box of combination cards
...Chart I or II
Exercise: 
The child fishes for a combination and writes it down 8 x 3 =. I know that 8 x 3 gives me the same result as 3 x 8. One finger is placed on 3, another on 8 (both on the pink column) The top finger goes to the end of the row, then the two fingers come together. Where they meet, we find the product. This is written down. The child fishes for another combination, and so on.
Control of Error: Chart I or II
Note: At his point, to verify memorization, the child may be given command cards.
Example:
Find these products:
2x3=
5x6=
4x7=
etc.
and their inverses 

[top]




MULTIPLICATION CHARTS AND COMBINATION CARDS

d. The Bingo Game of Multiplication (using Chart V) 

Materials: 
...Chart V
...box of tiles with products
...(a) box of combination cards
...Chart I and III
A. Exercise
All of the tiles are lain out on the table face up. The child fishes for a combination and writes it down 8 x 4 =. He thinks of the answer and writes it down. The tile with the product is found and placed on the board. The child fishes for another combination.
Control: Chart I for combinations, Chart II for placement.
B. Exercise
With all of the tiles in the box, the child fishes for a tile. On the paper he writes down a combination that will yield that product, 18 = 3 x 6. The tile is placed on the chart appropriately.
Control: Charts I and III.
C. Exercise
All of the tiles are placed in stacks of common products. The child chooses one stack, i.e. 12's. On the paper he writes down a combination that will yield 12, 12 = 2 x 6. One of the '12' tiles is placed on the chart where 2 and 6 meet. The child thinks of another, and continues until all of the tiles in the stack are used. Control: With Chart 1, we can check to see that all possible combinations have been considered. 
Chart III controls placement.
Note: What shape is made when the stacks of tiles are lined up in order? No special figure is made this time.
Group Games:
As before the teacher may read a combination, the child responds with the correct product; or the teacher picks a tile. The children give all of the possible combinations. These games should be done frequently, as they encourage the child to go back to these exercise if he needs more practice.
Age: from 6-7 (this work lasts for one year)
[top]


MULTIPLICATION BY 10, 100, 1000
(Note: This activity is a prerequisite for the small bead frame)
Materials: 
...decimal system materials
...paper
...black and red pencils
Presentation: 
The teacher isolates a 10-bar. How many units are there in 10? 10. The teacher isolates a hundred square. How many tens are there in 100? How many units? Isolate the cube. How many hundreds are there in 1000? How many units? tens?
We can say that 10 tens is the same as 100, 100 tens is the same as 1000 and so on. With the child draw relative conclusions of all the changes possible.
Aim: to be sure that the child has understood the concept of change
By ten
Write down a multiplication problem and ask the child to lay out the problem, using the golden bead material i.e. ( 21 x 10 =). The child, knowing the function of multiplication, combines these quantities and makes the necessary changes. With the answer - two hundreds, one ten, and the zero is written in red. 21x10 = 210 Observe that the product is simply 21 (the multiplicand) with a zero after it.
Do many examples of this type, including: 30 x 10 = 300
By one hundred 
Write down a multiplication problem such as 23 x 100 = and ask the child to lay out the material.. We can't put out 23 one hundred times, we would run out of beads! We can multiply each unit by 100. Isolate one bead from the 23.
1 x 100 = 100 Substitute the bead for a hundred square. Repeat for the other two units. Then 10 x 100 = 1000. Replace each ten bar with a thousand cube, and so on. Record the product. 23 x 100 = 2300. Notice that the product has the same number of zeros as the multiplier.
By one thousand 
Write the problem 4 x 1000 =. As before, multiply each unit by 1000, replacing each bead with a thousand cube. Record the product 4 x 1000 = 4000. In this case we jumped from the units, past the tens, past the hundreds, to the thousands. For each hierarchy that we increased, one zero was added. Observe as before that the number of zeros in the product is the same as the number of zeros in the multiplier. The product is simply the number of zeros in the multiplier.
Direct Aim: ease of multiplying by powers of ten, and understanding of the characteristic patterns of such multiplication.
Indirect Aim: preparation for multiplication using the bead frames
[top] 

	xCheckerboard - Geometrical Analysis of Multiplication

	
INTRODUCTION TO THE CHECKERBOARD
Materials: The Checkerboard: 
each square has sides of 7 cm so that the longest bar will fit; 
squares of the same color on the diagonal represent the same value; 
the numbers along the side and the bottom are printed in hierarchic colors the bottom right square, which is green and represents simple units is the square having the least value; 
whereas the square in the opposite corner, which is also green and represents units of billions, is the square having the greatest value
also, box of bead bars, 55 of each (remove the 10-bars)
box containing numeral cards 1-9
3 series printed in black on white cards (multiplicand)
3 series printed in black on gray cards (multiplier)
Presentation:
Familiarize the children with the board, noting the value of each square, the hierarchic colors, and the pattern of the values along the diagonal. Afterward the child may draw his own board.
Games: 
A) Place a bead bar such as (5) on the unit square and ask the child to identify its value. Move the bead bar to the left to the tens square. Identify its value. (50) Move the bead bar along the diagonal to the next tens square. Identify its value. (50) Place the bead bar on the bottom row-hundred square. Continue moving the bead bar, and identifying its value as it changes its position.
B) Place a bead bar on the unit square and identify its value. As it moves up the column, identify its value. Note that the value increases by 10 each time. Repeat the procedure moving the bead bar down the column, noting that the value decreases by 10 each time. Move the bead bar to the ten square at the bottom and repeat the game. Again we notice that the value increases by 10 as it goes toward the top, and it decreases by 10 as it moves toward the bottom again.
C) Place two bead bars on two different squares and read its value. Place two bead bars in such a way that an inferior hierarchy is left blank.-430,403.
D) Place four bead bars on four different squares along the bottom row. Identify the number. Move one bar to the second row and identify the value; it is the same. Continue moving one bead bar at a time along the diagonal, identifying the number; it stays the same.
Aim: to familiarize the child with the board
to emphasize that squares on the diagonal have the same value
Note: With the bead frames and the hierarchic materials (blocks) we gave the concept of the hierarchies. With this material we will reinforce that concept. Since the concept is presented in a different way, we must be sure that the child understands how this work is organized.
[top]




MULTIPLICATION WITH THE CHECKERBOARD 

Materials: 
...checkerboard
...box of numeral cards 1-9, gray and white
...box of bead bars 1-9, 55 of each
Presentation:
Propose a problem: 4357 x 23 =
a. 1st level
Form the multiplicand by using the white cards placed on the appropriate numerals
on the bottom edge of the board. (7 is placed on 1, 5 is placed on 10, etc.) Form the multiplier using the gray cards placed on the appropriate numerals on the right edge of the board.
Begin multiplying with the units. First we take 7 three times. Place 3 seven bars on the unit square.
5 x 3place 3 five bars on the tens square
3 x 3place 3 three bars on the hundreds square
4 x 3place 3 four bars on the thousands square
Keep a finger on the digit of the multiplicand to remember your place. Notice that there are three of each quantity in this row. Why? because the multiplier is 3. Since we have finished multiplying by the units, we can turn over the gray card. Continue multiplying by the tens noting the value of each square (this emphasis is important): tens multiplied by units give tens, tens multiplied by tens gives hundreds, etc. Notice that 2 dominates the row. Turn over the card. 
Move the bead bars of the upper row along the diagonal to the bottom row. Beginning with units make changes to total the product, carrying over as necessary, i.e. the bead bars in the ten square total 3131 tens. How do we express 31 tens in conventional language? Three hundred ten. So, place a unit bead in the ten square, and a 3 bar in the hundred square.
Read the total and record the product.
Aim: to understand the process of multiplication using the board.
b. 2nd level-Small Multiplication
Propose a problem: 4357 x 423 = and set up the board with the numeral cards.
Begin multiplying with the units, but this time only put out the bead bars for the product.
7 x 3 = 21 put a unit bead in the unit square, 2-bar in tens
5 x 3 = 15 5-bar in tens square, unit in hundreds
3 x 3 = 9 9-bar in the hundred square
4 x 3 = 12 2-bar in thousands, unit in ten thousands
Turn over the gray card. Continue with the tens. Move the bead bars along the diagonal in the end.
Make the necessary changes and read the final product.
c. 3rd level-Partial Products (this passage can be skipped)
Multiply in the same way as before (2nd level). After everything in the multiplicand has been multiplied by the units, make the necessary changes in that row and record the partial product,
Continue with the tens, etc. After all of the partial products have been recorded, move the bead bars along the diagonal to the bottom row.
Make the changes and read the total product.
d. 4th level-Mental Carrying Over
The procedure is different from the 3rd level only in that the child carries mentally. 7 x 3 = 21 put the unit bead down, remember 2...5 x 3 = 15plus 2 = 17. etc. The partial product is read without making any changes.
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MULTIPLICATION AND DRAWING
Materials: 
...checkerboard
...box of bead bars 1-9, 55 of each
...box of numeral cards 1-9, gray and white
...graph paper
...colored pencils in red, green, and blue
Presentation:
The multiplication is done in the same manner as the first level of checkerboard multiplication. Propose a problem and write it down. Set up the numeral cards on the board and begin multiplying by the units of the multiplier (place 3 bars of 2 for 3 x 2, etc.) Draw the result of this partial product - 1 square for each bead. Color the rectangles and squares in the appropriate hierarchic colors: units multiplied by units gives units, so color it green, etc. Write each product in the rectangles.
Analyze the first partial product: units times units gives us units (write 1 x 1 = 1); 2 x 3 = 6; these are 6 units tens. Tens times units gives us tens (10 x 1 = 10); 3 x 3 = 9; 9 tens = 90. Continue analyzing the partial product in this way.
Go on to multiply by the tens, placing the bars on the checkerboard. Draw the result and write the products of the small multiplications. Analyze the partial product in the same way as before.
Make the necessary changes in the first row to obtain the partial product. Verify this by adding the column of products (in the analysis of the first partial product) Write this partial product under the multiplication problem. Repeat the procedure for the second partial product.
Move the bars along the diagonal to the bottom row. Make the changes to get the total. Add the two partial products to control and verify. Record this final product under the original problem.
3432
x_43
10296
137280
147576
u x u = u
t x u = t
h x u = h
th x u = th
u x t = t
t x t = h
h x t = th
th x t = tth 

1 x 1 =
10 x 1 =
100 x 1 =
1000 x 1=
1 x 10 =
10 x 10 =
100 x 10= 
1000 x 10= 

1
10
100
1000
10
100
1000
10,000 

2 x 3 = 6
3 x 3 = 9
4 x 3 = 12
3 x 3 = 9
2 x 4 = 8
3 x 4 = 12
4 x 4 = 16
3 x 4 = 12 

6
90
1200
+ 9000
10296
80
1200
16000
+120000
+137280
147,576
Having completed and understood this activity, the child should have realized what multiplication must be done to change from one hierarchy to another: to obtain hundreds, he has three possibilities as indicated on the checkerboard: 100 x 1, 10 x 10, 1 x 100.
He also should realize that the quantities are moved along the diagonal to add quantities of the same hierarchy. This is a change from adding in vertical columns on the forms for the bead frame. The colors, however, aid the understanding of this difference.

This drawing activity allows the child to visualize all multiplication geometrically as rectangles and squares. Even the square of a number with 2 or more digits is composed of smaller squares and rectangles. Thus this work is remotely indirect preparation for square roots and the study of perfect squares.
Age: 7-8 years [For all checkerboard work]
Aim: to reinforce the concept of hierarchies
to visualize multiplication in its geometric form
[top] 

	xBead Frame Multiplication

	
SMALL BEAD FRAME

a. Multiplication By 10, 100, 1000
Materials: 
...small bead frame
...paper and pencil
Presentation: 
Write down the problem 2 x 10 =. Perform this on the frame by sliding forward groups of two beads, changing as necessary. Record the product 2 x 10 = 20. Repeat the process in the problem 20 x 10 =. Record the product 20 x 10 = 200. Try this problem 
2 x 100 =. It would take all day and most of the night to bring forward 100 groups of two beads. Recall from the multiplication game-Multiplication by 10, 10, 1000 the simple way to do this. Slide forward the 2 beads to correspond to the multiplicand. We can multiply 1 x 100 and get 100-slide the one unit back, and slide one hundred forward. Repeat for the second unit. Record the product 2 x 100 = 200. We went from units to the hundreds. How many jumps did we have to take? 2 How many zero's are in the product? 2 The two zero's indicate that we have passed two hierarchies.
Do many other examples, i.e. 2 x 1000 = to be sure that the child is very comfortable and familiar with this process.
Note: We are limited by the frame to having a multiplicand of only one digit when the multiplier is 1000 and vice versa.
Aims: to understand of the use of the small bead frame in performing multiplication
to reinforce the concepts of the relative positions of the hierarchies, and changing from one hierarchy to another
[top]


SMALL BEAD FRAME

b. Multiplication with a One-Digit Multiplier
Materials: 
...bead frame
...small form
Presentation: To isolate the difficulty of decomposing the multiplicand, we begin with a static multiplication. From then on the child will work with dynamic problems.
2321
x     3
  Write the problem on the left side of the form.



The first thing we must do is to decompose the multiplicand. There are how many units? 1, we write 1 on the right side under units. All of this we must multiply by 3. On the bead frame, perform the multiplication. 1 x 3 = 3, move forward three units beads. 
2 x 3=6, but 6 what? 6 tens! Move forward 6 ten beads, etc. (By this time the child should have memorized the combinations and should bring forward the product of the small multiplication) Read the product and record it on the left side of the form.

Try a dynamic multiplication
2463
x     4
Decompose the multiplicand in the same way as before.


Perform the multiplication 3 x 4 = 12, 12 is 2 units and 1 ten...6 x 4 = 24, 24 what? 24 tens4 tens and 2 hundreds, etc. 
Read the product on the frame and record it.
Experiment:
Try performing any one of these multiplications out of order, i.e. 6 x 4 = 24 tens,
2 x 4 = 8 thousands, 3 x 4 = 12 units and 4 x 4 = 16 hundreds. The product is still the same.
Note: Maria Montessori said, "When you go to the theater, you find that people are all sitting in different areas; some are in the balcony, some are in the boxes. Why? Each person has chosen a seat by buying a certain type of ticket. In the same way, these units must be in the top row of the bead frame. That is their fixed place."
Age: 6-7 years
Aim: realization of the importance of the position of each digit
[top]


LARGE BEAD FRAME - MULTIPLIERS OF 2 OR MORE DIGITS

a. The Whole Product
Materials: 
...large bead frame
...corresponding long form
...red and black pencils
Presentation: 
Write a multiplication problem on the form
8457
x   34
Decompose the multiplicand in the same way as before.


On the right side decompose the multiplicand as before. First decompose the number for multiplication by 4 units.
7
30
400
8000
x 4
We must also multiply the multiplicand by 30; decompose the number a second time below the first. We know that we cannot multiply by such a large number on the bead frame. The rule is that we must always multiply by units. 7 x 30 is the same as 70 x 3. ( 7 x 30 = 7 x 3 x 10 = (commutative property) 7 x 10 x 3 = 70 x 3 ) So we can write this decomposition in a different way. For our work we will use the first and third decompositions.
Note: By decomposing the multiplicand we have reduced the problem to a series of small calculations at the level of memorization.

Begin multiplying

7 x 4 = 28 28 units move forward 8 units, 2 tens 
3 x 4 = 12 12 tens. move forward 2 tens and 1 hundred
4 x 4 = 16 16 hundreds. move forward 6 hundreds and 1 thousand
8 x 4 = 32 32 thousands move forward 2 thousands and 3 ten thousands

Continue with the second decomposition in the same way.

Read the final product and record it.
Note : This multiplication can be shown on an adding machine in the same way, though as a repeated addition. Calculators operate on the same principle of moving the multiplicand to the left and adding zeros.
The child may go on to do multiplication with multipliers of 3 or more digits as well. With a three-digit multiplier there will be 5 decompositions of which only the 1st, 3rd, 5th will be used for the multiplication on the frame.
[top]


LARGE BEAD FRAME - MULTIPLIERS OF 2 OR MORE DIGITS

b. Partial Products
Presentation: The child by this time should have reached a level of abstraction with column addition.
The procedure is exactly like the first, except that the child will stop after each multiplier and record the partial product, clearing the frame he begins multiplying with the next multiplier. When the child records all of the partial products, he adds them to find the total product.
4387
x 245
21935
175480
877400
1074815
Here we can observe that the first partial product which was the result of multiplying the units has its first digit under the units column. The first digit (other than zero) of the second partial (which was the result of multiplying by the tens) is under the tens column, etc.
Age: 7-8 years, or when the child is adding abstractly
[top]


HORIZONTAL GOLDEN BEAD FRAME

a. The Whole Product
Materials: 
...The Horizontal Bead Frame, which lies flat on the table. 
...It is less sensorial in that hierarchic colors and spaces between the classes have been eliminated.
...box of 4 series of gray cards on which 1-9 is written in black (to serve as multiplier)
...strips of white paper on which multiplicand will be written.
(note: the black lines are drawn on the board beneath the wires; they will indicate where to begin the multiplication when multiplying by units, tens, hundreds or thousands.)
Presentation: 
All of the previous operations can be done with this material, but we will do the most interesting: multiplication with a two-digit multiplier.
Write down a problem, 6542 x 36 = and show the child how to set up this problem. Place a white strip over the zeros and secure it with a rubber band or tape. Write the multiplicand on the strip so that the digits correspond to the correct wires. Find among the gray cards the digits needed to form the multiplier. Place the 6 over the lowest green dot which represents the units, and the 3 over the blue dot for the tens. The beads should be at the top to start.
Begin multiplying 2 x 6 = 12, bring down 2 units and 1 ten. 4 x 6 = 24 tens - bring down 4 tens and 2 hundreds and so on. After the multiplicand has been multiplied by the units we can turn over the card '6'.
In order to multiply by the 3 tens, 30, we must move the multiplicand to the left one space to let one red zero show. This is just like multiplying the number by 10.
The black line indicates that we start with the row of tens. Continue multiplying, making changes as necessary. In the end we read the product and record it.
[top]


HORIZONTAL GOLDEN BEAD FRAME

b. Partial Products
Materials: 
...The Horizontal Bead Frame
...box of 4 series of gray cards on which 1-9 is written in black
...strips of white paper
The procedure followed here is exactly the same, except that when the child has finished with one multiplier he turns over the card, reads the partial product, writes it and clears the frame before beginning with the next multiplier. In the end he adds abstractly to total the partial products.
Age: 7-8 years
[top]


HORIZONTAL GOLDEN BEAD FRAME

c. Carrying Mentally
Materials: 
...The Horizontal Bead Frame
...box of 4 series of gray cards on which 1-9 is written in black
...strips of white paper
The child sets up the multiplication problem on the frame.
2443
x 46
 

3 x 6 = 18 move down 8 units, remember one ten in your head. 

5 x 6 = 30...+1 = 31 move down 1 ten, remember 3 hundreds

4 x 6 = 24...+3 = 27 hundreds-move down 7 hundreds, etc.
Record the partial product and clear the frame before beginning multiplication by the tens.
Age: 8 years
Note: The work done with this frame is on a higher level of abstraction than the work with the hierarchic frames. In both activities the tens, hundreds and thousands of the multiplier were reduced by a power of 10, while the multiplicand increased by a power of 10. The same work was done in two different ways.
At the end of this work the child should understand that when he starts multiplying with a new digit of the multiplier, he must move over one hierarchy. The partial products must start from the same hierarchy as the corresponding digit of the multiplier.
This activity forms the basis for an understanding of the function of multiplication with a multiplier of two or more digits, and a preparation for abstract solution. The child doing this activity will be stimulated to invent his own problems.
[top] 

	xMore Memorization Exercises

	
THE SNAKE GAME
Materials: same as for addition snake
Exercise:
This time in constructing the snake, it is not important to use many different colors; rather several bead bars of each of a few colors should be used. A resulting snake may be: 2 + 4 + 8 + 4 + 2 + 4 +8 + 4 + 2. The snake is counted as in addition.
Control of Error: To one side the ten bars and black and white bars are grouped together. At the other side the original bead bars are grouped according to color. How many times do we have 8? We can say 8x2; the equation is written on a piece of paper. The beads to represent the product 16 are placed below the group of 8 bars. The same is done for 4x4 and 2x3. The three products are added on paper and/or with the second row of bead bars to show that the snake was counted correctly.
Age: from 6 years onwards
Note: The child does this work after completion of the exercises for memorization of multiplication
[top]


VARIOUS WAYS OF CONSTRUCTING A PRODUCT
Materials: 
...box of colored bead bars 1-10
...Chart I
Presentation:
The teacher writes a product on a piece of paper and places it on the table (it will be the heading). Let's see how many ways we can make 12? Shall we try with one? The child should see that any number can be made using one, therefore it will be omitted for this game.
Beginning with two, the child tries to make 12 by repeating 2, skip counting as he takes out the bars. Stopping at 12, he finds that 2 taken six times equal 12. These bars are placed in a column under the strip. the child writes the combination in his notebook, 
12 = 2 x 6, which is read 12 is constructed by taking 2, 6 times.
Go on trying with 3 and 4 following the same steps. When the child tries with 5, he will find that 15 is greater than 12, so the bead bars are put back in the box. Go on with 6. Trying with 7, the child finds that it won't work, because at the second bar we've already exceeded 12. Thus we must stop at 6.
Control of error: The child looks on Chart I, finds the combinations he has made, and the absence of 12 in the 5 column, 7 column and so on.
Direct Aim: memorization of multiplication
Indirect Aims: 
...preparation for memorization of division
...preparation for decomposition into prime factors
...preparation for the study of multiples
[top]


SMALL MULTIPLICATION
Materials: 
...box of colored bead bars 1-10
...Chart I
Presentation: 
The child is invited to take any number (not to exceed 10) of any color of bead bars. From this pile the child begins to lay them out in a column; saying 4 taken 1 time, putting out a bar and writing either the equation or just the product in his notebook, He continues until the whole pile has been lain out.
Control of error: Chart I. If the child wrote the equation then he has written a table. If only the products were recorded, then he has done progressive numeration (skip counting).
Direct Aim: memorization of multiplication
Indirect Aims: 
...preparation for memorization of division
...preparation for decomposition into prime factors
...preparation for the study of multiples
[top]


INVERSE PRODUCTS
Materials: same as above
Presentation: 
The child is asked to take the bar of 7, 6 times. The bars are lain in a column. How do we express this? 7 x 6 = 42 is written down. Now take the bar of 6, 7 times. These are lain next to the others. When the child writes down 6 x 7 =42, he should observe that the product was the same. Are the multiplication problems the same? Notice that the two rectangles are equal, each having 42. even though the order of the factors is not the same. The child should observe in the written form that the factors are the same, just reversed in their positions.
Give several examples of this.
Direct Aims: memorization of multiplication understanding of the commutative property of multiplication
[top]


CONTRUCTION OF A SQUARE
Materials: 
...box of colored bead bars 1-10
...one each of the squares 1-10
Presentation:
Let's try to multiply all of the numbers by themselves. During this activity the child writes the equations as he goes along. He may also draw this on graph paper as he progresses or when he is finished.
Start with one. One taken one time is one. Put out one bead. Write down 1 x 1 = 1. Two taken two times is four. Place two 2- bars in a column next to one. Write down 
2 x 2 = 4. Continue in this manner until 10 x 10, resulting in 9 columns in a row. If the child doesn't remember a combination he may check Chart I. 
We have multiplied all the numbers by themselves. What have we formed? squares. Because these are only bars, we can substitute them with the real squares. With one, there is no square because 1 x 1 is just 1. Replace the 2 bars of 2 with the 2 square and so one up to 10.
Direct Aim: 
...memorization of multiplication
...realization that a number taken by itself n = makes a square.
Indirect Aim: preparation for the powers of numbers
[top]


MULTIPLICATION OF A SUM
Materials: 
...box of colored bead bars 1-10
...box of signs for the operations
...Chart I
...pieces of white paper
...pen
Binomial Presentation: 
The teacher writes on a strip ( 5 + 2 ) x 3 =, which is read, take 5 plus 2, 3 times. This is a multiplication problem. The problem is prepared as before with bead bars for the addends, signs, parentheses and the multiplier, written on a little card. Recall that the operation inside the parentheses is done first. The child places the 7-bar for the sum under the parentheses, places signs, multiplier and the product, represented in bead bars. The work is recorded.
On a different day:
When you find a problem of this kind, you can also multiply one term at a time by the multiplier. The other way will be put aside for now. (The equation in beads and cards: 
7 x 3 = 21 is placed off to the side, leaving the slip of paper and the original layout of beads) 
First take 5, 3 times, 5 x 3 is written on a strip and 3 bars of 5 are placed below the original 5 barplus (put out the sign)2 taken 3 times, 2 x 3 is also written on a strip and 3 bars of 2 are lain out. Now we must find these products. The products are placed below the group in a perpendicular position. Add 15 + 6 and put out the result, The result is the same as the equation we put aside. The child writes in his notebook:
( 5 + 2 ) x 3 =
( 5 x 3 ) + ( 2 x 3 ) =
15 + 6 =
 

21
Trinomial Presentation: On yet another day
The teacher writes a problem on a strip such as: ( 5 + 2 + 3 ) x 4 =. The child lays out the corresponding beads for 5, 2, and 3, the signs, parentheses and a little card for 4. As before we must multiply each term by the multiplier. Then, for control, the child may add the addends within parentheses and multiply the sum by 4. When his work is written in his book it should be:
( 5 + 2 + 3 ) x 4 =
( 5 x 4 ) + ( 2 x 4 ) + ( 3 x 4) =
20 + 8 + 12 =
(__+__+__) x 4 =
beads
40 beads
Note: After the child has learned to multiply such a problem term by term, he should not go back to the first way of adding first, then multiplying. In this way the following aims will be achieved.
Direct Aim: memorization of multiplication
understanding of the distributive property of multiplication over addition
Indirect Aim: preparation for the square of the polynomial
[top]




ANALYSIS OF THE SQUARES - BINOMIAL 

Materials: 
...box of colored bead bars 1-10
...one each of the squares of 1-10
...rubber bands

Presentation: 
The teacher presents the hundred square, and the child identifies it as the square of 10, or the hundred square. Observe that it has 10 beads on one side and ten on the other. Write 10 x 10 = 100 on a strip of paper.
Because we know this square so well, we are going to perform a small division of the square. The child is asked to count 6 beads along one side. A rubber band is placed after the 6th bead around the square, (Note: the result will be two perpendicular rubber bands.)
How many parts has the square been divided into? Let's see how the 4 parts are composed: 6 on one side, 6 on the other, 6x6; 4 by 6 or 4 taken 6 times , 6x4, 4x4. Let's write this down and while writing, we can reconstruct the square with colored bead bars, As each combination is written, the product is recorded, as the appropriate beads are lain out.
 6 X 6 = 36
4 X 6 = 24
6 X 4 = 24
4 X 4 = 16
60 + 40= 100

Add the products. Push the bead bars together and place the 100 square over it to verify sensorially that the decomposition was done correctly.
Note: Later, after the passing of a year and much work with the decomposition of a square and the powers of numbers, the child will learn the exact way of writing this:

10
2

=

( 6 + 4 )
2

= ( 6 + 4 ) x ( 6 + 4 ) = ( 6 x 6 ) + ( 6 x 4 ) + ( 4 x 6 ) + ( 4 x 4 )
[top]


ANALYSIS OF THE SQUARES - TRINOMIAL
Materials: 
...box of colored bead bars 1-10
...one each of the squares of 1-10
...rubber bands

Presentation: 
This time we'll decompose the square in a different way. Count 3 along one side, and place the rubber band around the square. Count 3 along the other side and put on a rubber band. Now continue counting 5 more beads, and put a rubber band around. Do the same on the other side.
Into how many parts have we decomposed the square? Observe how each of the 9 parts is composed. Notice the three squares which all lie on the diagonal, and the various rectangles formed.
As before, we'll construct the squares as we write it all down.
3 x 3 = 09
3 x 5 = 15
3 x 2 = 06
5 x 3 = 15
5 x 5 = 25
5 x 2 = 10
2 x 3 = 06
2 x 5 = 10
2 x 2 = 04
 

30
+ 50
+ 20
= 100
Control of Error: Compute the sums of the three columns and add them together. Then slide all the bead bars toward the center, and place the 100-square on top. These are the two ways to prove that this equals one hundred.
[top]


PASSAGE FROM ONE SQUARE TO A SUCCEEDING SQUARE
Materials: 
...box of colored bead bars 1-10
...one each of the squares of 1-10
...rubber bands
Presentation: 
The child identifies the square chosen by the teacher, i.e. the square of 4. Let's use this square to build a square of 5. Allow the child to suggest and discover ways of doing this. Guide the work, giving guidelines such as: 'The sides must be built upon.'
Four bars are placed to the right and the bottom of the square. A one-bead fills in the hole left in the lower right hand corner. Superimpose the square of five to verify successful completion. What was added to the square of 4 to make the square of 5? two bars of 4 and one unit.
square of 4
+ what was added
= square of 5
4 x 4 = 16
4 + 4 + 1 = 9
5 x 5 = 25
Aim: indirect preparation for the square of a binomial
[top]


PASSAGE FROM ONE SQUARE TO A NON-SUCCESSIVE SQUARE
Materials: 
...box of colored bead bars 1-10
...one each of the squares of 1-10
...rubber bands
Presentation: 
The teacher volunteers to assist in constructing a square of 9 from a square of 5. What is the difference when you take 5 from 9? So, how many more bars of 5 must be added to this side to make 9? Four bars of 5 are added to the right side. In the same way 4 5-bars are added to the bottom. Again, there is a hole. Count the number of beads on the sides of the hole...4 by 4. Four 4-bars can be replaced by the square, Use the square of 9 to control:
 

5 x 5
+ 5 x 4
+ 5 x 4
+ 4 x 4
What was added?
25 +
20 +
20 +
+ 16 = 81
 

 

9 x 9 = 81
 

[top]


SKIP COUNT CHAINS - FURTHER EXPLORATION

a. List of Materials
Materials: 
...Board of powers (though it is not named as such at this point)
...Cubes, long chains, squares, short chains
...Two Boxes:
......arrows for short chains, i.e. for 5 we have 1, 2, 3, 4, 5, 10, 15, 20, 25
......arrows for long chains, i.e. for 3 we have 1, 2, 3, 6, 9, 12, 15, 18,21, 24, 27
[top]


SKIP COUNT CHAINS - FURTHER EXPLORATION

b. Construction of Geometric Figures
Materials: short chains
Exercise: 
Using the short chains the child tries to construct regular polygons. With the short chain of 2, he cannot make anything, though with 3, he can make a triangle; with 4, a square; with 5, a pentagon, and so on.
Direct Aim: reinforcement of law: the smallest possible polygon must have three sides
Indirect Aim: preparation for perimeters of polygons: preparation for multiples and divisibility
[top]


SKIP COUNT CHAINS - FURTHER EXPLORATION

c. Decanomial (a polynomial having ten terms) & The Construction of Chart I

List of Materials
Note: This material is presented parallel to memorization of multiplication, in three different presentations.
Materials: 
...box of bead bars, 1-10, 55 of each
...square of the numbers 2-10
...Multiplication (memorization) Charts I and III
[top]


SKIP COUNT CHAINS - FURTHER EXPLORATION

c. Decanomial (a polynomial having ten terms) & The Construction of Chart I

Vertical Presentation
Beginning with the ones table, reconstruct Multiplication Chart I, 1 x 1 =...2 The child states the product and puts out one bead, 1 x 2 = ...2 The child takes a unit bead (1) two times and places them in a column, 1 x 3 = ...3 The child puts out three unit beads in a column and so on to 1 x 10 = 10.
Construct the twos table 2 x 1 =...2 Place the two bar at the beginning of a new column, so that it lines up with 1 x 1. Go on making a column for the table of 2...2 x 2, 2 x 3, 2 x 4, 2 x 5, 2 x 6...making new columns for each multiplicand, ending the last column with 10 x 10. Use Chart I for control, as you go along, if the child needs it for recalling products. The result will be a square, made up of 10 vertical strips each strip being the width and color of that bead bar.
[top]


SKIP COUNT CHAINS - FURTHER EXPLORATION

c. Decanomial (a polynomial having ten terms) & The Construction of Chart I

Horizontal Presentation
This time, the multiplier will remain constant, as we progress along the rows of Chart I. Begin with 1 x 1=...1 Place the unit bead 2 x 1 = 2 Place the two bar next to it forming a row. Go on to 10 x 1 =...10. Beginning the second row with 1 x 2, each of the bars must be taken twice. Place the unit beads in a column forming the beginning of the second row. Continue in this way up to the end of the last row-10 x 10
The result of this work is the same square as before. We can't tell by looking at the finished product whether it was made the first way or the second way. This square was formed by 10 horizontal strips, varying in width as before, but now with each having the same multi-colored pattern.
[top]


SKIP COUNT CHAINS - FURTHER EXPLORATION

c. Decanomial (a polynomial having ten terms) & The Construction of Chart I

Angular Presentation
As always we begin with 1 x 1 = 1. Go on to 2 x 2 = 2; put out a two bar, making a row, 2 x 1 gives us the same as 1 x 2; put out two unit beads making a column 2 x 2 =...4; put out two 2-bars. Outline the formation with a finger to help the child to observe the square that was formed.
Continue with 3 x 1, then 1 x 3...3 x 2, then 2 x 3 and finally 3 x 3 to fill in the arrangement to make a larger square. Continue in this way with the child stating the products for each combination and stopping to observe each square that is formed.
The result of this work is the same square as before. Notice the various geometric forms; point, lines, rectangles, and squares. Substitute real squares for the bars: 1 x 1 is still 1 so we leave the bead. Replace 2 x 2, 3 x 3 and so on up to 10 x 10. We can see that the squares are placed on the diagonal just as they are on Chart III. (outlined in bold black lines)
Control of Error: visible arrangement; number of bead bars in the box
Direct Aim: 
...memorization of multiplication
...development of mental flexibility
Indirect Aim: preparation for the Decanomial
[top]


SKIP COUNT CHAINS - FURTHER EXPLORATION

c. Decanomial (a polynomial having ten terms) & The Construction of Chart I

Commuted Decanomial
Materials: 
...Two boxes of bead bars 1-10, 55 of each
...(actually 1 box of 55 each, and nine 8-bars, twenty six 9-bars, and forty five 10-bars)
...squares and cubes of the numbers 2-10
...Multiplication Charts I and III
Part One 
Presentation: 
The Decanomial is lain out already with the squares substituted along the diagonal.
"We're going to change its beautiful colors. As usual we start with 1x1. It stays the same. Here we have 2x1 which is a green bar. 1x2, which is the same thing as 2x1, is a poor imitation of a bar. We'll exchange this fake bar for a real 2-bar. Then we have 2x2, which is a square; it remains the same."
Continue with 3 x 1, and 1 x 3 which are the same thing. Therefore, we'll make them look the same by placing a pink 3-bar in place of these unit beads. We have 3 x 2 and 2 x 3 which are both equal to 6, because changing the order of the factor doesn't affect the product. Change the 2-bars for two 3-bars. Then there is 3 x 3, which is the square -9; we have it there.
Continue changing the beads following the same order as the angular presentation that preceded. After we have reached 4 x 4 (see diagram) the changing pattern of colors begins to appear. The strip of yellow outlines two sides of the square, which as before becomes bigger and bigger. After four we're going to make the right angle blue. Continue with 5 up to 10, where the angle is gold.
Part Two-Building the Tower
The square has changed its colors, but we haven't finished here. We can see that the diagonal is made up of several squares. The diagonal is like the spinal cord of the square, because, like your spinal cord, it supports everything and keeps it straight.

(Note: present one of these methods to the children)

1st Method: 1 x 1 = 1 It remains the same. Look at the green angle. We have 2 x 2 and 
1 x 2. When we place these 2-bars together we make a square of 2. Exchange these 2 bars for a square of 2, since there is no room for it in the places vacated by the 2-bars.
Starting at the column of three, slide the bars of 33 x 3 towards the bar of 3+ ( 3 x 1 ) to see that when combined they form a square of three. Substitute the bars for a square which is placed in the vacant column. Going to the row of three, do the same3 x 2 + 3 x 1 = a square of three.
Continue with the column of four. Push one bar from 4 x 2 down to meet 4 x 3: 
4 x 3 + 4 x 1 forms a square. Replace these bars with a square. On the row repeat the procedure: 4 x 3...+...4 x 1...forms a square. Replace the bars with a square. At the head of the row and the column combine the single bars to form 4 x 2 and 4 x 2. Combine these two groups to make a square which is placed on top of the one on the diagonal.
(cont.)
Continue with the column of five: 5 x 4 + 5 x 1 a square. Repeat on the row. The on the column: 5 x 2 + 5 x 25 x 1 = a square. Repeat on the row.
As a result the square will be transformed into an uneven arrangement of squares on the diagonal, with 2 squares stacked at each even number. Superimpose all of the squares to make an oblique line of stacks. These are then transformed into cubes and stacked to make a tower.
Our spinal column has been transformed into a tower, just like the pink tower. Everything that was spread out on this table has been used to construct the tower. Our Pythagorean table has been transformed into a beautiful multi-colored tower just like the ugly duckling became a swan.
Variation on the 1st Method 
Since the newly obtained square of two will not fit in the vacated places, we can move the original square and place one square in the column and one in the row. When the problem arises at each even number, re-arrange the portions of the square slightly so that half are in the column and half are in the row. The result will be a broken diagonal, having a vacant space at each even number.
2nd Method 
As before, 1 x 1 is left alone, and 2 x 1 is combined with 2 x 1 to form a square which is stacked on top of the other square. The combination of groups of bead bars will always be with reference to the existing square.
For three, choose the bar on the column which is farthest from the square and combine it with the group of bars on the row which are nearest to the square: 3 x 1 + 3 x 2 = a square. Place the new square on top. Continue combining: 3 x 2+3 x 1 
gives a square. The third square completes the stack.
For four, start with the bar on the column furthest from the square, combining it with the group of bars on the row nearest the square4 x 1 + 4 x 3 = a square. Then 4 x 2...+...4 x 2... = a square. Continue until all the squares are stacked forming an oblique line. Proceed as before.
Part Three-Decomposition of the Tower
This collective activity is similar to the bank game for the decimal system. One child acts as the banker, while the others change the quantities.
Begin by dismantling the tower of cubes to make a diagonal of cubes. Starting with two, the child recalls that the cube is made from 2 squares of two. The cube is replaced by a stack of squares. Continue until all of the cubes are transformed into stacks.
Take one square of two and ask, 'What is the square made of?' two 2-bars. Exchange the square. Where will we put them? They correspond to 2x1 and 1x2; therefore place them accordingly.
Continue to break down squares in a way that is the opposite of the way you chose to construct them. Notice again the angles of color being formed, with the square always serving as the vertex. The result will be the original Pythagorean table from which we began.
This activity is complicated only in the sense that the tasks must be divided among the numbers of the group.
Note: ( 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 )2 = 552 = 3025
13 + 23 +33 +43 +53 +63 +73 +83 +93 +103 = 3025
[top]


SKIP COUNT CHAINS - FURTHER EXPLORATION

c. Decanomial (a polynomial having ten terms) & The Construction of Chart I

Numeric Decanomial
Materials: 
...a control chart
...envelopes numbered 0-9: 0 contains 10 blue squares, 1-9: rectangular pieces on which products are written (i.e. 5 has products of 
...5 x 6, 5 x 7, 5 x 8, 5 x 9, 5 x 10, 6 x 5, 7 x 5, 8 x 5, 9 x 5, 10 x 5)
Presentation: 
Take out the contents of envelope 0 and lay them out in order on the diagonal. If the child hasn't had powers, simply explain that 102 is one way we can write 10 x 10.
Examine the contents of envelope 1, forming pairs of like rectangles. Mix them up and fish for one. The child reads the product, thinks of the combination and places the rectangle in the formation, just as in the Bingo Game. Allow the child to continue choosing envelopes in any order. At a later stage, eliminate the envelopes 1-9 and mix the pieces in a basket from which the child fishes.
Later the child will realize that this puzzle like the table of Pythagorean is symmetrical, having equal products on opposite sides of the diagonal.
Age: between 6 1/2 and 81/2 years
Aim: 
...to incarnate the geometric figures formed by multiplication
...an indirect preparation for square roots and the square of polynomials
[top]


SPECIAL CASES
Materials: 
...multiplication combination booklet
...chart
...black and red pens
...special combination cards
Presentation: 
The procedure is as for special cases in addition and subtraction, resulting in a chart as below: (The words in parentheses do not appear on the chart, but are given orally)

0- Calculate the product
2 x 3 = ? ( two taken three times; what does it give me?)
1- Calculate the Multiplier
2 x ? = 6 ( two taken how many times will give me six?)

2- Calculate the Multiplicand
? x 3 = 6 ( what number taken three times will give me six?)
3- Inverse of Case Zero---Calculate the Product
? = 2 x 3 ( what number do I obtain when I take two, three times?)
4- Inverse of The First---Case, Calculate the Multiplier
6 = 2 x ? ( six is equal to two taken how many times?)
5- Inverse of the Second Case ---Calculate the Multiplicand
6 = ? x 3 ( six is equal to what number taken three times?)
6- Calculate the Multiplier and the Multiplicand 
6 = ? x ? ( six is the number I obtain when I take a certain number, a certain number of times; what are these numbers?)
Note: In cases 1, 4 and 7, the child performs multiplication, but in all others division is indirectly involved
Activity:
The seven special combination cards are left at the disposition of the children, combining these with the cards given previously for special cases of addition and subtraction.

Aim: further understanding of the concept of multiplication
[top]


THE BANK GAME
This activity is the culmination of the many skills the child has developed: addition, multiplication at the level of memorization, multiplication and division by powers of 10 and changing from one hierarchy to another. This work is parallel to the large bead frame.
Materials: 
...box containing 9 series of white cards - product
...4 series of colored cards - multiplication
...3 series of gray cards - multiplier
...box of signs for the operations
Presentation: 
Invite the children to lay the cards out in columns, naming them as they go. The child should recognize the numerals up to 9 million. If necessary identify for him 10 million and 100 million.
One child must go to the bank. (For the first demonstration use a one-digit multiplier. In all other work a two digit multiplier will be used) Write the problem on a piece of paper. The child takes this to the bank and sets up the multiplication, using colored cards for the multiplicand, signs for the operation and a gray card for the multiplier.

4876 x 6 =

We then decompose the multiplicand, just as was done on the bead frame for multiplication, and begins multiplying:
 

 

 

6
x
6
=
 

 

7
0
 

 

 

 

8
0
0
 

 

 

4
0
0
0
 

 

 


6 x 6 = 36. He asks the banker for 36. The two cards are placed separately at the near edge of the table. Move the cards for the operation and the multiplier to align them with the next digit - 70. 7 x 6 = 42, 42 tens. He asks the banker for 420. There are placed with the previous product cards so that columns are being formed.
 

20
 

400
30
6
The operation continues in this way. When all of the digits have been multiplied the children-assembles the multiplicand. To find the product, he begins with the lowest hierarchy, combining and making changes. The product cards are assembled and placed by the equal sign. The children record the equation.
Let's try a different one. Write the problem on a piece of paper: 
6835 x 48 =. The child sets up the problem with the colored cards and the gray cards. We don't have a gray card for forty, so we place a 4 next to a 0 to make 40, then place the 8 on top of the 0 to make 48.
As before, the child decomposes the multiplicand. We only want to multiply by one digit of the multiplier at a time. Remove the 40 and set it aside, yet together for later retrieval
Begin multiplying as before: 5 x 8 = 40. The banker gives 40, etc. After the multiplicand has been multiplied by the units of the multiplier, we can begin multiplying by the tens. ( 8 and 40 switch places, 8 is turned over) However, just as with the bead frame we have the rule: the multiplier must be units. Transfer the zero from the multiplier to the multiplicand.
Continue multiplying. The child will realize that 8 x 4 = 32 and 3 zeros after it- makes 32,000. In the end make changes in the product, carrying mentally, The product is assembled, the equation is recorded.
Notes: Since there is only one set of cards for the product much changing will be involved, calling for quick mental addition and subtraction at the level of memorization, on the part of the banker.
In multiplication with a two-digit multiplier, the child never stops in this game to record partial products, because the aim here is to develop agility in changing from one hierarchy to another. With only one set of cards it would be difficult to set aside partial products.
It is interesting to perform the same problem using the bank game, the checkerboard and the large bead frame to recognize the similarities and differences in the work. Be aware of the limits of the bead frame.
Age: 7 years
Aim: development of mental flexibility to prepare for mental calculating
[top] 

	xWord Problems

	As for addition and subtraction, word problems are prepared on cards which deal with each of the seven special cases. These are mixed in with those given for addition and subtraction.
Example:
Steve has 48 stamps in his collection at school. Each day he brought a certain number of stamps, for a certain number of days. How many stamps did he bring each day? and how many days did he bring stamps?
The child writes his answer: 

48 = 6 x 8
48 = 8 x 6
[top] 
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	xStamp Game Subtraction

	Dynamic Subtraction
Materials: 
...wooden stamps of four types: 
......green unit stamps printed with the numeral 1, 
......blue tens stamps printed with the numeral 10, 
......red hundred stamps printed with the numeral 100, and 
......green thousand stamps printed with the numeral 1000 
...box with three compartments each containing 9 skittles and one counter in each of the hierarchic colors;
...four small plates
Presentation: 
Again using the work cards, the child does a subtraction. The first number is formed, and from this number a second quantity is taken away and assembled in columns well below the first group. When the child sees that a change is necessary, the stamp of the higher order is placed between the rows as ten of the lower order are counted out. The ten are then placed in the row, the other stamp is put back in the box. When the subtraction is complete the child reads the result-what was left behind. The problem is recorded in his notebook
Would you like to see how we can check to see if you did the subtraction correctly? We can put these two quantities back together. The stamps are counted and changed. 'Did you get your original number?' That means that the subtraction was done correctly.
The child should also have practice subtracting with zeros in the subtrahend. 

ex. 4000 - 785 =
[top] 

	xMemorization Exercises

	
STRIP BOARD

a. Introduction and List of Materials
Introduction: 
The child first dealt with the concept of subtraction with number rods. Later he learned the concept with the decimal system material, and the stamp game. Through memorization the child will master all of the combinations necessary for his work.
Materials: 
...Subtraction Strip Board, which differs from the addition strip board in that the numerals 1-9 are in blue, 
...followed by a blue line, and 10-18 in red.
...Box of 17 neutral strips (to limit the minuend) 9 blue strips (to function as the subtrahend) and 
...9 sectional pink strips (to serve as the difference)
...Booklet of Combinations (page one deals with 18)
...Box of Subtraction Combinations (same combinations as are found in the booklet)
...Box of blue tiles for bingo game
...Subtraction Charts I, II, III (for control)
[top]


STRIP BOARD

b. Initial Presentation
To familiarize the child with the subtraction strip board, the teacher demonstrates. The neutral strips and the blue strips are lain out in the pipe organ arrangement. The teacher chooses a neutral strip. This is used to cover the numerals we don't need
The child then chooses a number to subtract, i.e. 5 The blue 5 strip is placed end to end with the neutral strip. The answer for 13-5 is the first number that shows....8. If by chance the child chooses a subtrahend that would give a difference greater than nine, the teacher explains that the maximum difference that can exist is nine, 13 - 2 for example is not necessary.
[top]


STRIP BOARD

c. Subtraction Booklets
Materials: 
...booklets of 18 pages; each page has combinations with a common minuend- the first page deals with 18
...Subtraction Strip Board, strips
...Chart I
Exercise: 
The child begins with the first page in his booklet. With 18, a neutral strip is not needed, it is already the last number in the row. The combination is 18 - 9; therefore, the blue strip for nine is placed over the numbers. The first number to show is 9. That's the difference, and it is written in the booklet. 18 - 9 is the only combination possible. The child may try others to prove this.
Going on to the second page, the minuend is now 17, therefore the smallest neutral strip is used to cover 18 (the number greater than 17) The child reads the first combination, takes the blue strip corresponding to the subtrahend and places it over the numbers. The answer is read and is written on the form. For the second combination, we know that the minuend will be the same, therefore the neutral strip doesn't need to be changed.
After completing the page, the child should notice 17 - 9 = 8 that while the minuend is fixed, there is 17 - 8 = 9 a decrease of one unit in the subtrahend, and, therefore, an increase of one unit in the difference.
Notes: The blue strip is used as the subtrahend because the child must realize that he is subtracting a group. In subtraction, the aim is always to break down the ten. Since the neutral strips occupy much space, after this exercise the child may use only the longest, sliding it off the edge to its correct position.
Observations on the Subtraction Chart I:
This chart reproduces all of the combinations in the subtraction booklet. In the first 9 columns the differences are common in horizontal rows. This indirectly shows the invariable property of subtraction; if one adds a number to both the subtrahend and the minuend, the difference is the same, i.e. 1 ​ 1 = 0, 2 ​ 2 = 0, 3 ​ 3 = 09 ​ 9 = 0
In the last nine columns, the subtrahend is consistent in each horizontal row; thus the minuend and the difference increased by one, i.e. 10 ​ 9 = 1, 11 ​ 9 = 218 ​ 9 = 9
[top]


STRIP BOARD

d. Combination Cards
Materials: 
...subtraction strip board, strips (neutral and blue)
...combination cards
...Chart I (for control)
Presentation: 
The child fishes for a combination, reads it and writes it on his paper, 15 ​ 7 =. The neutral strip is used to cover all of the numbers greater than 15 which are not needed. Next to the neutral strip is placed the blue 7 strip. The difference is the last number showing; this is recorded.
The exercise continues as long as the child would like, and then he controls his work with Chart I.
[top]


STRIP BOARD

e. Decomposition of a Number
Materials: 
...subtraction strip board, all of the strips
Presentation:
(In this exercise the pink strips are used for the first time to function as the difference)
Let's see how many ways we can decompose (break down) 9? Nine will be the minuend, therefore a neutral strip is placed over the number greater than 9. The teacher writes down the combination 9 ​ 1 =___. (Note: decomposition always begins at one, removing one unit at a time) The subtrahend is one, so a blue 1 strip is needed. This time it is placed on the first row, under 9. The child guesses the answer and tries to place the pink strip for his answer on the row. If it fits he knows that he is correct. The answer is recorded. The work continues in order until all of the blue strips are used, and a column of combinations has been completed9 ​ 9 = 0
In this exercise the child may recall his work of this fashion in addition, which resulted in elimination of some combinations. In subtraction, all of the combinations are needed and must be learned.
The child tries to decompose other numbers in the same way: i.e. 14. How many ways can 14 be decomposed? The neutral strip identifies 14 as the minuend. Can I do 14 ​ 1? No (the one strip may be tried, but it will not work because 9 is the maximum difference we can have) 14 ​ 2? 14 ​ 4? 14 ​ 4? 14 ​ 5? Yes. The decomposition begins here laying out the blue 5 strip and the pink 9, recording 14 ​ 5 = 9, and so on to 14 ​ 9 = 5.
Control of Error: Chart I
[top]


STRIP BOARD

f. Decomposition of a Number with Zero as the Subtrahend
Materials: 
...subtraction strip board, all of the strips
Presentation: 
As before, the teacher presents a number to decompose. The neutral strip is lain over the number to limit the minuend. On a piece of paper, the teacher writes, i.e. 
7 ​ 0 =___. What must be taken away? nothing. In subtraction also, we see that zero doesn't change anything. On the first row, then, the pink strip for seven is placed and this difference is recorded. 7 ​ 0 = 7 The child continues7 ​ 7 = 0
Control of Error: Chart I
[top]


THE SNAKE GAME
Materials: same materials as for previous snake games:
...box of colored bead bars 1-9
...box of ten bars
...box of black and white reminder bars (place holders)
...also box, with 9 compartments, for gray bead bars 1-9
...(for bars of 6-9, there is a small space or color change after the fifth bead to facilitate counting)
Presentation: 
As before, a snake is made, though this time we add to these colored bead bars, some gray bead bars. (Note: before the first gray bar appears, several colored bead bars should appear to create a large minuend) As before we begin counting, using the black and white reminder bead bars. When we come to a gray bar, we must subtract. The preceding black and white bead bar and the gray bar are isolated. 8 ​ 4 = 4 The 4 black bar is placed in the box cover with the other original colored beads.
Counting continues as usual. The next two bead bars are isolated: black 3 and gray 7. This gray bar means I must subtract. 3 ​ 7 is impossible; therefore I take one ten bar (from the snake's new skin) and place it beside the 3 to make 13. 13 ​ 7 = 6. The black and white 6 is placed in the snake; the black 3 is placed with the other reminder bars; the ten bar is placed back in the box with the other ten bars; the gray 7 is placed in the box cover with the other original colored bead bars.
When the counting is finished, the gold bead bars (and reminder bar) are counted to find the result.
Control of Error: In the box cover are colored bead bars and gray bead bars mixed. First, these are separated into two groups, lain in chronological order. A gray bar is placed with its equivalent colored bar. Two colored bars may be combined to match a gray bar, or vice versa. When all of the gray bars have been matched; the colored bars are paired to be matched with ten bars as usual . When all of the bars have been matched, we know the counting was done correctly.
Direct Aim: to memorize subtraction
Indirect Aim: to prepare for algebra: positive and negative numbers
[top]


SUBTRACTION CHARTS AND COMBINATION CARD EXERCISES

a. Passage From Chart I to Chart II
Materials: 
...Chart II (the numbers in pink function as the minuend; the blue as the subtrahend)
...combination cards
...Chart I
Exercise: 
The child fishes for a combination, i.e. 9 ​ 2 =___, reads it and writes it down on his paper. A finger is placed on 9 on the pink strip on the chart.; another finger is placed on 2 on the blue strip. Where the two fingers meet, we find the difference. This is recorded on the paper. The child continues his work in this way, and when finished, he controls with Chart I.
[top]


SUBTRACTION CHARTS AND COMBINATION CARD EXERCISES

b. The Bingo Game of Subtraction (using Chart III)
Materials: 
...Chart III and box of corresponding tiles
...combination cards
...Chart I (for control of combinations)
...Chart II (for control of placement of the tiles)
A. Exercise: 
The tiles are randomly arranged face up on the table. The child fishes for a combination, thinks of the answer, and finds the corresponding tile. After the minuend (pink) and subtrahend (blue) have been established on the chart, the child is able to find the place for the tile. He writes the equation on his paper and continues.
Control of Error: Charts I and II
B. Exercise: 
All of the tiles are in the box (or in a sack). The child fishes for a tile, and thinks, what could this be the remainder of? He thinks of a combination and writes it down, i.e. 
7 = 14 ​ 7. He puts the tile in its place. He continues in this way, then controls his work.
C. Exercise: 
The tiles are arranged on the table in common stacks. The child chooses one stack and thinks of combinations which will yield this difference. He writes down the combination, finds the place on the chart, and so on, continuing until he has finished the stack.
When all of the stacks are arranged in order in a row, what form do they make? a rectangle or parallelopiped.
Group Games
1. The teacher, or a child functioning as the teacher, fishes for a combination and reads it. One of the children guess the difference.
2. The teacher fishes for a tile and the children offer combinations which give that result, until all are given.
Aim: (of all of exercises,) to memorize subtraction combinations
[top] 

	xBead Frame Subtraction

	
STATIC SUBTRACTION
Presentation: 
The teacher initially presents a static subtraction. The problem is written on the form and the minuend is formed on the frame. Now we must take away this quantity. Beginning with the units move the beads back to the left. Continue with tens, hundreds and thousands. Read the result and record it.
[top]


DYNAMIC SUBTRACTION
A second (and all the others following) example is dynamic:
Again the minuend is formed. Beginning with the units we must take away this quantity. Begin counting the units as they are moved back...1,2,3,4,5 we must change one ten to ten units (move one ten back, 10 units forward) and continue...6,7 moving the unit beads back. Subtract tens, hundreds and thousands in the same way. Read and record the result.
[top]


CALCULATING THE DIFFERENCE A LITTLE MORE ABSTRACTLY
Presentation: 
With a dynamic subtraction again, the child forms the minuend. As before begin by taking away the units. Record the number of units remaining, in the units column. Subtract the tens and so on. The result on the form will correspond to the difference formed on the frame.
Games: 
Form 1000 on the frame. Subtract one unit. Form 1000 on the frame and subtract 999. Each time three changes are necessary.
[top] 

	xMore Memorization Exercises (Special Cases)

	
Note: As in the special cases for addition, these exercises are done after the child has already done much work with the previous exercises.

Materials: 
...subtraction combination booklet
...large sheet of paper or chart,
...red and black pens
...special combination cards
Presentation: 
The teacher opens to a page, in the booklet. When you do these combinations, what do you do? calculate the difference.
As before the teacher writes the tile on the chart, gives an example and reads. In all of the other cases, the special case is set up first in the combination booklet or on a sheet of paper, and the child identifies the missing part. Then the special case is added to the chart.
0- Calculating the Difference
16 ​ 9 = ? (If from 16, I take away 9, what will be left?)
1- Calculating the Subtrahend
16 ​ ? = 7 (From 16 I have taken away a certain number, and 7 is left. How much did I take away?
2- Calculating the Minuend
? ​ 9 = 7 (From a certain number I have taken away 9, and 7 is left. What was that number?
3- Inverse of Case Zero - Calculating the Difference
? = 16 ​ 9 (What will be left if from 16 I take 9?)
4- Inverse of the 1st Case- Calculating the Subtrahend
7 = 16 ​ ? (7 is the remainder when from 16 I take away what number?)
5- Inverse of the 2nd Case- Calculating the Minuend
7 = ? ​ 9 (7 is the remainder when from a certain number I take away 9. What is that number?)
6- Calculating the Minuend and the Subtrahend
7 = ? ​ ? (7 is the remainder when from a certain number I take away another number. What is the first number, and what is the second number?)
Collective Activity: 
The teacher passes out the special combination cards. Each child reads the combination, states what part is missing and which case it is. (referring to the chart)
Individual Activity: 
The child works with the special combination cards as before: drawing one and computing it, then writing the equation in his notebook with the answer in red.
Aims: further memorization of subtraction combinations
reinforcement and understanding of the concept
Notes: This activity develops the ability to work with the same combination under different conditions and from various points of view, thus creating flexibility in the child's mind. Here, also, we see the close relationship between addition and subtraction .
[top] 

	xWord Problems

	E. Word Problems
As before word problems are prepared dealing with the seven different cases. These 7 cards are mixed with the 7 addition cards. When the child has done all of these, he may invent his own which will indicate his understanding of these special cases.
Example:
1. Rebecca has 6 roasted chestnuts left. Before she had 11. How many did she eat? 6 = 11 ​ 5
Age: between 6 and 7 years
[top] 
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	xStamp Game Division - Single Digit

	
STAMP GAME DIVISION - SINGLE DIGIT
Materials: 
...wooden stamps of four types: 
......green unit stamps printed with the numeral 1, 
......blue tens stamps printed with the numeral 10, 
......red hundred stamps printed with the numeral 100, and 
......green thousand stamps printed with the numeral 1000 
...box with three compartments each containing 9 skittles and one counter in each of the hierarchic colors;
...four small plates
Presentation:
The child is given a division problem on a work card. Since this is division, we put the stamps in these little dishes. 'How many must this quantity be distributed to?' Instead of calling children we can use these green skittles, one skittle for each child . Now you begin the division.
The skittles are set out in a row. Beginning with thousands, the child distributes equally to the skittle. When the child runs out of i.e. hundreds before each skittle has received one, the hundreds are returned to the dish, and the child goes on to tens. If he doesn't have enough tens (or if he runs out) one of the remaining hundreds is changed to ten tens. This continues until all of the hundreds have been changed. 
When the child has finished distributing, he reads the result-what one skittle received. The problem is recorded in his notebook. Note: If necessary to simplify counting, the stamps of one skittle may be arranged in hierarchic order after the distribution is finished.
Age: 6-7
Aims: to perform the operations at a more abstract level (here there is no visual difference in value according to size)
Note: These materials are used parallel to operations in the decimal system
[top] 

	xMemorization Exercises

	
DIVISION BOARDS - BEAD BOARDS

a. Introduction and List of Materials
Introduction: 
The memorization of division is the synthesis of the four operations. For this reason the child must precede this work with a great deal of work with the other operations, especially multiplication. It is very important that the child know multiplication really well before going on to division.
The child has encountered division before via many materials and regarding many cases: distributive and group division, division with a 1 or 2 digit divisor. In order to go on, the child must memorize certain combinations in division.
Materials: 
...Division Bead Board: the numerals 1-9 across the top on a green background represent the divisors; the numerals 1-9 down 
...the left side represent the quotients; the 1 in the green circle in the upper left indicates that the numbers 1-9 below it represent
...units; 81 holes.
...Orange box containing 9 green skittles
...Orange box containing 81 green beads
...forms 
...Booklet of Combinations (36 pages)
...Box of Multiplication Combinations (same combinations as are found in the booklet)
...Box of orange tiles for bingo game
...Charts I, II (for control)
[top]


DIVISION BOARDS - BEAD BOARDS

b. Initial Presentation

Preparation for Presentation
Before-hand, the teacher prepares pads of problems which consist of 81 forms. On each form, in the spaces at the top, is written a number, which is the constant dividend for that form. The forms are arranged on the strip in order according to the dividends, starting with 81, ending with 1. Under the forms on which a combination with remainders appears, the ordinal number of the form is written in red. On each form are written all of the combinations possible to perform on the bead board, beginning always with 9 (except, of course, when the dividend is less than 9) All of the combinations which have a remainder of zero are underlined in red.
Presentation
In this box are 81 beads which we will distribute to these 9 skittles. The nine skittles are placed along the top green strip of numbers 1-9. These 81 beads are the dividend, so we write 81 under the column 'dividend.' Then write the sign for division. The beads must be divided among 9 skittles; nine is our divisor, so we write 9 under 'divisor.' Now give out the beads in rows until all the beads are given out equally.
Each skittle received nine beads, (note the 9 at the end of the row), so we write 9 under 'quotient.' The last column is for the remainder, but here we have no remainder, so we write zero in that column. Whenever we have a combination that has no remainder, it is very important for our work, so we underline 'it' in red.
Let's try 81 ÷ 8. Remove one skittle and the extra beads to their respective boxes. What is the quotient and the remainder? 81 ÷ 8=9 r 9 In this game there are two rules to be followed:
1) The quotient should never be greater than 9.
2) The remainder may never be equal or greater than the divisor.
Therefore, we cannot have this combination because the remainder is too big.
Go on to 80. Change to a new form. Remove one bead and place it back in a box. Start with 80 ÷ 9=. Write the combination on the form, distribute the beads and count the remainder. 80 ÷ 9 = 8 r 8
Try 80 ÷ 8. Remove one skittle, redistribute the beads, and count the remainder. 
80 ÷ 8 = 9 r 8. This cannot be used because the remainder is too big, being equal to the divisor. Erase or cross out this combination.
Go on this way until 72 so that the children see another page on which combinations can be underlined. At this point bring out the prepared roll of forms. On this strip we can see all the combinations that have zero remainder. All of the forms that have at least one combination with remainder zero, have been reproduced into booklet form for your work.
Aim: to understand how the combination booklet was formed
[top]




DIVISION BOARDS - BEAD BOARDS

c. Division Booklets 

Materials: 
...Division Bead Board
...box with beads
...box of skittles
...Combination booklet
...Chart I
Exercise: 
The child chooses a form in the booklet, i.e. 7 Since 7 is the dividend, count out 7 beads into the box cover. The first combination is 7 ÷ 7 =, so 7 skittles are put out; the 7 beads are divided among them. Each skittle receives one; 1 is the quotient. There is no remainder. 7 ÷ 7 = 1 r 0
The next combination is 7 ÷ 6 =. Only six skittles are needed. Each skittle receives one and the remaining bead is placed in the bottom row, or in a box cover. 7 ÷ 6 = 1 r 1. Continue until the form is completed.
Control of error: Chart I. Find the dividend along the top and the divisor in red at the left. Go down and across to find the quotient where the fingers met. If there is a remainder, the box will be empty, thus move along the row to the right until a box is full. There you will find the quotient. To check the remainder subtract the dividend at the top of that column, from your original dividend. The difference is your remainder.
Note: When presenting the chart to the children, we identify the prime numbers as well, since they are shaded in red. 7,5,3,2 and 1 are special numbers because they only have as divisors, themselves and one. 7 can only be divided by 7 and by 1, and so on. These special numbers are called prime numbers.
[top]


DIVISION CHARTS AND COMBINATION CARDS

a. Chart I
Materials: 
...box of loose combination cards, only those that have a remainder of zero
...Chart I (as a control)
Exercise: 
In this box are only the even division combinations: those having a remainder of zero. The child fishes for a combination, reads it and copies it into his notebook. On the chart he finds the dividend at the top and the divisor on the left side. The place where the two fingers meet is where the answer is found. He writes the quotient to complete the equation.
Later the child can do the combinations in his head, write down the quotient and use Chart 1 only as a control.
[top]


DIVISION CHARTS AND COMBINATION CARDS

b. Bingo Game (Chart II)
Materials:
...box of tiles
...box of combination cards
...Chart II and Chart I (for control)
Note: Much practice should have preceded these exercises.
Exercise A:
Spread out the tiles face up. The child fishes for a combination, writes it down including the quotient, and finds the corresponding tile. The tile is placed on Chart II appropriately.
Exercise B. 
With all of the tiles in the box, the child fishes for a tile. He thinks of a combination that would yield that quotient and writes the equation in his book, i.e. 8 = 56 ÷ 7. The tile is placed on Chart II appropriately.
Exercise C. 
All the tiles are stacked as usual (this time forming a parallelopiped) The child chooses a stack, and one at a time he thinks of all the possible combinations that will yield that quotient, writes them down and places the tiles on Chart II appropriately. This continues until all the tiles of the stack which was chosen, are used. The child uses Chart I to check if he found all of the possible combinations and if they were placed correctly.
Note: For many children the aim of this work can be to fill up the entire board.
Group Game 1. 
The teacher or a child leading a group of children draws a combination and reads it. One child responds.
Group Game 2. 
The teacher draws a tile and reads the quotient. One child may try to give all of the possible combinations, or each child in turn may give one until all of the possibilities are exhausted.
[top] 

	xDivision By More Than One Digit

	
DOUBLE DIGIT DIVISION

a. Intro. to Double Digit Division (on The Change Game)
Materials: 
...golden bead materials and numeral cards
...ribbons: green, blue, (also red for later)
Presentation: 
The teacher prepares the numeral cards and asks a child to bring the corresponding quantity. Now I would like to distribute this quantity among twelve children. Twelve children are called, but this creates such confusion. How can we solve this problem? Twelve is made up of ten and two units. Two children can represent the two units and can be given green ribbons. These ten children must choose one who will represent ten. What color ribbon do we give the representative? 
Now we are ready to distribute this quantity. If we give one thousand to the child who represents ten children, what will each of the other children get? 100 (because 1000 is 10 hundreds) also each of these children receives 100another thousand for the group of ten, another hundred for this one, and another hundred for this one. This continues, making all of the necessary changes, until all has been distributed (perhaps leaving a remainder) 
What is our result? The result is what one unit receives. This child who represents ten children has enough on his tray so that each of these ten children will receive what one child received. (This quantity may be distributed if necessary.)
Control of error: The quantity may be added together again, making the necessary changes to form the original number.
Age: 6-7
Aim: to learn the concept of two-digit division: that if the ten receives a certain quantity, the unit receives 1/10 of that quantity.
[top]


DOUBLE DIGIT DIVISION

b. Double Digit Division on The Stamp Game
Materials: stamp game work cards
Presentation: 
The first quantity for this problem is formed with the stamps and placed in little dishes. We need to divide this among twelve. This blue skittle can be used to represent 10, and these green skittles will represent the two units. Now we must give out this quantity. One thousand is given to the ten, so how much does each unit receive? 100. The child distributes and changes as necessary, 'one hundred to the ten, ten to the units, another hundred to the tenand so on.' What did one receive? The child records the problem in his notebook.
Control of error: The quantity may combine the quantities distributed, count them, change them, to obtain the original number.
Age: 6-7
Aim: to practice two-digit division
[top]


TRIPLE DIGIT DIVISION

a. Intro. to Triple Digit Division (on The Change Game)
Materials: 
...golden bead materials and numeral cards
...ribbons: green, blue, (also red for later)
Presentation: 
Given a division problem, the child can see that it would be impractical to distribute one by one to over a hundred people. The child representing 100 wears a red ribbon. When red (100) receives 1000, blue (ten) will receive 100, and units (green) will receive 10.
Control of error: The quantity may be added together again, making the necessary changes to form the original number.
Age: 6-7
Aim: to learn the concept of three-digit division.
[top]


TRIPLE DIGIT DIVISION

b. Triple Digit Division on The Stamp Game
As in the previous presentation, skittles are used. Here one red skittle represents 100.
[top] 

	xDivision Involving Zeroes

	
DIVISION INVOLVING ZEROS
Materials: stamp game work cards
Presentation: 
When the child places the stamps in the dishes to show the dividend, the hierarchy that has zero is indicated by an empty dish. When the child needs to change to that hierarchy, the procedure is the same.
[top]


DIVISION INVOLVING ZEROS
Materials: 
...stamp game
...work cards
Presentation: 
The child lays out the first quantity in the dishes. This quantity must be divided among 104. I don't need any tens skittles, but so as not to forget the tens, we place a blue counter in its place. The child begins distributing: 1000 to the hundred, the ten would get 100, but I give it nothing, and the unit received 10and so on.
By this time the child should realize that any remainder must be less that the divisor.
[top] 

	xGroup Division

	
SINGLE DIGIT GROUP DIVISION
Materials: 
...stamp game
...work cards (divisor up to 9)
Presentation: 
The division problem says 24 divided by 4 =____. How many groups of four are we able to make with this number. The four skittles are placed in a bunch and groups of four units are in rows in front of this group. Changes are made as necessary. When the distribution is complete, how many groups of four were we able to make from 24? The rows are counted. Six is the result of this group division.
The child then does the same problem using distributive division to see that the result is the same.
Age: 6-7
Aim: to understand a different aspect of division
Note: This is presented parallel to abstract division. Memorization has begun.
[top]


DOUBLE DIGIT GROUP DIVISION
Materials: 
...stamp game
...work cards
Presentation:
1. Given a division problem, the child prepares the stamps and the skittles. Since we want to do a group division, we put the skittles together in a group. How many groups of 26 can be made from this number? The child places two tens and six units in a row, continuing his distribution by making all horizontal rows of 26 in a column. (The stamps are always placed in hierarchic order) Here, the skittles serve only as a reminder of the number in the group.
2. This time we will first make groups only of tens. Groups are made of two tens and lain out in rows. How many groups of ten did I make? So that each group has 26, I must make the same number of groups of units. Groups of six units are made in rows that line up with the groups of ten, yet in a separate column. When the child finds that more units are needed, one group of tens is returned to the dish so that they may be changed. How many groups of tens do I have ? 4 How many groups of units? 4 is our answer.
Age: 7
Aims: 
...to learn the concept of group division
...to continue towards further abstraction in division
[top] 

	xMore Memorization Exercises

	
SPECIAL CASES
As for the other operations, we examine the special cases using as a starting point the combination that is most familiar. A chart will be constructed as follows:
0- Calculate the quotient
72 ÷ 9 = ? ( 72 divided by 9 gives me what number?)
1- Calculate the Divisor
72 ÷ ? = 8 ( 72 divided by what number gives me 8?)
2- Calculate the Dividend
? ÷ 9 = 8 ( What number when divided by 9 gives me 8?)
3- Inverse of Case Zero---Calculate the Quotient
? = 72 ÷ 9 ( what number will we obtain by dividing 72 by 9)?
4- Inverse of The First---Case, Calculate the Divisor
8 = 72 ÷ ? ( We obtain 8 as a quotient when dividing 72 by what number?)
5- Inverse of the Second Case ---Calculate the Dividend
8 = ? ÷ 9 ( We obtain 8 as a quotient when dividing what number by 9?)
6- Calculate the Divisor and the Dividend
8 = ? ÷ ? ( We obtain 8 by dividing a certain number by another number. What is the first number and the second number?)
Note: Here we also see the relationship between multiplication and division. In cases 2 and 5 the child must multiply to find the dividend.
[top]


SEARCH FOR QUOTIENTS
Materials: 
...Chart II
...bingo tiles for multiplication
Presentation: 
Have the child find one bingo tile to match all the dividends along the top of Chart II. These are placed in a box cover or something.
The child fishes for a tile, i.e., 24. Let's try to find all the quotients with zero remainders that can be made with this dividend. Start with 24 ÷ 9 =. It won't work so leave it blank, and go on24 ÷ 8 = 3 and so on with the child giving the correct quotients. At the end erase those that would not yield zero remainders, thus leaving space to correspond with Chart I. Notice how the column of quotients matches the column under 24 on the chart.
These are the combinations I wanted, because now we can do 3 x 8 = 24. Write this to the right of 24 ÷ 8 = 3. 24 was my dividend: now it is my product. Go on in the same way for the other combinations making a second column.
The child will realize that if 24 ÷ 8 = 3, then 24 ÷ 3 = 8. It is a sort of game where the numbers change positions.
Aims: 
...to find quotients with zero remainders
...to realize the relationship between multiplication and division memorization of division
Indirect Aim: indirect preparation for the divisibility of numbers
[top]


PRIME NUMBERS
Materials: Chart I
Presentation: 
Recall the child's attention to the numbers in pink on the chart, which were called prime numbers, and which can be divided only by themselves and 1. These are very important numbers because they form all of the other numbers. We can see that this is true. (refer to the chart) 1, 2, and 3 are prime numbers. 4 is not a prime number, but is made of 2 x 2, and 2 is a prime number. Go on to 6 which is not prime. It is made up of 3 x 2; 3 and 2 are prime numbers.
If you try to decompose any number, you will find that it is made up of prime numbers. Invite the child to choose one of the dividends, and think of one combination: 24 = 3 x 8. 3 is a prime number, but not 8, 8 is made up of 2 x 4. 2 is a prime number, but not 4, 4 is made up of 2 x 2. 2 is a prime number.
Try another combination of 24 to check.
24 = 6 x 4 neither 6 nor four is prime
6 = 2 x 3 both are prime
4 = 2 x 2 both are prime
Direct Aim: to realize the importance of prime numbers
Indirect Aim: 
...to prepare for divisibility of numbers, LCM-least common multiple GCD-greatest common divisor and 
...reduction of fractions to lowest terms
Aims: 
...(for all of division) to memorize the combinations necessary for division. 
...to stimulate an interest that will help him to use the experiences acquired previously.
[top] 

	xDivision With Racks & Tubes

	
INTRODUCTION
The operations of addition, subtraction and multiplication can be performed with the large bead frame. But since the beads are connected to the wires, the beads frame cannot be used for division. The hierarchic material for division consists of loose beads. 
Up to this point division has been done with the decimal system material to give the concept, including division with a 2-or 3-digit divisor, and group division. These concepts were reinforced with the stamp game. Following a research of the combinations necessary for memorization, where the quotient was limited to a maximum of 9. Division was dealt with indirectly in many of the multiplication activities. Using this material the dividend may have up to 7 digits and a divisor of 1-, 2- or 3-digits may be used.
Maria Montessori referred to this material "as an arithmetical pastime for the child." This work clarifies the analytic procedure for the development of the operation. The fundamental difficulty of division is obtaining the digits of the quotient, recognizing their values and placing them in their proper hierarchical position.
At this level more importance is given to the quotient, that is, what each unit receives, and not so much to the quantity to be divided.
[top]


MATERIALS: RACKS & TUBES
Materials: 
...7 test tube racks: 3 white, 3 gray and 1 black
...each rack contains 10 test tubes
deposit each tube contains 10 loose beads
[These are the "deposit" from which quantities are drawn. The racks are white for the simple class, gray racks for thousands and 1 black rack of green beads for units of millions.]

7 bowls - 1 to correspond to each rack:
dividend the exterior of the bowl corresponds to the color of the rack the interior of the bowl corresponds to the color of the beads The dividend is formed in these bowls, just as was done with the stamp game.

3 bead boards: in hierarchical colors for units, tens, hundreds
For a 1-digit divisor the green board is used
divisor For a 2-digit divisor the green and blue boards are used
For a 3-digit divisor the green, blue and red boards are used.
[As in memorization, the distribution is done on the boards.]
Box with three compartments containing nine skittles of each of the three hierarchic colors that represent the divisor.

Also: A large tray to hold the racks while they are not in use.
[top]


SMALL DIVISION (1-DIGIT DIVISOR, 4-DIGIT DIVIDEND)
1st level
9764 ÷ 4 = 
       
4|9764


Isolate the racks that are needed to form the dividend. Place the other racks on the tray. Pour the quantities into the respective bowls. Place the green skittles on the green board for the divisor.
Begin distributing "bringing down" the units of thousands, that is moving the rack and bowl closer to the board. After distributing the units of thousands, record the first digit of the quotient in its hierarchical color, reading the number at the left side of the board.
Remove the beads from the board and place them back into the tubes. There is one units of thousand bead remaining in the bowl, which can't be distributed as is. Change it for 10 hundreds (pour the hundreds into the hundreds bowl). Having finished with the units of thousands, place the rack and the bowl out of the way on the tray.
Continue in the same way for hundreds, tens and units.
9764 ÷ 4 = 2441 
2441
4|9764
Note: Here also the operation is reduced to the level of memorization.
Recall the problem 81 ÷ 8 = which couldn't be done before. This does not mean that it couldn't be done, just that it couldn't be done with that material. Try it using this new material.
It is important to emphasize that every time a hierarchy is considered, a digit must be placed in the quotient. If there are not enough beads to distribute, we must still record a zero. This is where the child could easily make a mistake.

2nd level
9216 ÷ 3 = 
       
3|9216
Set up the problem as before and begin distributing the units of thousands. Record the first digit of the quotient using the hierarchical color green. There are no beads in the bowl, so the remainder is zero. Write the remainder under the 9. Put the thousands away.
9216 ÷ 3 = 
 3    
3|9216
 

0xxi
 

 



Bring down the hundreds, that is, move the bowl closer to the board and write the 2 next to the 0. Since we can't distribute these two beads, write the next digit in the quotient and write the remainder. Remove the beads.
9216 ÷ 3 = 
 30   
3|9216
02xnnnnnni
02xi
02xinnnnnn
02xi
The two hundreds must be changed for tens. Put away the hundreds. Bring down the tens. Now we must distribute 21 tens. Continue in this way.
9216 ÷ 3 = 
 3072
3|9216
02xnnnnnni
02xii
021innnnnn
021ii
06xnnnni
06
0xnnnni
0


Note: It is important to work through a problem such as 1275 ÷ 3 = to demonstrate the grouping of the first two digits. In a case such as this we do not record a zero in the quotient for the first hierarchy
[top]




SMALL DIVISION

3rd Level-Group Division 

Note: The child will never reach abstraction using the distributive division technique.
Introduction:
Recall the concept of group division. Take out 15 loose golden beads. Invite the child to find out how many groups of three can be formed.
Relate word problems to demonstrate the difference between distributive division and group division:
1. I have 12 pencils which I must give to 6 children. How many pencils will each child get? 2. What kind of division did we do? distributive division.

2. I have 25¢. I want to buy pencils costing 5¢ each. How many pencils may I buy? 5. This time I had to think of how many groups of 5 are in 25. This is group division.
Note: The Difference here is mostly in language, for this is an important step in the development toward abstraction. At this level the child incorporates the other operations in a conscious way. The quotient is no longer written in the hierarchical colors, because by this time, the concept should be firm in the child's mind.
7687 ÷ 5 = 
       
5|7687
Set up the materials as before. We must see how many times this group of 5 (indicate the skittles) is contained in this 7 (the units of thousands). Distribute the beads. Record the quotient. One group of 5, that is 5 x 1 = 5. Write 5 under the 7 and subtract. This is our remainder. Check to see if the number of beads in the bowl matches the difference.

Change the remaining two units of thousands to hundreds and bring down the hundreds. 
Now we must find how many groups of 5 are contained in 26.
Age: from 6 - 7 years ( at 7 years old, the child should reach abstraction)
Note: When the child has reached abstraction of division, he has actually reachedabstraction for all the operations, since division involves all of the operations. Before progressing to Big Division (having a divisor of more than one digit) the child should have reached abstraction with small division, that is, without the materials.
[top]


BIG DIVISION (TWO OR MORE DIGITS IN THE DIVISOR)
Introduction: 
Recall with the child the presentation of the concept of division with a two-digit divisor, using the decimal system materials and the arm ribbons. Introduce the bead board for tens. Recall that each blue skittle represents 10 units. If I give 10 to the blue skittle, what must I give to the green skittle? After this concept is already recalled, begin division.
1st level:
37,464 ÷ 24 = 
        
24|37464
Set up the material as before. Bring down the tens and units of the thousands, one for each board. Distribute the beads: one 10,000 for the tens; one thousand for the units. The first digit of the quotient is 1, but 1 what? The result is what one unit receives, so it is one thousand. Record the digit in color.
37,464 ÷ 24 = 1 
   1    
24|37464
Remove the beads from the board. Change the 10,000 to ten units of thousands and out away the ten thousands. Move the rack and bowl of units of thousands to the left, to the tens board. Bring down the hundreds. Distribute.
When the bowl of the lesser of the two hierarchies being considered is emptied, continue changing and distributing. However, when the bowl of the greater hierarchy is emptied, we must stop, record the digit of the quotient, and move on to another hierarchy.
37,464 ÷ 24 = 1561 
  1561
24|37464
2nd level:
7886 ÷ 35 = 
       
35|7886
As for the second level of the small division, record the remainder and bring down the digits of the dividend.
3rd level-Group Division with a two digit divisor
Recall the meaning of group division in the same way as before.
8847 ÷ 24 = 
       
24|8847
Set up the problem as usual. Bring down the first two hierarchies. How many times is 24 contained in 88? First, we must find how many times 2 is contained in 8. Distribute the beads 4 times. Now we must see if 4 is contained in 8, 4 times also. Distribute the beads. It doesn't work. Take off one row of beads from the board and place them in the bowl. Change a thousand bead to 10 hundreds and distribute.
Since we want to make groups of 24, there must be the same number of groups of 2, as there are groups of 4. Thus 3 groups of 24 were made. 3 what? Refer to what one unit received - 3 hundreds.
Multiply 3 x 24, carrying mentally and recording the product beneath 88 in the dividend. (The number that we had to carry in the small multiplication, corresponds to the number of changes that were made while distributing.) Subtract; the difference should match the quantity that remained in the bowls. Remove the beads. Change. Bring down a new hierarchy and continue as before.
[top]


LONG DIVISION WITH A THREE DIGIT DIVISOR
Note: If the child has reached abstraction in division with a 2-digit divisor, he will encounter very little difficulty here because the mechanics of the operation are the same. Thus, the material will be used less by the child. The material is used for the presentation to be certain that the child has understood the concept. At this level, group division is used immediately.
Presentation: 
Recall the activity done with the decimal system material and arm ribbons. Note the difference that the centurion received over the decurion and the unit. Present the materials.
56,438 ÷ 234 = 241 r.44 
   241 
r. 44 
234|56438 
 

The procedure follows the pattern set down previously, now using 3 bead boards, and bringing down 3 hierarchies at a time. Remember that the first digit tells what all of the others must receive: How many times is 2 contained in 5? 2 We must see if 3 is contained in 6 2 times and if 4 is contained in 4 2 times.
[top]


DIVISION WITH ZERO IN THE DIVISOR
51,252 ÷ 207 =
Recall the similar case in the stamp game where a counter took the place of zero for the skittles. Here the board without any skittles reminds us of the zero. Move down the three hierarchies- one for each board. The hierarchy by the empty board reminds us of what the tens would receive if there were any. Distribute as before using group division.
19,293 ÷ 370 = 676 ÷ 300 =
Make the child conscious of what the units would have received, if there were any , in order to determine the value of the digit of the quotient. Hierarchic colors can be used for recording the quotient.
Dividend: 70,569 ÷ 229 =
Place the dividend in the bowls, leaving one empty. Do not put it back on the tray since it will be needed for making changes. Bring down the hierarchies as usual, ignoring the fact that one bowl is empty; that hierarchy corresponds to one of the digits in the divisor.
Age: 9 years (by 9 1/2 the child should reach abstraction)
Aims: 
...mastery of long division
...knowledge of the reasons for every aspect of the procedure
[top] 

	xWord Problems

	
FROM COMBINATION CARDS
The teacher prepares seven special combination cards and mixes them with the other 21. The child fishes for one, solves it, writing it down substituting the ? for the answer in red.
Also, word problems are prepared and mixed with the others. The child copies the text of the word problem, writes an equation with the answer in red, and writes a conclusion, that is, a complete sentence which answers the question stated in the word problem.
Aim: further understanding of the concept of multiplication
[top]


DISTRIBUTIVE VS. GROUP DIVISION
These word problems are to aid the child's understanding of the difference between distributive division and group division:
Example: (distributive) Mother has 24 cookies. She wants to give these out to her three children equally. How many cookies will she give to each child?
Example: (group) Mother has 24 cookies. She wants to make up packages with three cookies in each package. How many packages can she make?
[top] 

	xDivisibility

	
DIVISIBILITY BY 2
Materials: 
...decimal system materials (wooden)
...blackboard or blank chart
Presentation: 
Write a number and invite the child to bring that quantity with the materials. Try to make two equal groups from this quantity, making changes as necessary .If it is possible to make two equal groups, write "yes" next to the number and underline the last digit. If not, write "no". Add or subtract one unit, and repeat the process. Examine many numbers in the same way. At a certain point the child will realize the rule: When the last digit is an even number or zero, the number is divisible by 2. 
If the child does not reach this point of consciousness on her own, ask questions to call her attention to the relationship between the yes or no and the oddness or evenness of the last digit.
1126 yes
1125 no
1124 yes
1123 no
1122 yes
78 yes
79 no
80 yes
12 yes
[top]



DIVISIBILITY BY 4 

Materials: Same as above
Presentation: 
The procedure is the same as before, except that the last two digits are underlined. Now it is no longer a matter of oddness or eveness. 
Rule: When the last two digits are divisible by 4, or they are both zeros, the number is divisible by 4.
816 yes
817 no
818 no
819 no
820 yes
[top]


DIVISIBILITY BY 5
Materials: Same as above
Presentation: 
The procedure is the same as before, only the last digit is underlined. 
Rule: When the last digit is 5 or 0, the number is divisible by 5.
125 yes
126 no
127 no
130 yes
45 yes
100 yes
[top]


DIVISIBILITY BY 25
Materials: 
...ten bars and 40 or more golden unit beads
...small white square pieces of paper,
...pen
Presentation: 
Put out one group of 25 with a little card over it. Place another group next to it in an inverse position to make it easy to visualize the group as 50. Place a little card over it ("50"). Continue placing groups of 25 (7 tens, 5 units for 75) to the left of the previous group, the respective card is placed over the top. Continue up to 8 groups of 25, substituting 100 squares after 100.
Invite the child to speculate on the next few multiples of 25.

Rule: When the last two digits of a number are 23, 50, 75 or two zeros, the number is divisible by 25.
[top]


DIVISIBILITY BY 9
Materials: 
...Peg board
...Box of pegs in hierarchic colors
...Small white square pegs
...pen
Presentation: 
9 is a very important number, Why? It is the last digit that can remain loose in our system. It is the square of 3, and 3 is a perfect number. Therefore in this work we will consider 9 as the square of 3.
On the peg board use 9 green pegs to construct a square of 3 by 3. This is a square of 3. Dissolve the square into a column at the top left corner of the board, labeling it 9.
Form two more squares of 3 side by side. Remove one unit from one square and add it to the other. Now one group has ten, change the ten green unit pegs for one blue ten peg. Dissolve the pegs into two columns next to the previous column. Label 18.
Repeat the procedure with 3 squares. Add one peg to each of the first two squares, taking the pegs from the last square. Change each group of 10 to a blue peg and dissolve. Continue in this way up to 10 squares = 90.
Observe that as the units decrease, the tens increase. At one extreme there are 9 units, at the other, 9 tens. This special pattern exists only in the table of 9. The sum of each pair of digits is 9. i.e. 27, 2 = 7 9.
Rule: A number is divisible by 9 when the sum of its digits equals 9 or a multiple of 9. If a number is divisible by 9, it is also divisible by 3.
Note: This characteristic may have been noticed in the multiplication booklet for memorization.
[top]


PROOF WITH MULTIPLICATION WITH RULE OF DIVISIBILITY BY 9
Materials: Decimal system materials
Presentation: 
Take the thousand cube and try to make 9 equal groups. 1000 is not divisible by 9, but take away one unit and try again. 999 is divisible by 9. Write 1000 ​ 1 = 999. Repeat the procedure for 100 and 10. Write 100 ​ 1 = 99, 10 ​ 1 = 9. Choose a number: 5643. Convert it to expanded notation:

3..................................................................................r.3
40 = 4 x 10............10 ​ 1 = 9...........40 - 4 = 36..............r.4
600 = 6 x 100 .......100 ​ 1 = 99 .......600 - 6 = 594...........r.6
5000 = 5 x 1000 ...1000 ​ 1 = 999 ....5000 - 5 = 4995....+ r.5
.................................................................................... 18
10 ​ 1 = 9, but we have 4 tens. We must multiply the whole equation by 4, which gives us 36. 36 from our original 40 leaves us 4 as a remainder. Continue for the others. Add all the remainders in the end. Since 18 is divisible by 9, the whole number is divisible by 9. (cont.)
Show an example of multiplication: 643 x 1527 = 981,861. Make sums of 9 in the digits - 643 x 1527 = 981,861. Total the remaining digits (4 from the multiplicand, 1 and 5 from the multiplicand) multiply the sums ( 6 x 4 = 24 ), and add the digits of the product 
( 2 + 4 = 6 ). This number should correspond to the sum of the remaining digits in the original product - 6. 6 is also the remainder when the original product ( 981,861 ÷ 9 = 109,095 r. 6) is divided by 9. The "remaining sums" from above multiplicand and multiplier (4 and 6) will also be the remainder when divided by 9: ( 643 ÷ 9 = 71 r. 4 and 1527 ÷ 9 = 169 r. 6).
Age: Ten years
[top] 

	xSynthesis of Multiples & Divisibility

	
SYNTHESIS OF MULTIPLES AND DIVISIBILITY
Refer back to the multiples work and the charts constructed to find the multiples of numbers up to 10 (circling the numbers in different colors). Repeat this work making new observations-i.e. A number is a multiple of (is divisible by) 6 if it is also a multiple of 2 and 3. This is noticed when the charts for 2, 3, and 6 are done simultaneously. A multiple of 6 intersects the lines of multiples of 2 and 3.
This work really shows the close relationship of multiples and divisibility. Knowledge of one reinforces the other.

Take Table C with the prime factors. Here also we can find, for example, by what numbers 18 is divisible, by making all possible combinations of the prime factors: 
18 = 2 x 3 x 3. 
18 is divisible by 2, 3, 6, and 9. 
18 is even, thus it is divisible by 2. 
1 + 8 = 9, thus 18 is divisible by 9, which means it is also divisible by 3. 
Since 18 is divisible by 2 and 3, it is also divisible by 6.
[top] 
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	xThe Great Lesson

	See the Great Lesson :: Story of Writing
Prepare a simple, yet interesting story of Language for the child. Different theories on the origins of the spoken word will catch the child's attention if they are offered as tales with captivating examples about what "must have happened" when the first human beings tried to communicate with each other expressing their needs, ideas, feelings, concerns. True facts about the first symbolic representations of those same words with samples of primitive pictographs, hieroglyphics and alphabets will give the child motives of admiration and gratitude and a desire of expressing with them his own feelings and thoughts. Modern technology applied to communication will be understood by the child within the context of human progress throughout centuries of work and patient research.
Understanding how English evolved in the past, and how it keeps changing now, will result in a realisation of the importance of this language and in an awareness of beneficial interdependency of peoples -many tributary streams have formed the great river of English -. English contributes now to bring unity through communication.
The Great Lesson of Language, as that of Mathematics, must continue over the years bringing to the attention of the child the main events in the history of communication, and the amazing treasures of knowledge and artistic creation preserved and transmitted to us by equally amazing means of communication. Applying to all these activities is a fundamental principle: a human need and the urge of satisfying it.
[top] 

	x6-9 Language :: Scope & Sequence

	 

· Word Study: 

· Formation and meaning 

· [Root/Affixes/Combinations/Similarities and Dissimilarities/Derivations]
· Function of Words: Parts of Speech 

· Grammar Boxes: 

· The Noun and the Article 

· The Adjective 

· The Verb 

· The Adverb 

· The Preposition 

· The Pronoun 

· The Conjunction 

· The Interjection
· Sentence Analysis: 

· The Phrase 

· The Sentence 

· The Clause 

· Degrees of Dependency
[top] 

	xIntroduction

	Language is the framework upon which all other elementary studies lay. It is the vehicle that, in distinct turns, is examined, erected, and then embraced as the means of exploring related elementary disciplines. Development of strong creative writing and composition skills provide the impetus, initially motivating an enjoyment of the creative process, and later, by including each student in the work of editing, as further refinement of the same. A more formalized, individual presentation of grammar, spelling, and sentence analysis skills enriches each student's efforts.
The sensitive period for language occurs between the ages of 6-8. The child is interested in understanding language and its component parts: words, their meaning, their function, and their relationships with one another. Dr. Montessori's materials apply the principle of isolation of difficulty, which allows the child to individually explore the elements of language .
Because of the nature of the materials, they must be presented to children in the 5 - 8 age range.
[top] 

	


	The Story of Writing
Lately I have been telling you stories about the earth and about how it came to be. We've talked about how plants and animals came to live on the earth, and about the coming of human beings. The story I want to tell you today takes place after human beings had already come to live on the earth. There's no way to tell exactly how long ago the story happened, but it was a long time ago, indeed! No matter, though; this is a true story.
When men and women first lived on the earth they had need of many things: food, shelter, and clothing, to name some. This was a long time ago, though, and there were no food markets or clothing stores. There were no homes to live in. Even so, the earth was ready for humans. The gift of a larger brain and imagination served them well as they searched for what they needed. They told each other about what they found and where they found it. Maybe they used gestures, or a combination of gestures and sounds.
(model some gestures and sounds portraying food and direction)
This system worked fine most of the time. Eventually, though, a challenge presented itself. If a person found something good to eat -- say, some fish in a pond -- and no one else was there, what could they do? Maybe they thought: "How can I tell about what I have found?" Maybe the first person didn't solve this problem, but somebody did! Someone, we don't know who or when, decided to make a picture. The picture told the story, rather than the sounds, or gestures that might have been expressed.
(show a pictograph)
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People probably drew these kinds of pictures for a very long time. Pictures were made of what was important, and of what they wanted others to know. For example: a hunter might need to record that 10 animals were spotted near a certain rock. He may have drawn a picture of an animal, with 10 strokes underneath, on the rock to record that message.
(show the hunter's pictograph)
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Time passed and ancient people continued to draw pictures. Some of their pictures were very beautiful. We know this because some of them, drawn a very long time ago, have been found on the walls of caves around the world.
(show the cave painting)
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Even more time passed. At a certain point in history, about 5,000 years ago, a group of people called the Egyptians lived in northern Africa along the banks of the Nile River. They made lots of pictures: some were carved in stone, some were painted on stone, and some were painted on paper. The stones came from the land around them, and the paper was made from the papyrus plant, a reed that grew near the river. They first painted pictures on this paper with a brush and then later used a pen to write their picture messages.
(show a picture of hieroglyphics)
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As you might imagine, people were sometimes confused by picture messages. This was especially true when people started using the same pictures for different meanings, as the Egyptians did. For example, a picture of a leg could mean:
1. The object, meaning an actual leg
2. An idea, meaning 'to run', because the leg was used for running.
3. The tone of the words, as in 'quickly'
(show pictures of different types of hieroglyphics)
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At about the same time in history, a people called the Phoenicians lived around the Mediterranean Sea, north of Africa. They sailed to lands around the Mediterranean and sold many things - ivory, spices, incense, silver, ornaments, glass - and one very, very special thing. Only the Phoenicians sold this one special thing. What was it? It was a rare purple dye, like we use to color cloth. Somehow they discovered that a particular shellfish contained in its shell a tiny particle of bright red coloring that they could use as a dye. These shellfish were gathered by the millions and crushed together to make the dye. Because it was hard to get -- only the Phoeenicians had it -- the dye was very expensive. Only royalty and the very wealthy were able to dye their clothes with this beautiful color. The Phoenicians were the discoverers of this dye: how it was made was a closely guarded secret.
But as important as this Tyrian Purple Dye was to the Phoenicians, it is not why they are part of this story. Here is the reason why:
The Phoenicians traded with the Egyptians, who by now used pictures that represented sounds as well as objects. Being merchants, the Phoenicians needed a quick and accurate way of recording their business, so they 'borrowed' (quite cleverly) just the sound pictures of the Egyptians. This sort of picture could express many different things, like ideas and amounts of money. Best of all, ithese symbols made it easier to tell what was meant, since people who spoke to each other by this time agreed that certain sounds meant certain things. The Phoenicians found out what you found out when you learned to use the sandpaper letters -- this mark makes this sound.
(show pictures of the Phoenician alphabet)
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Even though it was the Phoenicians who were the first to use what we know as the alphabet, you might not recognize their letters. So, this is not quite the end of the story. You see, it was the Romans who first called these letters 'the alphabet'. The Roman letters are ones you might recognize. The sandpaper letters you learned are almost the same as the letters used by the Romans.
(show pictures of the Greek, Roman, and modern alphabet)
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Remember when I was reading name of book here to you the other day? It is the Phoenicians who first invented the idea of writing only sounds on paper. They did not need to draw pictures of objects, only the marks for sounds.
People today still use this idea. When you write down a story, you write down the letters that make the sound of the word that you want to write. And when you read, you recognize the sounds that the alphabet letters make. Because the Phoenicians recognized the sound alphabet, the author of name of book here could write the book we just read.
This is the Story of Writing.
[top] 
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	Scheme For Presentation

	The primary aims of this work are to give a very strong impression of each function of speech and to understand the relationships between them. Indirectly, the child is being prepared for later grammar study, as well as practicing reading and writing, and enriching his/her vocabulary.
Functions of the following parts of speech are presented in the first year elementary class, between 6 and 7 years old:
A. Noun
B. Article
C. Adjective & Symbols of the Noun Family
D. Verb
The remainder of the functions of words will be presented in the second year, between 7 and 8 years:
E. Aspects of the Verb
F. Preposition
G. Adverb
H. Conjunction
I. Interjection

This spacing will allow the child more time to practice and fully understand the functions.
[top] 

	Noun

	 

"Nouns are the spiritual substance of material objects."
- Maria Montessori

Materials: 
...box of grammar symbols
...labels for movable objects in the environment and/or
...miniature environment labels (one for each child)


Presentation: (Group presentation) Introduction:
Since we know how to speak, write and read, we can begin to study our language. The teacher asks a child a question. We notice that the child answers with all of the words in the exact order. We will learn why the words are arranged in that special order, add the special names for the different types of words. Though there are thousands of words in our language, all of them belong to one of nine groups. Each group has its own name and symbol. The box of nine symbols are examined, the colors and shapes. With these symbols we will be able to classify all of our words.
The box is put away. The teacher gives each child a label. As before, the children read the label silently and bring the object named. When the child returns, he/she identifies the object. This word names this object. All of these words are names for things. These words are called nouns.
Here the teacher recalls the story of the first humans. At first humans had no language, then they gave names to things: their homes, things in their houses, the animals, plants, rocks and soil, the sky, sun, stars, to rivers, mountains, ... (go on through progression of civilization) ... humans gave names to everything. But these humans died and the names - the nouns they used lived on. The number of nouns has increased. Everything has a name; they are called nouns. 

Exercise: The child draws a picture of an object, writes the label underneath and the word noun underneath that.
[top] 

	Article

	
Materials: 
...box of objects - some singular and others plural
...a label for each object (use the, a and an)
...samples of advertisements

Presentation: (Group presentation):
The objects are brought out on the table. The teacher asks for an object of which there is only one: the plate. The teacher asks for an object of which there are several: the bead. The child gives one to the teacher - I don't want this one. The child tries again. How many beads do we have? How many plates? When I asked for the plate, it was easy because there is only one. But when I asked for the bead, you didn't know which one was right. When there is more than one of something, I should say: a bead. WHen I have only one of something I can say: the house. How would I ask for this object? the shoe. How would I ask for one of these? an elephant., and so on.

The objects are on a distant table. The teacher gives each child a label and the child brings what is indicated, reading the label when he/she returns.

Because you have brought a button, I know there must be more than one on the table. This must have been the only hat because you have brought the hat. We know that names of objects are called nouns.

These little words: a, an, the are called articles. 
(article: Latin articulus, diminuitive of artus - meaning joint; a small part, member)

Exercise: 
...The child works with all of the objects in the farm using prepared environment labels which include the appropriate article. 
...The child draws a picture of the object, writes the label underneath, and writes article or noun underneath.
[top] 

	Adjective & Symbols of the Noun Family

	
Materials: 
...3 like objects differing only in color
...blank labels, red and black/blue pens
Presentation 1: Game of Three Objects
Review: All things have names; the names of things are nouns. Nouns are often linked with articles. In our language we have three; a, an, the. Other languages have many, while others (e.g. Japanese and Latin) have none. Nouns also have another kind of companion. These help us to understand nouns better.

The three objects (flowers) are placed on the table. The teacher asks for a flower. But this is not the one I want. I want a white flower. It's not enough for me to say a flower. How did you know I wanted this one? I told you which color of flower I wanted. The teacher writes a label: the white flower (the adjective is written in red; the article and noun in blue or black). The child reads it and places it on the right object. This continues until all three are labeled. Now each noun has a companion. The child identified the noun and article. This word: white is an adjective. The second and third period follows. (adjective: from Middle English from Middle French from Latin adjectivum, adjectivus meaning added.)
[top]


Presentation 2: Symbols of the Noun Family (could be same session)

Materials: 
...3 pyramids - lg. black, medium blue, small lt. blue
...small dishes containing the symbols charts of the noun family

Presentation: 
Instead of writing the words below to identify nouns, adjectives and articles, the three symbols - pyramids are presented, identified and placed above the corresponding word of a label. 

Review:
Who do you think invented the symbols for grammar? Maria Montessori. Why did she choose a pyramid? She wanted something old and special, like nouns. The noun is very special in every language and it is as old as humanity. The pyramids are ancient monuments which are still preserved today. Therefore the noun is represented by a pyramid. She choose the color black, because it represents something very old - coal.

Because the article and the adjective always need to be with the noun, they are represented by pyramids, also. They are smaller and blue. In order to identify all of the things in our environment, we would need a closet full of these pyramids. So Maria Montessori 
made things simpler for us.
The symbols are shown to represent one face of the pyramid. These are substituted for the pyramids. The child then puts symbols next to each label.

Charts are shown which identify the noun family, that the article and adjective are dependent on the noun. To call attention to the relative positions, the teacher writes the red flower on a strip of paper. The child reads it. Then the strip is torn into three pieces. 
The child tries to arrange them so that it will make sense, and sees there is only one logical way.
Etymology: noun, from Latin "nomen", meaning name. It is one of the most important parts of a sentence. Without a name, a thing cannot exist.

article, from Latin "articulus", diminuitive of arto, extremity. It gives movement to the noun; it can be definite or indefinite.

adjective, from Middle French "adjectif", from Latin adjectivum, which means added. It expresses a quality of the noun, so as to limit and clarify.
[top]




++ ADJECTIVE GAMES 

1. Game of Quality
Materials: a folder which contains several cards, on one is the definite article; on another is a noun, and on several others are adjectives. Above each word is the appropriate grammar symbol. The length of the article card and one adjective card is equal to the 
length of the noun card which is equal to one half the width of the open folder.

Presentation: 
Various impromptu objects are placed about the room. The objects differ only in quality, i.e. the torn paper, the 
wrinkled paper, the lined paper, the printed paper, the blank paper, etc. The teacher arranges the cards in the folder, i.e. the lined 
paper, and asks the child to read and then fetch the object indicated. While the child is gone and has his/her back turned, the 
child rereads the cards, brings back the first object and gets the different one. This continues for several different qualities.
[top]




2. The Detective Game #1 (Teacher and Child) 

Materials: an envelope of 54 triangles of 3 different colors; of 3 
different sizes and 6 types:
9 acute-angled isosceles triangles
9 right-angled isosceles triangles
9 obtuse-angled isosceles triangles 
(three of each color)
9 acute-angled scalene triangles (three of each size) 
9 right-angled scalene triangles
9 obtuse-angled scalene triangles

Presentation: 
The triangles are scattered on the table. The teacher says, I want only one of these. Can you guess which one it 
is? The child may guess or choose one. No, that is not the color of the one I want. The child guesses the color and isolates all of 
the triangles of the right color. The guessing goes on, each time eliminating some triangles as the qualities are narrowed down. As 
each correct quality is identified, the teacher writes a label, i.e. after the child has found that the triangle must be green, the three 
labels are arranged: the green triangle. At the end, when only one triangle is left, the adjectives cover all of its characteristics: the large green obtuse-angled isosceles triangle.

The child reads the labels. It was necessary to use many adjectives to find the right triangle from among that large group. The labels are taken up and mixed and lain out again. With the same adjectives we would still be able to find the correct triangle, but the arrangement/order of the adjectives usually sounds best in only one way. The child rearranges them to find which order sounds best. 

[top]




3. Detective Game #2 (Child Alone) 

Materials: the 54 triangles

white labels on which are written: 
thetriangle, and the eleven adjectives

Procedure: 
The child takes the labels the and triangle and chooses the adjectives he/she wants and places them between the and triangle. 
(The child will see that he/she can only choose one of each category, because it is not possible to be, for example, small and large at the same time.) 

Once the labels are arranged, he/she sets out to find that triangle.
He/she may draw it or trace it and write (copy) the qualities beneath. The symbols may also be added.
[top]


4. Detective Game #3: (Group of Children)
Materials: the 54 triangles
54 prepared labels (strips) on which is written the 
description of one triangle for each label, i.e. the 
red large acute-angled isosceles triangle 
Procedure: The labels are given out to the children, so that all of the labels are distributed. The triangles are now scattered over a 
large space. All of the children proceed to find their triangles. In the end none should be left.
[top]


5. Exercise of Logical Agreement: An Object and a Quality

Materials: 20 nouns on black cards
20 adjectives on brown cards (to match grammar box)
(Note: The adjectives used should be objective, i.e., not "good" or "pretty".)
Presentation: The noun cards are given to the child and he/she reads them as he/she lays them out in a column. The teacher reads an adjective card, and the child guesses with which noun it should be paired.

For a little amusement, after all of the adjectives have been matched, they are collected, shuffled and placed again in the 
column. The child reads each combination and states whether or not it could make sense. Some adjectives are very particular, while some can describe many nouns, ex: a sharp knife

The teacher selects three nouns at random and isolates them. The child is given all of the adjectives and tries to match as many as possible.
[top]




6. Exercise of Logical Agreement: A Few Objects and Many Qualities
Materials: 3 or 4 nouns on black cards
many (20 or 30) adjectives on brown cards
Presentation: 
The noun cards are placed in a row and read. Taking the stack of adjectives, the child reads one and places it with one of the nouns, making a column before each noun.
[top]




7. Adjectives in the Miniature Environment
Materials: the pieces of the miniature environment
corresponding reading labels which now have the article, adjective and noun
the grammar symbols
Presentation: The children each bring an object from the environment and place them at random on the table. The teacher writes a label; the broken plate, which has the adjective written in red. The child reads it silently and places it with the object. He/she identifies the function of each word, placing the symbols over the words. Each child receives a label. Here again the exercise of tearing and rearranging the words may be done to emphasize the position of the adjective. Each child may draw and copy the label, pasting the symbols appropriately in his/her notebook. The old miniature environment labels which had the article and noun should be replaced by labels including adjectives.

8. Noun - Adjective Charts
On a chart or piece of paper the noun and adjective symbols are pasted at the top. One noun is written under the noun symbol. The 
child thinks of adjectives that agree and writes them in a column. This may be done by one child over a space of time or by many 
children collaborating.

Note: Before going on, check the child's comprehension with questions in reference to adjectives: How many adjectives are needed to distinguish between two like objects? May I change the positions? May I use just any adjective? no
[top] 

	Verb

	1. The Difference Between Matter and Energy


Materials: strips of paper, black and red pens
miniature environement
black pyramid, red sphere
grammar symbols: noun, article, adjective, verb
insets of geometry cabinet: circle, triangle, polygons 

Presentation: The teacher writes the labels for some objects consisting of noun, article and adjective written in black. A few children read the labels and bring the objects. Other labels are written in red; these are simple commands, i.e. run, walk. The children read these silently an execute the commands.

All of the labels are placed on the table: the environment labels with their objects and the verb commands alone. The objects are here, but where is run and walk? They have disapppeared. These are verbs. The verb is energy. Examples of energy in activity are given, recalling the generation of body heat through activity. Like a coal or wood fire is energy, it gives off heat and light. Energy is very important to life. Verbs show energy.

Presentation: Symbols The pyramid is presented, and the child recalls that it represents the noun. The symbol chosen for the verb is a red sphere. The noun is very stable; it cannot move. The verb moves quite a bit and freely. (Verb - from Latin verbum, word par excellence, the most important word). In the same way as the triangle represents the pyramid, a circle represents the sphere. The freedom of movement is shown with the metal insets. The greater the number of sides, the more freely it moves.
Aims: to give the symbol and etymology of the verb
Concept: The verb shows energy.
[top]




2. The Action Disappears

Materials: miniature environment objects

Presentation:The objects are on the table. The teacher asks the child to put the objects in the basket. Where are the objects? Where were they at first? You performed an action. Where is the action? The action has disappeared but something has happened to the objects; they have changed their positions. The verb has given life to the objects. The matter remains but the action is no longer seen.

Aim: to show that the verb gives life to objects 

[top]


3. Energy Needs Matter
Materials: strips of paper

Presentation:
The teacher writes two commands - one is transitive; the other is intransitive, i.e. walk and eat. It is observed that one child can perform while the other cannot, because he/she has no object. One action depended on having an object (to eat), while the other action depended solely on the child. Some verbs require an object while others require only someone to do it.


Aim: to indirectly prepare for transitive and intransitive verbs

[top]




4. The Verb is Movement 

 

Materials: basket of one word commands


Presentation:
If we have a group of marionettes that are not moving, they are simply objects without life. When someone comes along and pulls their strings, he/she makes them dance, walk, wave their arms; he/she gives them movement. The verb is movement. The children stand limp like immobile marionettes. The teacher gives each one a verb command. As soon as the child receives the command, he/she begins to execute the action. The marionettes have come to life. One by one the teacher takes the command cards back from the children's hands. Each in turn stops the action to become limp once again.

Aims: to understand that the verb signifies movement; to understand 
the function of the verb and all of its characteristics.

5. Exercise of Logical Agreement Between Action and Object

Materials: 10 verbs on red cards
10 nouns on black cards

[top]




Presentation #1: 

The two stacks of cards are shuffled. The child reads the verbs as he/she places them in a column. he/she then takes the nouns one at a time and tries to match them, i.e. read a story or polish a shoe.

The child may write this list of pairs in his/her notebook, or he/she may take only one list and compose the other as he/she writes it in his/her book. To amuse the children, the nouns may be collected and redistributed randomly. This will clearly show that some objects don't make sense with certain verbs.

Aim: to bring the child to a point of consciousness that energy must have its specific object in order to make sense.


Presentation #2: One Verb and Many Objects 
The verb cards are arranged in a column. For each verb the child tries to match as many objects as he/she can. Some verbs take many objects, i.e. draw, throw; while others take few or only one, i.e.drink, light.
Aim: to understand that one verb may act on (apply to) many objects, but all of the objects must have a logical connection.
[top] 

	Aspects of the Verb

	1.The duration of the action depends upon the presence or absence of an object.

Presentation:
The teacher writes several commands of which some are transitive and some are intransitive. These are distributed to the children and they begin executing the commands at the same time. It is observed that some children have finished their actions, i.e. write a word, open the door, while others have not finished because no one has told them to stop, i.e. walk, hop.


Aim: Point of consciousness: An action without an object may last forever. An action with an object has a specific point of completion.
Indirect Aim: comprehension of transitive and intransitive verbs; concept of infinitive
[top]




2. The difference between past and present.

Presentation: 

The teacher writes a command, which the child reads and executes. What have you done? I have brought you a pencil.What did it say for you to do on this card? Bring me a pencil. You say that you have brought me a pencil, not I bring you a pencil. 

The present tense lasts only while the action is being done. Once the action is finished, it is already in the past. More examples are given.

Aim: to notice the change in the verb for past and present
Indirect aim: to prepare for verb conjugations
[top]




3. Different durations of the present

Presentation: 

The teacher writes and distributes commands, some which will take a while to complete and some shorter actions. All of the children begin together. When some children have finished, each child states what he/she has done or is doing. The duration of the present depends upon the action. The present can be very briefor it can last for a long time. We have a special way of saying that an action is going on: I am reading a story.

Aim: to understand that the present lasts as long as the action lasts
Indirect Aim: to prepare for verb conjugations: present continuous tense
[top]




4. Invisible Movement

Presentation: 

The teacher writes a command which requires no visible movement, e.g. think of a story. The child reads the command and executes it. It seems that nothing is happening. There is no movement. What were you doing? I was thinking of a story. What did you do when I asked what you were doing? I answered you. You have performed two actions: thinking, which showed no movement and answering a question, which was an action we could see and hear. 

When you were thinking all of the action was going on inside, in your brain; it was an internal action. When you read silently, your mind is very active even though your body doesn't have to move.

Aim: to understand the verb can indicate internal or unseen movement or activity.
[top]




5. Commands of Reading 

Presentation:
The teacher writes a simple command and the child executes it. When the action is completed, the child places the symbols over the words.

The verb is cut off and the child is asked to execute the command,i.e. the window. The child sees that he/she cannot do anythingwithout the verb.

The label is cut into several pieces and the words are mixed up. In a command the subject is understood, therefore the child mustunderstand that the noun - the object - comes after the verb.

The children execute commands, copy them in their notebooks and place the appropriate symbols above the words. The children may compose their own commands.


Aim: to understand the placement of the verb in relation to the object.
[top] 

	Preposition

	Materials: a vase, a flower
a pitcher of water, a small glass
strips of paper, pens
grammar symbols previously used and the symbol for the preposition

Presentation:
The teacher writes a label for the flower and one for the vase. The child labels the objects and places the corresponding symbols over the words. In red the teacher writes another label with the preposition in. The child reads it; the label is placed between the other two labels, and the child reads the whole phrase. The flower must now be placed in the vase as the label says. This word in made the flower change its position. This word is a preposition and its symbol is this little green bridge. 

Etymology...
(preposition: Latin praepositio < praeponere, meaning to place before - it is something that comes before something else.) The bridge was chosen to indicate a union, a close relationship between these two objects.
The objects labels are reversed and read - the green vase in the yellow flower. This does not make sense.

The exercise is repeated with the water and the glass, putting out labels and symbols, the preposition in, and its symbol. The child pours water into the glass. The positions of the nouns are reversed but this time, it is possible.
[top]




Preposition Exercises:

Materials: miniature environment, object labels
cards with prepositions
long strips on which phrases are printed

1.) The child is given an object label, which he/she/she reads, then gets the object and places the symbols over the words. The same child does the same for a second object. Then the teacher gives him/her/her a preposition card to place between. he/she/she matches the symbols to the preposition, puts the objects in the indicated relationship and copies the words into his/her/her notebook and adds the symbols. Those cards are removed but the objects remain as the children each place objects in special relationships.

Each time the result of this exercise is different. When the children work alone they choose the cards randomly from the two piles.

2.) With the long strips, each child in turn takes one, reads it, executes the command, lays out the symbols and copies it down. Again the objects remain but the labels are removed as the child finishes copying.

Aim: Point of consciousness: the function of the preposition is to put objects in relation to one another in a specific manner.

Ages: 7-8 years

Note: The children may have prepositional commands in creative movement exercises: bodies in relation to one another. 

[top] 

	Adverb

	Materials: strips of paper, pens
grammar symbols previously used and the symbol for adverb
an orange sphere and a red sphere

Presentation: 

The teacher writes a simple command in black ink. The child reads and executes the command. The teacher then adds an adverb in red. The child reads and executes the command. It is observed that the two actions were different. Why? The verbs stayed the same, but something was added, i.e. walk//walk slowly. This word that changed the way you walked is called an adverb. (adverb: from Latin adverbium - ad, to, beside, and verbum, a word, a verb) The adverb is always near the verb just as the adjective is always near the noun.

Symbols......We recall the verb was symbolized by a red ball.The adverb also is symbolized by a ball, only smaller and orange. Only the verb is red, because the verb is energy, like a fire. Since the adverb stays near the verb, it gets some of the heat of the fire and it is orange. The verb is larger than the adverb because it is more important, just as the noun was larger than the adjective. For the adverb we use a small orange circle.

The child places the symbols on the slips above the corresponding words. the child then tries to change the positions of the words by tearing the strip, but finds that it usually sounds right when the adverb follows the verb.

Using the simple one word commands, the children may write their own, adding adverbs. These are then executed and written in their notebooks with symbols.
[top]




Adverb Exercises:

1) Logical Agreement Between the Action and Ways of Doing it

Materials: 10 red verb cards and 10 pink adverbs 

The child lays the ten verb cards in a column, reading them as he/she/she goes along. Group lesson: the adverb cards can be passed out to the children. If a child is working alone, the adverb cards are randomly placed face up off to the side. Who has (or can find) the adverb that goes with ______ (read the first verb). The child reads the combination to see if there is logical agreement, i.e. dance gracefully.

If one adverb is left, rearrange them until all agree logically. When the columns are complete, the child reads all of the phrases. It is important that the children understand all of the words used. 

If necessary the chld may refer to the dictionary (work which should begin at age 7 1/2).

On a different occasion the adverbs may be randomly placed in the column and then read. This is for the child's amusement, as well as reinforcing the understanding of logical agreement.

The child may write the phrases in his/her/her notebook, copying the cards, or using just one list to compose the other.

2.) One Action and Many Adverbs

Materials: three red verb cards and 20+ pink adverbs

The child reads the three verbs and lays them in a row. The adverbs are distributed to the group. In turn each child reads one and matches it to one of the verbs, reading the phrase he/she/she has created. It is important to use many diverse adverbs, even some difficult ones. Again discuss the meanings to be sure the child understood.

The children may act out the phrases they have created to reinforce the concept of the adverb. The actor may choose a verb and act out the adverb with the others guessing the adverb from the action. The child may choose a verb and several accompanying adverbs to answer how, when, where.
[top] 

	Pronoun

	Materials: very long strips of paper, black and red pens
all of the symbols known, and the pronoun symbols
similar objects from the environment
impressionistic charts of the Verb Family


Presentation: 
The teacher writes a long command, which consists of several actions on one object, i.e. Go to a friend, get a pencil, bring the pencil to your place, put the pencil on the table. The child reads the command aloud and executes it. Afterward the symbols are all placed above the words.

The teacher reads the command aloud, this time emphasizing the repetition of the object noun. The child is asked to observe the awkward way that the command was written. The child or the teacher may suggest an improved version using the pronoun it. This version is written on a long strip with the pronoun written in red. The second one sounds better.

The child then places symbols on the words he/she/she can identify in the second command. The child reads the second command again noticing it, and noticing that it replaces the pencil. This word is a pronoun. 

Recall the other pronouns.

Symbol.... it is a pronoun. The symbol for pronoun is a tall purple pyramid, (the figure is presented). It resembles the noun symbol, because it takes the place of the noun. The purple is an expression of rage - because it wants to take the noun's place.

Etymology....(pronoun: pro - from Latin meaning instead, thus we use the pronoun "instead of the noun." 

Give the child two dimensional symbol to place over the pronouns on the second strip. Tear the strip into several parts, and invite the child to rearrange the words so that it will still make logical sense. he/she/she will see that the pronoun (as an object) must follow closely behind the verb.
[top]


The Verb Family

Do you remember the noun family? The child is invited to place the symbols (3 dimensional) of the noun family in order in a row. There is also a verb family. It is composed of the verb, adverb and pronoun. Place these three symbols in a row in such a way that the pronoun symbol is on the end nearest to the noun family.

The pronoun is part of the verb family because it must always be close to the verb. Yet, it is also closely related to the noun because it takes the noun's place sometimes. The pronoun symbol can be moved toward the center of the two families to show that it is being pulled by both sides.

Show the charts to demonstrate this relationship.

1. The verb is energy like the sun; the adverb, like a planet going around the sun, has a close, dependent relationship with the verb. The pronoun, like a rocket, seems to be pulled away by the noun (not pictured). Thus, in spite of the fact that the pronoun is part of the verb family, it is strongly attracted by the noun family.

2. The sun with its fiery rays on one side and gear teeth on the other, represents the verb. The adverb is again represented by a planet which also has gear teeth on one side that will mesh with those of the sun. The pronoun, still a rocket, has no gear teeth, thus it would not fit with the others in the family.

3. The last chart is simply titled "The Verb Family" and has the three symbols pasted on.
[top] 

	Conjunction

	Materials: 
two similar objects (i.e. red flower and yellow flower)
a ribbon
strips of paper, black and red pencils
the symbols previously used, conjunction symbol


Presentation: 
The teacher writes one label for each object (in black). The child reads each and places each object with its corresponding label, then places the symbols over the words. The teacher writes and on a strip of paper in red and places it between the two object labels. The child reads the new phrase. What does this mean? The two must go together. So a ribbon is used to bind them together.

This new word is a very important part of speech. This one little word unites these two objects. It is a conjunction.

Etymology.....(conjunction: from Latin con - with, together; and jungere - to unite, thus conjunction is a word that unites others)

Symbol.......The symbol is this small pink bar. It is like the little line we use when we come to the end of a line and haven't finished a word. That little line unites the two parts of the word that had to be put on different lines.

The child places the symbol over the word and. The child is invited to change the positions of the words to see if they will make sense in another way. He/she finds that the red flower and the yellow flower can be changed to the yellow flower and the red flower, but the conjunction itself must stay in its place: between the objects that it unites.
[top]




Conjunction Exercise: The Comma Replaces the Conjunction

Materials: several cards on which and is printed in black on one side, a comma on the other 1 red and card

The teacher writes several separate labels for various different objects. The child reads each label and places it with the object, in a row on the table. The black and cards are placed between the labels, and a red and card is placed between the last two objects' labels. The child reads the whole thing and interprets it; that is, he/she/she places the objects close together in a group.

Observe how awkward it sounds. If necessary the teacher should read it again. Let's try turning all of these cards (conjunction cards) over. On the back of each one is a comma (in red), except the last, which still says and. Instead of putting and between each thing, I can put this comma. The comma tells me that something is missing, but it is understood. The comma tells me to make a short pause as I read this list. The teacher reads the new phrase.

The last and must remain. It shows me that in place of those other commas, the word and is understood.

Note: It is important to make the child see that the comma takes the place of the conjunction, and that we must always have the last conjunction.

Note: Maria Montessori's original symbol was two golden chain links to represent this unifying word. That symbol was abandoned because it was too difficult to manufacture. 

[top] 

	Interjection

	Introduction:
The interjection by definition is a cry or an exclamation, something that is a sudden outburst of human spirit, an expression 
of joy, pain or any strong human sentiment. To differentiate it from other parts of speech, the interjection does not have a specific position. It can be introduced in any part of the sentence, or it can stand alone. This is the last part of speech to be presented, and is given after the child has become a skilled reader, and is able to read with expression.


Presentation:
The teacher writes a sentence on a piece of paper and asks the child to read it. In red the teacher adds an interjection to the existing sentence and asks the child to read it again, i.e. Hey, where are you going?

The first was an ordinary question. The second, with the addition of this little word, indicates that the speaker is concerned or perhaps disapproves. It is important here to make the child aware of the difference, and to bring him/her to the knowledge that the value of the words are unchanged. The manner in which the words were expressed, however, showed a change of emotions.

Etymology ....... This word is an interjection (from Latin inter - between, and iacere - to throw; thus it means that it throws something into the middle, between the words in the sentence). This word completely changes the tone of the sentence.

Symbol ......... The gold exclamation point is presented as the symbol. The color gold was chosen because our feelings are like gold.

The child puts the interjection symbol and the other appropriate symbols over the words. There are many different interjections, and they may come in the beginning, middle or end of a sentence.
[top] 
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	xDaily Time Lines

	
Materials: 
...strips of paper with a horizontal line. 
...pages of current daily calendars of assorted sizes 
...wide strips of heavy paper marked with spaces for pasting and writing.
Group Presentation:
Discuss passage of time and different ways of telling how time has passed. Show how making a mark on this line is one way we can tell the passage of time for one day and is perhaps how the ancient peoples kept track of their days. Make a mark each morning.
Several days later: Children count to see how many lines have been placed to represent number of days which have passed. 

Now a new line is set up to show units of days. A unit length is decided upon to show one day. Now, because we know how big to make a day, we will keep this unit of time consistent. The size of units can be changed for a new week or at a given point. The children must understand that one unit stands for one period of time.
The discussion goes on to the names of the days: today, yesterday and tomorrow. The date may also be discussed. The pages of a calendar are examined and compared with other calendar pages. One page signifies one day despite its size or shape. Today's page is pasted on the time line and an anecdote is written below. Several calendars may be started and used to record daily atmospheric temperature, school events or schedules. Each morning, one more page is pasted on.
Several days later, compare calendars and remind them once again that the day is the same, but the unit for the different calendars is different.
Age: 6 years old.
Direct aim: 
...To understand the concept of a unit of time: 
......One unit for a specific period of time. 
......To understand that within a time line, this unit must be consistent. 
...To learn the days of the week.
Indirect aim: 
...To prepare for the time lines of history where very small units equal centuries. 
...This is hierarchical representation which parallels math materials.
[top] 

	xThe Whole Year

	
Materials: 
...Whole year calendars pasted together to be a long strip showing each day. This may be rolled or folded for storage.
..."Year and its parts" six strips of various parts of the year, six arrows or labels. for each part. 
...Cardboard circle fraction inset of 11/12 and 1/12. 
...Metal insets: whole, 1/2,1/3,1/4, 1/6 of a circle.
After seeing time represented one day at a time, let's see what a year looks like.
One long calendar strip is rolled out. The children read the names of the days of the week and the names of the months.
Note; If the child at this point has not learned the names of the months and the number of months in the year, s/he should study them with this and other language materials.
Other calendars, the smallest last, are rolled out to be examined and compared, and to show the child that despite the different sizes, each shows the same amount of time: a whole year.
The measurement used for each unit (day) must be maintained throughout.
"A Year and its Parts" The whole year and its parts is laid out. The labels "One whole year - twelve months" is placed to the right.
The whole metal inset also representing ONE is placed to the left. The strip is folded to make two equal parts. The parts are then counted. The calendar strips for 6 months are compared to the two equal parts.
The children are shown that the two equal parts equal ONE Whole. The label "1/2 year - 6 months" is placed on the right and the 1/2 metal inset is placed to the left of the strip. The presentation continues with "1/3 year - 4 months", "1/4 year - three months, a season", 1/6 year - two months" and "1/12 year - one month".
A three period lesson follows this work as a review session.
Direct Aims: 
...To have the child see a representation of a whole year.
...To have the child understand the concept of a year.
...To have the child understand the concept of a month.
...To have the child learn the divisions of a year.
Indirect Aim: Preparation for historical time lines.
Previous work: The child should have had previous work with fractions. The seasons work should be done parallel with this work.
[top] 

	xPersonal Time Lines

	
Materials: 
...Time line paper
...mounting paper
...scissors, glue
Group presentation: Show the empty time line.
"This time line can represent how long you have lived or the lives of your family. You can decide how much time you want each unit to be. Why don't you start with a time line for your parent(s)?."
The child will see that counting out the days or months of a year will be too long for a parent and will probably settle into one unit per year.
Exercises:
1. My family
The child can cut out time lines to represent him/herself and one for each member of the family along a straight line at the top of the page. These are placed vertically down the paper. They can write each name at the top of each time line. The child's own name is written in color. Since each strip is one year, make a darker line to mark in each ten years to make counting easier. The child's time line should be to the left. Have parents next, brothers and sisters and then a grandparent. Have child turn the time line horizontally. The straight line that all the TL's sit on is now the present and it is possible to see how much longer the grandparents and parents have lived than the children, etc.
2. My family by age
Now paste each family member in chronological order. Now you can see who is oldest, youngest, etc. 
3. The history of my birthdays
The teacher prepares a time line representing at least seven years with the names of the months from January to December written in. Now the unit of time becomes a month."During what month were you born? Each year, you have a birthday on the same day of the same month. Put a star on your month for every year." Now the child can count how many months until her/his birthday.
4. A history of the child

The teacher prepares a time line representing each year of the child's life with space to write something about each year. This should be a family project where the child asks the parents questions about parents' or grandparents' memories about him/her. A picture can be used for each year. Time line can be made on blocks of cardboard, taped and folded like a fan. 
Writing should be age appropriate: a sentence or two for a first year child, several for second, a paragraph to a page for third.
Direct aim: to understand the concept of a time line as a representation of events that have take place; to give the child a sense of the history of themselves in relationship with their family.
Indirect aim: To prepare for historical time lines.
Extensions: This lesson should be given to the child at age 6. A good parallel exercise is for second to make a family tree and grandparent interview. Third can write an autobiography.
[top] 

	xThe Year 200_

	
Materials: 
...Golden bead, numeral cards, chains of 100, 1000 (2 each), first historical time line materials: 
...Two thousand chains, two hundred chains, thousand cube, hundreds, units as needed. Math quantity symbols for the current year
...B. C. E./C.E. (B.C./ A.D) Time Line
...Arrow labeled "This year"
...Labels: "Before Common Era or Before Christ with B.C.E and B.C.on back
..."Common Era and Anno Domini" with C.E. or A.D. on back
...Cards with 1st - 21st on one side and I-XXI on the other.
Presentation:
1. "What year is this? 200_. "
A child gets the numeral cards and corresponding quantity in golden bead material. The quantity is counted. The cards are arranged and the numeral is read. "We want to represent this quantity in a line. For each one thousand cube, we can use a long chain of one thousand." The children lay the two chains out (perhaps in a field) and count to 2000 by decades and puts the arrow 'this year' at the correct point. "But this is too long. Let's try another way." A chain of 100 is laid out. "We'll let each bead represent 10 years." The child counts by 10's and 100's until reaching the end of the chain. "This chain now represents 1000. We'll put this cube at the end to remind us. Another 100 chain is placed out and the children count by 10's until they reach 1990-2000. They place an arrow there with the numerical cards of this year.

2. "Why do we call this 200_?
What happened 200_ years ago? 
They may come up with suggestions--the earth was created, life began. "All of those things happened many, many years before this time. Throughout the world, there are different calendars that people use. Each people bases the beginning of their calendar with an important event. The calendar that we use in the Western world was based on when they thought Jesus was born". Place a flame or a star at the point of the year '1'. This is where our own calendar started. But there were many, many years before this time." Loose ten bars are laid out at the left side of the chain. "We could have many more ten bars because there are many, many years before Jesus was born. So many that these ten bars would go all the way through the school and out the door. The years before Jesus was born were called B.C. or Before Christ and the years from 0-present are called A.D. or Anno Domini, Latin for in the year of our Lord. Non-Christians call B.C. 'Before the Common Era or B.C.E.' and A.D. 'Common Era or C.E.'."

3. Layout with cards
Now the chains are replaced with the time line strips. The green which is labeled B.C.E and B.C. stands for hope. The red which is labeled C.E. and A.D. stands for love. The star or flame can be at the two century ones. "Now we need to find out where to put the 'this year' arrow on this time line.On this time line, instead of representing one year at a time like we did with the thousand chain and 10 years at a time (or decades) like the hundred chains, each unit on this time line will represent a century, or 100 years." The 1st card in red is put down,"This is the 1st century in the Common Era or A.D." Then the 1st card in green is put down. " This is the 1st century Before the Common Era or B.C." The child puts down 2nd century C.E. and 2nd Century B.C.E., etc. up to the 20th century C.E. and B.C.E. Both ends of the time line should be arrows to show that time goes on in each direction. "When we write the numerals for the centuries, we can use Roman Numerals". Turn the cards over and the Roman Numerals are printed on them. (Extension: There can be another whole lesson with craft sticks making the Roman Numerals) The cards are turned over and read again. Use three period lesson for any confusion of names.
Age: 7 years.
Aim: To orient the child to historical time lines and dates
Extensions for older children: study of other calendars
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	xThe Clock - Part I

	
Materials: 
...Clock with movable hands (it is helpful to be able to remove the hands), divisions for minutes, Metal insets 1/2 and 1/4. Rubber stamps of clock face without hands. Paper strips the length of the circumference of the clock. Two loose hands, hour and minute.
Presentation:
1. Introduction
"Think of all the kinds of clocks or watches there are. The kind of clock with hands is called a face clock. The clock is round like a face. But no matter what kind of clock we are looking at, it is still measuring the same hour and minute of the day in our own time zone. There are 24 hours in a day. 12 hours for day and 12 hours for night".
Look at the clock in front of you. Use the hour hand to count out the hours as it moves around the clock from 1-12. "But I told you there were 24 hours! The clock goes around 2 times to make a day." The hands are placed on the 12 to represent noon. "What hour does this arrow point to ? What happens at 12:00? Twelve o'clock is called 'noon' After 'noon' there are 12 hours more. At the next 12:00, it is the middle of the night, 'midnight'. There are 12 hours before noon and 12 hours afternoon. Noon usually represents the sun at its zenith, at the highest point of the day. (Noon comes from the Latin prefix non meaning nine. It is supposed to be nine hours from sunrise, which would be about 3:00).
2. The hours
"Let's see what time you do the things that are important to you. What time do you get up? 7:00? This is 7:00".(or the child sets the clock to the correct time)
The child makes a book of the things s/he does on a normal school day on the hour, and the time s/he does it.
3. The half-hours

"The day is divided into 24 hours but each hour is also divided into parts. There are 60 minutes in each hour. From 12:00 to 1:00 is sixty minutes. Each little mark on the clock represents a minute, or 60 seconds. People make telling time much easier by skip counting by 5's and by remembering how many minutes make a half. " Count by 5's to 30 and then place a half fraction inset down. This is twelve thirty or half past twelve. When it is half past twelve, the hour hand is halfway between the twelve and the 1. " Children can make a book of "Half pasts" with stamps.
4. Minutes
The hands show 3:00. How can I show 5 minutes after 3:00? I can count the little minutes.......or I can count by 5's like we did when we learned half past. 5 minutes past 3 is written 3:05. Children can make a book of one hour of minutes counting by 5's.
5. Quarters
Show a clock with example 8:15
Put the red 1/4 inset down to show 15 minutes past is 1/4 past the hour.
Therefore 8:15 is a quarter past 8.
Show a clock with 8:30 - remember half past 8?
Show a clock with 8:45 on the clock.
How many minutes have past? 45. There is one quarter to go to the next hour. This is called a quarter to 9.
Then you can teach 10 to the hour, 5 minutes to, etc.
Extensions: Use rubber stamp to make booklets of quarter to, quarter after, etc.
[top] 

	xHistory & Grammar - Three Fundamental Tenses

	
Materials: 
...A chart entitled Fundamental Tenses to be hung on the wall.
Description of chart: Below the title are three headings: Past, Present and Future with a red circle above each representing verbs beneath each. Below the circles is a single purple triangle representing pronoun. The rest of the chart consists of three lists of words corresponding to each title.
Presentation:
The use of each of the words is discussed in relation to a pronoun in the first person singular. "I ate yesterday. " That has already happened; it happened in the past. "I eat today." That is happening in the present. I will eat tomorrow. Tomorrow has not yet come. That will happen in the future. The three words Yesterday, Today and Tomorrow are written on the chart.
When adding new words, begin with the present, and figure out the past and future in relation to the present. Some suggestions:
before now afterwards or then
last year this year next year
the seed the plant the fruit
1991 1992 1993
 

Extensions: Make a group of cards for children to work with :
Make a chart with time line with a pronoun sitting in the middle. This represents "I" in the present. The child can work with the cards using a verb symbol to move up or down on the time line symbolizing past, present, future. 3 control charts show the verb and pronoun in the past, present and future.
ran
run
will run
loved
love
will love
ate
eat
will eat
etc.
Age: 7
Aim: To learn the three fundamental tenses.
Note: This chart is presented parallel to the next materials in history.
[top] 
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	xFundamental Needs of Humans

	
Materials: 
...A chart entitled "The Fundamental Needs of Humans"
Presentation:
What kind of things does a person need?
(The discussion will probably go from food to toys)
Imagine that you are on an island and you will not survive without a few very important things.
What will this person need on this island that you do not need?
(Discuss human's needs and the similarities and differences of those needs through history and in different regions)
People who lived a long time ago - and people all over the world have the same basic needs. Humans need to clothe themselves, nourish themselves, to defend themselves, to transport themselves, to shelter themselves, etc., but they also have spiritual needs : the arts, religion or a belief in something more powerful than yourself, and vanity, or pride and caring of self.
Show chart.
Continue discussing related ways that different human groups have satisfied these needs or ways that these needs have been met through time.
Make examples different people: the Pilgrims of Plimoth Plantation, the Native Americans in Massachusetts, the people in the South Seas, the Arctic, etc.
Age: 7 years
Aim: To have the child come to her own conclusion that needs are constant and to show the difference in a need and a want.
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	xStages in the Progress of Civilization

	
Materials: 
...The Fundamental Needs Chart
...Many booklets: Stages in the progress of civilization each booklet contains pictures and corresponding labels.
Presentation:
Let's look at one of these booklets - travel on the sea.
(The chart is put away and the booklet presented. The child puts the pictures down in any order.)
"Which boat looks like one that you might ride in today?" 
( It is chosen and put to the right of the child)
"Which one do you think was the oldest boat used" 
(Then look at the remaining boats and try to place them in the order of first to last trying to reason why. The teacher then presents a three period lesson naming each picture. In the first period, full descriptions are given for each picture, referring to various details in the picture. The child is then given the labels and matches them to the pictures. The child may then read the booklets.)
Age: 6 1/2 - 7 1/2
[top]




Vertical and Horizontal Studies of History 

Clarification:
Vertical study means to study a specific subject. This is taking one subject: e.g.. shelter and looking at it through time. The purpose for this is to take a subject and look at how humans met their needs with this subject through history. The younger child finds this easier to work with and enjoys the comparison of different aspects of the same thing through time. This lesson is also more impressionistic for the young child, allowing her/him the opportunity to imagine what things were like at different ages. The vertical study is impersonal as it is involved with things.
Horizontal study means to look at one age and compare the fundamental needs of a human during that specific time. This work done after the vertical studies and is especially relevant at the 9-12 level. Each civilization can be looked at specifically, e.g. Roman times for its housing, food, music, art, lighting, etc., etc. This is the child's first detailed research. The horizontal study is personal as it is involved with people.
[top]


A. Vertical Study of History

Materials: 
...Booklets of Stages in the Progress of Civilization
...Time line on which each space is a century with 100 centuries (10,000 years) are represented for B.C.E. in white, 20 centuries for C.E.
...in red. Set of labels for each booklet, these with dates indicated on back.
Presentation:
Choose cards which the child can relate to: shelter or lighting. Give the pictures one at a time without regard to order. Give a story with each picture and the name orally.
After you have done this, have the child give you the names.
Ask if she has a picture of her own house or can she draw one. (this involves the child in the project more).
Give the reading labels and have the child place under the appropriate picture.
Repeat for the series in this way with other cards and lessons.
Extensions: A group of children can build shelters through the ages and do research on this.
[top]




B. Passage from Vertical to Horizontal 

Presentation:
Take the picture cards again. By now, she knows the names and stories. Now give a time sequence to these images.
Order them with the child from left to right - oldest to youngest
Observe with the child that if we connect these, we have a time line of dwellings.
Remove the reading levels and put arrows there. The arrows say the same on the front as the reading labels.
See what is written on the back side. Turn each arrow over. Note that the dates go first by 1000's, then by 100's. This ordering will tell us if we have placed the picture cards in accurate order. 3000 BCE, 2000 BCE, 700 BCE, 300 BCE, 9th Century CE, 16th century, 19th century CE, etc.
Through this transition process, the child is entering the understanding of history.
[top]




C. Horizontal Study of History 

Have a group of children working together:
1. Put down two or more sets of fundamental needs cards.
2. Have the child choose one period of time and ask which part interests him the most.
3. Put a red arrow at this point. Take away all other cards except this period of time.
4. Have group work to go through all of the lamps, dresses, vehicles, heating, transportation, etc. for that one period of time.
5. Now when we look at the horizontal study of 1890, we have a good impression of how humans met their fundamental needs for this period of time.
The deepened study of a particular time's environment is the horizontal study of history.

Suggested time slots for Vertical/Horizontal Studies
Prehistoric Prior to 4000 BC
Early Civilizations 4000 BC-1000 BC
Greek 1000 BC - 146 BC
Roman 509 BC - 330 AD
Byzantine 330 AD - 800 AD
Middle Ages 800 AD - 1300 AD
Renaissance 1300 AD - 1600 AD
Baroque 1600 - 1700 AD
Classical 1700 - 1800 AD Eighteenth Century
Romantic 1800 - 1900 AD Nineteenth Century
Modern 1900 - 2000 AD Twentieth Century
2000 - Future
[top] 
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	xHistory of the Work

	
Montessori was in India in June, 1939, at the beginning of W.W.II.
Mr. Arundel, President of World Theosophical Society invited her to give her lectures in Madras. There were several children to demonstrate her work.
One of the children told Dr. Montessori that there was nothing that he and India could learn from someone in the West. After all, the oldest real civilization was in India 10,000 years ago. Egypt was 3.5 thousand years ago. Babylon and Assyria were 5,000 years ago.
The Indian civilization was actually 9,000 years old, but she said she would make it 10,000 to give him the benefit of the doubt.
Later she asked a printer to make a strip of cloth 300 meters long and 50 cm. wide. 299.99 were in black and 0.01 meters were in white.
When the roll was ready, she had it brought to the school and said "Now, I'm ready for something".
She had 2 teachers on bicycles unroll the whole thing along the street. They started with all black and finally came to the little piece of white.
The children asked what it was. Montessori said it was the history of the earth since it was created.
The children asked if it was of one color. Montessori answered. No. It changed to white when the history of humans began.
Now we make this as a 30 meter ribbon. It is still a lesson of humility. We could make it longer today to represent 4-5 billion years.
Notes:
1. Don't give the child the measurement of the strip. The demonstration is meant to be impressionistic and to pique an emotional response.
2. The colors should be opposing
3. The white dates form the first real appearance of civilization on the Indus River.
[top] 

	xPresentation

	
Materials: 
...30 meters of ribbon 
......29.999 m. in black
......0.001 m. in white
.........1 centimeter = 1,000,000 years
.........10 meters represent 1,000,000,000 years
.........30 meters represents 3,000,000,000 years, the average accepted length of earth's 
.........history (in 1939). Now we know it is approximately 4.6 billion years.
Remember the Dance of the Elements in our Creation Story? That was such a long, long time ago. (begin unrolling strip) 

In the beginning we said that everything was dark, there were whirling gasses which gradually cooled and how long this process took.
It took thousands of years.
And then the rains came and filled in the hollows, the air was cleared up and the seas were formed.
Now the Earth was like a shriveled up apple.
There was no life on Earth.
At sometime, somewhere, a long long time ago, life began.
It began to fill the seas and after thousands of years, it began to climb out of the water onto the land. 

(keep looking at how long it was, referring back to the strip)
Insects developed and large dinosaurs.
The insects have made a contract with the flowers and the earth is covered with grass...
There are flowers in her hair... and pure water is crystal clear...
Watch what is coming! How long it has taken!
What is it? A white line. What does it mean?
This is humanity - all humans. Hold it in your hands... this is all of history: cave people, Egyptians, Greeks... all here. How long it took for the earth to prepare itself.
A long time passed, while the animals developed and the plants prepared for Humans to come to this Earth.!!
[top] 
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	xIntroduction

	
This chart tells the history of the Earth from the time it was a ball of flaming gas up to the present. We call it the Clock of Eras because it looks like a clock. This clock is special, though, because the colors tell a part of the story of our planet. This clock is different from most, though, for each hour on the Clock of Eras represents 250,000,000 years!
A. Formative Era (Also called Azoic)
The first four hours are colored black. During this time, the Earth transformed itself from a mass of flaming gases into a planet with a cool, hard crust. The sun and earth were more alike then, but the sun did not cool like the earth. Its great size and heat brought about changes within our star, making light and heat stream out in all in all directions. 
The Earth, much smaller, did not give off light. As it cooled, however, hot gases rose and fell on its surface. This was the cosmic dance. The rising flaming gas is represented by angels flying up with their basin of coals. When these gases were far enough away from the Earth they cooled. Then they descended, represented by angels flying down with their basins of ice .
Slowly the crust was formed, but it was very thin. Inside, the earth still held flaming gases, which needed space to expand. Where weak spots in the crust broke open, the gases escaped and volcanoes were formed. The volcanoes we have today are very few compared to the number then. 
They threw out such ash and smoke that a thick cloud formed and the earth grew dark and colder. At some point, we don't know when, water was formed in these clouds and rain began to fall. 
At first this rain turned to steam and rose again, but there was so much water that it finally cooled the earth and stayed. The valleys and lower parts of the Earth were covered. Afterwards, the clouds thinned and the sun began to shine. 
On our Clock, we have now come to 4:00, and this long era is finished. How many years have passed? Even today, though the Earth's crust has thickened, it is still thin compared to the inside layers of our planet. There is still much heat and some of those layers are not solid. 
In cooling, the earth's crust formed huge plates, which rode upon the surface and rubbed against one another. Where they collided, great mountains arose and sank, earthquakes spread out, or volcanoes brought forth matter kept hot by pressure. This action continues today.
Humans have only seen the center of the earth with computer images. No hole has ever been drilled so deep. It is believed the center is formed of nickel and iron. The symbols for these elements are Ni and Fe. Some scientists have named the center of the Earth NIFE because of this. The layers around the center form the mantle. The crust, also called the lithosphere, is outside. Look closely on the chart and you will see the thin layer of water called the hydrosphere. Surrounding it, invisible but essential to life, is the atmosphere we breathe. 

B. Paleozoic Era
The word Paleozoic comes from the Greek words Paleo, which means old and zoic, which means life. It is colored blue on the Clock of Eras to represent the color of the sea. This era lasted for approximately 385,000,000 years. This period saw the harmful ultra-violet rays of the sun beating down on the earth with no screen to protect it. Most life forms remained in the sea for protection from the sun. Now that the problem of putting more than one cell together was solved, more and more complex animals developed. During this period every phylum of the animal kingdom appeared.

C. Archaic Era
The word "Archaic" means "ancient". This time period is also called the Proterozoic Era. Proterozoic comes from the Greek Protero meaning early and zoic meaning life. It is colored yellow on the Clock of Eras to represent the fact that there was little life. At the beginning of this era the earth was five billion years old and still there was only one-celled life. Many one-celled animals developed in this era. This era is the period of great rains. The rains carried millions of tons of minerals into the oceans. Concentration of the minerals in the oceans caused the oceans to become poisonous. (Too much of anything can be very harmful) One-celled animals discovered how to take the poison in and make their shells. Foraminifera was the one-celled animal that removed the poisons from the ocean. The Forminifera did such a good job that their bodies cover about one third of our ocean floor.


D. Mesozoic Era
The word Mesozoic comes from the Greek, Meso meaning middle and, zoic meaning life. The Mesozoic Era is colored brown on the Clock of Eras because it represents land. This era lasted for approximately 150 million years. Great masses of land were emerging out of the water. In the Mesozoic Era an atmosphere developed. Animal life, which lived principally in the water, now began to live on the land. The atmosphere shielded the Earth from the ultra-violet rays of the sun. New and more complicated animals appeared on the land. The reptiles appeared and still exist. This is the age of the great dinosaurs.

E. Cenozoic Era
The word Cenozoic comes from the Greek word Ceno, meaning recent and zoic, meaning life. The Cenozoic Era is colored green on the Clock of Eras to represent the freshness of spring. This era lasted for approximately 65 million years. Two amazing things happened during this era: plants emerged on the land and animals developed that took care of their young. We know them today as mammals. Mammals bear their young alive and take care of them. The birds also played a major role at this time. Birds and mammals are the only warm-blooded animals. New volcanoes began to erupt. The climate grew a little drier and cooler and true flowering plants emerged.

F. Neozoic Era
The word Neozoic comes from the Greek word Neo , which means new and zoic, which means life. It is colored red on the Clock of Eras to signify the appearance of humans on Earth. The beginning of this era was characterized by the great Ice Age when glaciers appeared. In the beginning humans played a minor role. Later, humans lived in caves and discovered the use of fire. They made tools and weapons of stone and pieces of bone. They hunted wild animals for food and clothing. They painted pictures of these animals on the walls of caves.
[top] 
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	xThe First Presentation of the Time Line of Life

	
Materials: 
The Time Line materials:
...Colored chart, blank chart, loose pictures, labels.
...Elastic strip which is the circumference of the Clock of Eras. 
...Clock of Eras chart
...The Body functions of the Vertebrates
...If possible, pictures of the environments of each period for animals and plants.
Presentation: Part One
Introduction
Repeat the three period lesson for the clock of Eras., recalling the meaning of the names of the last four periods.
Using an elastic strip which is a linear Clock of Eras, pick up the linear Clock.
" This is the clock as a line. Notice the colors are the same as the clock - but if I stretch out the last 4 colors, it will be the same as the top of the big time line."
Notice that the colors along the top row are the same, and in the same order as the colors on the strip and the Clock. Recall the names of the Eras on the top row.
Scientists have studied the history of the earth for thousands of years. They have found the remnants of life on earth through crude discovery and now, with sophisticated instruments. They have developed a time line of the life which has left its mark on the earth. This is a chart of many of the life forms which have been found. The name of each periods reflect the history of these scientists' discoveries.
Read the name of each age mentioned in the second row, recalling the meaning of the name, i.e. amphibians and locating these animals in the Classification or Body Function cards. Observe that the order follows the same direction on the time line and the classification charts. Observe that the order follows the same direction on the time line and the Classification or Body Function Cards. The child should be able to give simple descriptions for the characteristics of each vertebrate class. (NOTE: birds are on the time line, but there is no time where they dominated the earth).
Notice the great icicles. Theses are glacial periods. During these times, a great part of the land was covered with ice. Before and after these periods, the earth was very warm. The triangular shape of the icicles show that the coldness increased gradually. At the vertex of the icicle, it was the coldest time, then it decreased.
Notice the red lines and their paths. Some of them start and the beginning, rise and fall. Some of them are continuous until the end. These lines indicate the appearance of animals on earth. The highest point is the time of their height of population and dominance. Their end points is when they became extinct for whatever reason.
It is possible to study earth history through the rise and fall of mountains. Mountains have not always been here. They usually developed slowly and then gradually eroded and became flattened over millions of years. The Rockies, Alps, Himalayas and others are among the last to appear on earth. They are being flattened so slowly that we wouldn't notice the change in our lifetimes.
(Give three period lesson to check comprehension.)
Exercise: The child can label the eras, the mountains and ice ages. The child can write their names or draw (especially later when animals are presented).
Age: 7-8 years (these presentations in this chapter continue on until the age of 10)
Aim: A general presentation of the time line, relating it to the previous material: The Clock of Eras.
[top] 

	xThe Second Presentation of the Time Line of Life

	 

The first era is called the Paleozoic Era. Paleo means old and zoic means life. The Paleozoic is divided into 6 periods.: Cambrian, Ordovician, Silurian, Devonian, Carboniferous, and Permian. The Paleozoic Era is blue to represent life in the sea.
 

A. The Cambrian Period
This period is called the Cambrian period because the first fossils were found in Cambria, a part of Great Britain, now known as Wales. Later fossils of this period were found everywhere.
Everything that lived in this time lived in the water. Invite the child to identify as many animals as possible, at least by the phylum name: protozoa, porifera, coelenterates, worms, arthropods, mollusks, and echinoderms. All of these are invertebrates This is the beginning of the age of invertebrates. (In the child's work with the classification chart, she should have progressed up through arthropods.)
Look at the animals that are pictured all along the red line which is rising. These belong to the arthropods. Remember that arthropods means "jointed feet". Look at the characteristics of crustaceans,. These animals are called trilobites, and their bodies are divided into three parts. The trilobites were the most important animal of this period so it is called The Age of the Trilobite.
There were animals of different sizes and types in the ocean at this time. Some microscopic and some which were huge. The trilobites lived at the very bottom where there was no light and they were blind. They were plentiful, big and powerful. They were the most important animals because they had not predators - until the cold came. They could not change quickly enough when the seas became cold and part of it froze. They gradually became scarce and then disappeared altogether.
Exercise: For all the presentations of the time line materials, the child matches all of the labels (names of eras and periods presented thus far) and the pictures pertinent to that period. The material may be left out, adding pictures to each new period as it is covered or the children may combine all of pictures of periods, presented and try to match to the right period.
[top]




B. Ordovician Period 

The name of this period comes from an ancient tribe of people known as the Ordovices who lived in a part of England where the first fossils of this period were found.
During this period, it is marked by the decline of the trilobites, but other animals appeared for the first time. Some looked like saws and were known as graptolites. They developed and increased in number, but for some reason they began to decline, too.
An echinoderm began to develop and reached its height and then declined.
Other animals were large cephalopods, starfish (echinoids) and scorpions. This is called the Age of Echinoderms because they were the most dominant animal of this time. One type of echinoderm was the most important of all: the SEA LILIES.
For a long time, people thought that the sea lilies were flowers or plants because they attached themselves to the floor of the ocean and formed large gardens. They seem to have a trunk and branch-like arms. Inside this trunk is the body of the animal, protected from its enemies by this trunk. They had long arms that waved in the current and a mouth at the center. When an animal passed by that he would like to eat, the sea lily would open its arms, wrap its arms around it tightly and pull the animal into its mouth. They always had food.
Some other animals that lived in this time were mollusks, cephalopods (kephale: head, podus: foot, headfoot) Large crabs, horseshoe crabs and starfish. All these animals consumed great amounts of calcium to make their shells, thus cleaning the water.
At the end of this period, there was a great swell of mountains.
[top]




C. Silurian Period 

The Silurian Period was named after the Silures. They lived in a part of England where the first fossils of this period were found.
This period seems to be short, but it is very important. The sea lilies which were so huge in the Ordovician Period decline here and disappear. Animals were still needed to consume the calcium in the oceans, so the corals arrived. They ate lots of calcium and gradually built islands. Coral was very important. The corals began in the Silurian period. The line continues. They still exist today, but they are in danger of extinction.
During this period, we have the appearance of some very small protozoans, the Radiolaria and the first millipede.(look at the classification chart)
We've said that the Silurian Period was very important. If you look very carefully, you will see something very small. It is the first fish. The first creatures that have vertebral column. Theirs was not as hard as ours and was made of cartilage (show the child that their ears and nose are made of cartilage).
During this period some of the oceans started to dry up. Many algae found themselves dried by he sun on the shore. During this period, we see the first algae that attached itself to the mud and came up out of the water in search of a little sunlight. These were the first land plant, but plants without roots, stems and leaves. This plant had a small stem and tiny leaves, but no roots. It still had to put its feet in the water. These plants were the first mosses. (First there was algae living in the water, then mosses).
Why were plants the first living things to come out of the water? Because the air was full of Carbon Dioxide and the plants needed this. At this time, the earth still didn't have atmosphere. The atmosphere came about because the plants came out of the water. The plants used the CO2 and gave off oxygen. They were making life possible for animals on earth. Maria Montessori called this their "Cosmic Work". Everything in nature has this cosmic work. She describes this as things in nature doing something very selfish being unaware that they are also doing something that helps others.
At the end of this period is the second ice age. Under it we see the disappearance of the trilobites and the sea lilies (crinoids).
[top]




D. Devonian Period 

The name Devonian comes from Devon in England where the first fossils of this period were found. The period coincides with he Age of the Fishes. The most import animals of this period are fish. Some of these first fish wore a kind of armor, perhaps to protect themselves. This line of armored fish only lasts in this period. The other types of fish continue and still exist today.
We also see the appearance of an insect very similar to the modern insects of today. Although many of the ancient insects have changed, this cockroach has not changed at all. It is the oldest insect we know. The cockroaches lived in the dampness of the swamps at about the same time as the dipnoids were breathing out of water. Millipedes lived in the water.
In this period the oceans receded and seas were formed between the different areas of land. Animals and plants remained in the muddy bottoms and had to learn how to live in the new surroundings. The algae grew longer and covered themselves with little leaves. Then the swamp lands began to dry up and the plants had to put down roots in order to hold themselves upright and to go in search of water.
[top]




F. Carboniferous Period 

In this period, the animals start putting their heads out of the water. Remember, there is much more land near the water. First the plants came out of the water and purified the air. As the waters continue to recede, fish can be found in the marshes who breathed out of the water. They are called dipnoids and they still exist today., although there are very few. The name dipnoid means two kinds of respiration: one for when they are under water, gills, and one for when the swamp dries up and they must breath air, they use transformed swim bladders. It is believed that the dipnoids are a link between the fish and the amphibian.
During this period we have the appearance of amphibians, which means two lives. They are the first animals to live completely out of water, but they must stay in damp places. In this period, the amphibians developed to become the matters of land and water, therefore it is also called the age of Amphibians. There were many of them, and if they had enemies on land, they escaped into the water and vice versa. They laid their eggs in water in vast quantities because some would be eaten. During this period, the insects also developed. The dragonflies became enormous (18 inches across).
The name Carboniferous comes from the word carbon which is coal. This black strip is labeled coal for the coal in the earth which was formed in this time. The coal was formed by the development of land plants which still had no flowers or fruit. They made great forests. The trees like the animals started out very small and grew bigger each year trying to occupy all the space possible. They had enormous trunks with small leaves bunched at the top. These plants still exist today, but they are all very small: ferns, cycads, horsetails, etc.
This period is much longer than the preceding period. There were many revolutions in the seas. Sometimes the seas would rise and cover everything. Then the forest would become a swamp. This process went on for millions of years - each time burying the trees in their upright position. Slowly, over millions of years, theses trunks have been transformed into coal. Coal is nothing but wood that has become very old.
Look at the cosmic work of these plants. The trees didn't say, "We'll let the sea cover us so that we can produce coal" Like all other plants, and animals, too, the trees tried to occupy as much space as possible. This was their conscious work. However, we know that there is also their unconscious work. A great number of living things unconsciously prepare the world for those that come after them. The forests unconsciously purified the air by making oxygen and produced coal for those that came after them. "Those plants came back to life and live in our houses in the form of heat." Maria Montessori.
The brown strip under the black is labeled iron In the same way as there were little animals who fixed calcium in their houses to purify the oceans, there were at this time, protozoa who fixed iron in their exoskeletons, absorbing the iron from the water. During this period, a great number of rocks containing iron were formed made up of the remains of these animals. (Pure iron is hard to find as it is always mixed with other elements in rocks) These rocks containing iron were called ferrous. Thus this period has been named after the two layers: carbon (coal) ferous (iron) combined to make the name Carboniferous.
[top]




G. Permian Period 

This is the last period of the Paleozoic Era. The name Permian comes from a part of Russia: a little town called Perm which is situated at the foot of the Ural Mountains where the first fossils of this period were found.
This was a very cold period as we can see by the symbol of the glaciers. The great big amphibians disappeared or returned to the water. Only smaller ones survived.
Something new appears in this period. It is very small. It is the first reptiles, the first animals who had learned to live completely on land. These animals were not afraid of the sun, as the amphibians were. Their bodies were covered by a thick skin that protected them from the sun. In fact, reptiles really like the sun, and they actually sunbathe. Instead of depositing their eggs in the water, the reptiles laid their eggs on land where the sun could warm them.
Immediately after their appearance, they became very big. The first big ones were herbivorous as there were so many plants to eat. Since they had no enemies, they soon became matters of the land. They multiplied and grew larger until they were truly giants.
There were many volcanoes and changes in the continents. Seas were cut off from the oceans, enclosed by land and they dried up. They left behind great salt deposits which were the beginnings of the deserts.
During this time, the first insects underwent metamorphosis. It was their way to overcome the cold. They were born in the spring and grew bigger during the summer. When the cold came, they enclosed themselves in a protection in which they spent their winter months. In the spring, they hatched out, looking different from before, but enabling them to travel, mate and lay eggs again.
 

By this time, there were many different plants and animals on the land and in the sea. The Paleozoic Era came to an end.
[top]




H. Mesozoic Era 

The Mesozoic is the beginning of the age of reptiles. It is made up of three periods: the Triassic, the Jurassic, and the Cretaceous.
The Era is brown to symbolize the earth.
Reptiles that arrived during the Permian Period were found everywhere at this time in the water, in the air and on land. Some were carnivorous; others were still herbivorous. The reptiles had become very big, as big as houses, and they continued to be the lords of the earth.
They were strange-looking animals. These reptiles always had such very small heads on enormous bodies. The reptile had small brains in his tiny head, a spinal cord which extended the length of his great body, and at the end of his long tail was another little brain (actually a nerve ganglia). His body was so big that the tiny brain on his head could not take care of the end of his tail - so he had two.
We can tell that some of the reptiles were carnivorous by their terribly sharp teeth. Flying reptiles appeared. some had wings and also feather. These were called archaeopteryx. It is believed that birds descended from this reptile. Still others returned to the water, some taking the shape of fish.
Plants also progressed. For the first time, we have conifers, pines and fir trees. These plants still had no flowers, put they had pollen, which when blew in the wind to the female plant, producing eggs, or seeds.
During this point, we see the appearance of the first mammals, the monotremes (the platypus). These animals still lay eggs, but they nourish their young with milk.
The age of reptiles is very long and has been divided into three periods: Triassic, Jurassic, Cretaceous. The name Triassic means rock sediments that have been divided into three strata. Jurassic comes from the Jura mountains where the first fossils were found. Cretaceous come from a word meaning chalk because most fossils from this period were found in chalk deposits.
At the end of this age, plants had real flowers. The insects of which there were many at this time, fertilized the plants by carrying pollen on their wings as they flew from flower to flower drinking nectar, then dropping pollen onto the stamen of the female plant.
The earth was covered by ice at the end of this period. During this glacial period, all the great big reptiles disappeared. Some people think there was a great meteor shower during this period as well which changed the climate of the earth and made it impossible for the great reptiles to live.
 

Another animal existed during the time of the reptiles. It was small and was probably afraid to come out during the day. But it had warm blood and was able to sleep in the day and stay awake at night when the reptiles weren't around. This little animal was alert and perhaps clever and was able to survive the meteor or glacial period.
These little animals, the mammals, developed dramatically. Like all the other animals before them, they became numerous and occupied the most space they possibly could. They didn't remain only on the land. Some developed wings and few; some transformed their limbs and returned to the sea.
Bird were also developing. In the beginning, most of these animals were very different from the mammals as we know them. Gradually they changed and acquired the forms as they are familiar to us. We can compare this horse to the modern horse. Some other animals that are similar to the ones we know were fish, birds, amphibians and whales.
The age of Mammals is divided into four periods. All of the names have about the same meaning for all these contain "-cene", which comes from the Greek kainos, meaning new.
During this time, the only reptile survivors were crocodiles, lizards, snakes and turtles. Out of hiding places crept the mammals. During the Paleocene, they were small brained, large jawed, clumsy and inefficient. Some passed into extinction. This is when the hoofed mammals appeared.
Eocene means new. These descendants differed from the Paleocene. Lemurs and huge eyed tarsiers and the first monkeys made their appearance in Africa and S. America. Ancestors of the modern mammals such as the camel, horse and rhinoceros were during this time. They were very small: the camel was the size of a rabbit, the horse, the size of a fox, the rhino as big as a dog.
Oligocene means newer. These animals began to grow much bigger and take an important leap forward as in the whales, rhinoceros. The plant life took over cliffs and mountains, making a carpet of trees and grass.
Miocene means even newer. A creature called the Ramapithecus branched off from the ape line. This is one of the very primitive ancestors of modern humans.
and Pliocene means newest. The descendant Australopithecus became a human-ape, a border-line human being.
Throughout this Cenozoic Era, mammals were the dominant life force. Some of these animals developed grasping movements and binocular vision. Their babies were born dependent. Therefore, mammals gave their babies milk to nourish them during this era.
 

The red line is The Neozoic Era , the time of humanity and modern life.
We can see on the Time Line of Life that there were millions and millions of years of life on earth before humans appeared.
Notes:
This time line is a key - an impressionistic lesson. 
Don't make it too complicated and don't be afraid to say "I don't know". The children will return to this for other lessons.
Have fossil specimens.
You can put animal specimens and class animals in evolutionary sequence under the time line.
Don't put up the time line until you are presenting it.
They have a strong interest in this work, so don't wait too long.
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	xPresentation of the Hand Chart

	
Materials:
...Black strip of cloth 10' x 1', the last half inch is red. 
...The black is to give the sensorial impression of "nothingness." 
...The scale is 100,000 years per foot. 
...The hand holding the stone tool is the approximate time that humans developed tools. The entire length of the strip represents the
...time humans have been on earth (1 million years). 
...The red 1/2 inch is recorded history beginning about 4,000 BC. 
Presentation:
Roll out the black strip. Say something like..."humans are now learning to walk, finding things,"... "WAIT!" "Something has happened. It took humans all this time to develop tools." "For a long time, humans continued to develop and change and after a long time, humans developed writing as represented by the small red strip."
Follow up:
Have discussions with the interested children on the following subjects:
...What does it mean to be human?
...How did the development of the hand influence the development of tool making and writing?
It is not necessary for them to arrive at any specific conclusion, merely to have considered the questions.
[top]

	xEarly Humans: First Time Line

	
Materials:
...The Prepared Time Line beginning about 500,000 years ago up to 1 AD.
...As much appropriate fossil material as you have.
...As many appropriate illustrations as you have.
Presentation 1:
Explain that there were earlier hominid examples, but this time lime begins with Homo habilis, "The Toolmakers." If you met one of these "men" today, you would not think it looked very human. They were only four to four and a half feet tall. They weighed less than 60 pounds. They had low brows and protruding jaws. 
But, they did something no other creature had ever done before - they picked up a rock and used it to help with their work. Scientists have found actual examples. 
Homo habilis, lived in small groups and one factor in their ability to survive was their ability to work together. They established home bases where they would camp for a while rather than roam. 
The picture of the man eating raw meat is to represent the fact that these early hominids did not have fire. They did not have a language with words. They communicated with grunts, screams and meaningful gestures.
Follow up:
· This is a great place to stop and direct a play between two groups of Homo habilis bands. The children must not speak words. They must gesture and grimace while uttering growls, hoots, groans, grunts and screams. The children love to do this! Don't forget that the dominant males will probably form a defiant protective shield in front of the females, adolescents and children. (Assure the students that they will perform this play with their clothes on. Some may be reluctant as they think they will have to remove all their clothes.)
· Find examples of Homo habilis in pictures by different artists. Have the children discuss the differences and figure out what is speculative and what is known.
· A child can draw or copy scenes.
· Information cards should be available for research. NOTE: Older books will have little or no information of Homo habilis in them.
[top]




Presentation 2:
Homo erectus, "The Upright Man" was short (five feet tall). Their skulls were thicker than modern humans but compared with earlier hominids, their heads and brains were considerably larger and their faces were flatter. 
The hand of H. erectus was becoming more dexterous with the pincer grip of thumb and fingers supplanting the power grip of H. habilis. Because of this, they were able to fashion large hand axes that functioned as cleavers. 
Perhaps the greatest achievement of these people was their use of fire, which may have been related to the ice age. With fire, they were able to cook wooden spear points to harden them enough to jab into much larger animals with much tougher skin. Fire also served to keep the people warm night and day and to keep predators away at night.
Although these people originated in Africa, they could carry fire with them and were able to move into the temperate regions of the world including China and Germany. [very important NOTE: First person to discover the remains of H. erectus was a Dutch man named Eugene Dubois.]
H. erectus hunted in larger groups and used fire to drive animals into swamps or off cliffs. By cooking their food, their jaw muscles and teeth were able to diminish in size, allowing the brain size to increase.
While the vocal apparatus of H. erectus would not allow much vocalization, it is possible that a few sounds were used to "name" individuals or objects (NOUNS).
H. erectus built the first shelters recognized as such. There is no evidence that they made clothing, but those living in the temperate climates probably wore animal skin capes during the winter at least. 

Follow up:
· Similar to that for Homo habilis.
· Using a carefully tended briquette grill outside, the children can harden wooden points. Have the children scrape the bark from freshly cut saplings. The toasting must be done carefully so that no charcoal (which is soft and crumbly) forms. If it does, use it with your history of writing activity!
· You may be able to find a local archeologist or Native American who is adept at chipping flint tools. A visit from such a person is always a treat for everybody.
[top]


Presentation 3:

Homo neanderthalensis, take their name from the little valley in Germany where they were discovered. They were very powerful with strong muscles and thick bones. It is easy to understand why scientists mistook them for stooped, hulking brutes with a vacant expression. We now know that this is false, but this mistaken image of a "caveman" lingered for a long time - even into today in some people's minds.
Their skulls were low in front with a heavy ridge of bone above their eyes. They barely had any chin at all. They had a brain capacity greater than modern humans. This does not mean they were smarter than we are. Intelligence depends on size and organization of the brain. Studies show that their vision was probably better than ours, but their language was not as developed and they couldn't think ahead as well as we do.
The Neanderthals were great hunters. They hunted large animals such as mammoth and woolly rhinoceros with little more than fire hardened wooden spears. There is no evidence that they used stone spear points, but they did chip stone scrappers off flint cores.
Neanderthals buried their dead, including small children, with food and tools, probably indicating some kind of religion. This practice has contributed to the numerous skeletons in museums and to a greater knowledge of the customs of the Neanderthal. There is evidence that they cared for sick and elderly members of their clans. They used animal skins as clothes and may even have used certain plants for medicine. They continued the tradition of building simple shelters. There are indications of huts made from saplings built inside some of the European cave sites.
About 30,000 years ago, the Neanderthals died off and the cause remains a mystery, but we have a clear idea of what came next, the Cro-Magnons.
Follow up:
Similar to those after the other early hominids. Just adjust your information and give it a go!
[top]




Presentation 4:

Over 100,000 years ago, a new line of humans began to develop. They were called Homo sapiens, "the wise men." These people were nicknamed Cro-Magnons after the name of the place where they were first discovered. About 30,000 years ago, the Neanderthals died out and left the Cro-Magnons as the only kind of human on earth. Today all humans, even you, belong to this species.
The Cro-Magnons had brains larger than ours today. They were taller and more slender than the Neanderthals. Their faces looked much the same as ours. If you were to meet a Cro-Magnon dressed in a business suit, you would probably not notice anything strange about them.
They were hunters, artists, dreamers, seekers and doers. They invented music (Scientists have found a flute dating from 32,000 years ago.), art (found in Altamira and Lascaux caves dating from about 17,000 years ago) and language. 
The more people know, the faster changes occur. In the Paleolithic, it sometimes took 100,000+ years for a new way of making tools to develop. As time went on, our prehistoric ancestors learned to use fire, the wheel and the bow and arrow. The pace of change grew faster. This is still happening today. Our technology may change more in one year than did that of our prehistoric ancestors in a thousand centuries (1,000,000 years).
Prehuman and early human individuals lived for over 3 million years at the technological level characterized as the Lower Old Stone Age. The Upper Old Stone Age will span only 30,000 years, or 6 inches on our time line. In the last two inches are contained the Middle Stone Age, the New Stone Age, the Copper and Bronze Ages and our own Modern Age. 
Obviously it is time to expand the scale of the time line so we can study these last important stages in greater detail. Unroll the Second Time Line after demonstrating the expansion of an elastic between your hands. NOTE: This time line is 9-12 material and is usually not given in detail at 6-9.

Follow up:

The Human Question. Each species has its own special survival tools, for example: fangs, claws, speed, the ability to hide or the ability to withstand drought. Our tools are our hands and our brains. With these tools, we have the power to choose to shape the world around us. We are the only creature that has ever had that choice. The great questions that arise from this are
· How will we shape the world?
· Will we make it better, or will we destroy it? 

[top]

	


	xGeometry :: 6-9 :: Chapter Onexxxxxxxxxxxxxxxxxxxxxxxhome

	xTable of Contents:

	· Chapter One - Sensorial Exploration of Shapes 

· Introduction to Geometry 

· The Geometry Cabinet 

· Introduction 

· Presentation tray 

· Triangles 

· Rectangles 

· Regular Polygons 

· Circles 

· Other figures
· Constructive Triangles - First Series 

· First box 

· Second box - Construction of Quadrilaterals 

· Second box - Heads and Tails 

· Trapezoid 

· Third Box
· Chapter Two - Knowledge of Plane Figures and Details 

· Chapter Three - Congruency, Similarity and Equivalence
[top] 

	xIntroduction to Geometry

	
Maria Montessori described it "psycho-geometry" and defined it so the "measurement of the earth together with the consciousness of the reciprocal relationship between Man and the objects of the environment, and between the objects themselves."
Maria Montessori extends this definition beyond the etymology (geometry: Greek ge the earth, Mother Earth from mythology, and metron measure, measurement of a dimension that is so vital to our lives.) Her definition especially this consciousness of geometry is so practical and so attached to reality for we are all a part of this.
Many refer to geometry as abstract, thus giving it to the child at a much later age and with the attitude that it is far removed from us and from reality.
Geometry, as it will be dealt with here, are the fundamental concepts of Euclidean geometry.
[top] 

	xThe Geometry Cabinet

	
INTRODUCTION
With relation to the senses, Maria Montessori has extended the number of senses from five to seven. To the senses of smell, taste, sight, hearing and touch, she added the stereognostic sense, (the knowledge of 3-dimensionality) and the basic sense (the sense of mass, that is, of heaviness or lightness). The visual and stereognostic senses are directly related to the following work in geometry.
Maria Montessori has also identified three different aspects of education of the visual sense: according to size, form and color. In geometry we will deal with visual education according to size and form, thus eliminating color. If the child did not have previous Children's House training, this visual education must be offered differently, because it is really only pertinent to a younger age.
[top]


PLANE INSETS
Materials: 
...Geometry cabinet
...Additional insets, including pictures of the figures 
...2 of the 3 boxes of pictures of the figures:
...entire figure "surface" shaded; the fine "contour" margin of the figure
...Reading labels
...box of command cards
Description of Materials:
geometry cabinet- The presentation of this material follows the order in which the drawers are arranged. Since the presentations differ from Children's House to the elementary school, so the order of the drawers and the arrangement of the contents of each drawer differs from Children's House to the Elementary school.
Order:
Presentation tray - 0 comes first at both levels. 

The names of the drawers in the Children's House and their order is: 

1- circles; 2 - rectangles; 3 - triangles; 4 - polygons; and 5 - different figures.
At the elementary level the names and order are:
1 - triangles; 2 - rectangles; 3 - regular polygons; 4 - circles; and 5 - other figures.
At the Children's House level, the children worked directly for the education of the visual sense, and only indirectly to learn the geometric figures. In the elementary school what was a sensorial exploration becomes a linguistic exploration via etymology. What was an indirect approach to geometry becomes an actual study of geometry.

Therefore in elementary the drawer of triangles comes first because the triangle is the first polygon we can construct in reality, having the least number of sides. The second drawer logically follows as the quadrilaterals, specifically rectangles. Regular polygons follow beginning with the five-sided figure progressing to ten sides. circles follow, because a circle is the limit of a regular polygon having an infinite number of sides.

From Children's House to elementary the order has changed: from easiest to most difficult, to: from threes sides to an infinite number of sides. This correlates with the change from seeing, touching, and naming to a focus on etymology and reasoning.

Arrangement: 
The presentation tray contains the three fundamental figures of geometry, that is the only regular figures. The equilateral triangle is the only regular triangle. The square is the only regular quadrilateral. The circle is the limit of all regular polygons having an infinite number of sides. the triangle is "the constructor of reality". For every plane figure can be decomposed into triangles, just as all solids can be decomposed into tetrahedrons. The square is the "measurer of surfaces" just as the cube is the measurer of solids. The circle is the measurer of angles. In Children's House. In the Children's House the arrangement is square (left), circle (top), triangle (right). In elementary the arrangement is triangle (left), square (top), circle (right).

The triangle tray examines triangles according to their sides on top; the bottom three examine triangles according to their angles, at both levels. In the Children's House the order is (top - from left to right): equilateral, isosceles, scalene (bottom - from left to right), acute-angled, right-angled, obtuse-angled. In elementary (top - from left to right): scalene, isosceles, equilateral (bottom - from left to right), right-angled, obtuse-angled, acute- angled.

In the rectangle tray, the base of the smallest figure is 5 cm. which is 1/2 the base of the largest which is a square. In Children's House the order is largest to smallest, elementary the reverse.

The regular polygon tray is ordered identically at both levels, progressing from five to ten sides. It is understood that these are the regular polygons having more than four sides, since the equilateral triangle and the square (first tray) are also regular polygons. 
In the circle tray, the diameter of the smallest is 5 cm.; the diameter of the largest is 10 cm. It is ordered from largest to smallest in the Children's House and the reverse in elementary.

The arrangement in the other figure drawer is the same for both levels: trapezoid, rhombus, quatrefoil, oval, ellipse, and curvilinear triangle (Reuleaux triangle).

Additional insets for the geometry cabinet:
Two triangles: acute-angled scalene triangle, obtuse-angled scalene triangle

Eight quadrilaterals: 
common quadrilateral (four different sides and four different angles)
common parallelogram (opposite sides are parallel and equal)
four trapezoids
equilateral trapezoid 
(constructed from three equilateral triangles)
scalene trapezoid
right-angled trapezoid
obtuse-angle trapezoid (two obtuse angles opposite)
Two deltoids or kites: one with unequal diagonals
one with equal diagonals
Two quatrefoils: quadrilobed
epi-cycloid
Including surface cards for each.
Note: Ten dominates all of the plane insets:

Presentation tray: triangle sides - 10cm.; square sides - 10 cm.; circle diameter - 10 cm.

Triangles: Hypotenuse of the obtuse-angled triangle - 10 cm.

Rectangles: Height of each - 10 cm.

Regular polygons: All can be inscribed in a 10 cm. diameter circle

Circles: Diameter of largest - 10 cm.

Other figures: Trapezoid base, short diagonal in rhombus, distance between opposite lobes in quatrefoil, distance between two opposite cusps in oval and ellipse, base of triangle used to construct curvilinear triangle, all - 10 cm.

Extra figures: Triangles, diagonal of parallelogram, equilateral trapezoid base all 10 cm. 
Distance between points on adjacent lobes of quadrilobed quatrefoil, and between opposite lobes of epi-cycloid - 10 cm. 
No 10 cm. exists in the common quadrilateral, deltoids and the last three trapezoids.
[top]


THE GEOMETRY CABINET
Introduction: 
In this second presentation of the geometry cabinet (first being in CH) the visual memory is aided by etymology, and no longer by the tactile sense. therefore the emphasis on that element is eliminated. Instead the emphasis is placed on etymology - the heart of our language.
Presentation tray
Materials: 
...Appropriate drawer
...Three reading labels - "triangle", "square/quadrangle", and "circle"
Presentation: With only the tray on the table, the teacher takes out the triangle and identifies it.. this is a triangle. The child is asked to identify the angles and count them (triangle: Latin tres, tria - three and angulus - an angle; thus triangulum - triangle). Triangle means three angles. Place the inset in its frame in the drawer.

The teacher isolates the square and identifies it (square: Old French esquarre, esquerre <Latin ex - out, and squadra - square; thus to make square>). It is such an old word that the etymology doesn't help us as much. Put the square back. Isolate the circle and identify it (circle: Latin circulus - a diminutive of circus - a circle). Again the etymology doesn't help us because this shape has been called a circle as far back in time as we know.

As all three inset are placed on the table, review the first period. Rearrange the order and continue with the second and third periods. Invite the child to place the insets in their frames.
Exercise: Give the child the reading labels to place on the insets in their frames: triangle, circle, square/quadrangle. Note: The word quadrangle is not used at this point.
[top]



TRIANGLES
Materials: Reading labels - "scalene triangle", "isosceles triangle", "equilateral triangle", "right-angled triangle", "obtuse- angled triangle", "acute-angled triangle"
Presentation: Take out the first triangle in the first row. Invite the child to identify the three sides and observe whether the sides are alike or different. all three sides are different, this is a scalene triangle. Relate the story of the farmer and the ladder he used to pick fruit from his trees. Unlike the ladders we use today, the rungs of this ladder were all different lengths. These ladders are still used today in lesser developed countries. Just as all the rungs are different lengths, the sides of this triangle are all different lengths (scalene: Latin scala, usually plural scalae - ladder, flight of steps or Greek: skalenas - limping, uneven).

Isolate the second triangle in the first row. Invite the child to carefully observe its sides - two are alike. This is an isosceles triangle (isosceles: Greek isos - equal, and sceles - legs; thus having equal legs). Here it means two equal legs, or sides.

Isolate the third triangle. By observing and turning the inset in its frame, the child sees that all of the sides are the same. This is an equilateral triangle (equilateral: Latin aequus - equal, and latus, lateris - a side; thus having equal sides). Place the three insets on the table and do a three period lesson.

Isolate the first triangle in the second row. Identify the right angle. This is a right angle, it is erect. This is a right-angled triangle. How many right angles does it have? Only one. 

Isolate the second triangle. Identify the obtuse angle. Obtuse means dull. This is an obtuse-angled triangle. Count the obtuse angles... only one.

Isolate the third triangle. All of these angles are smaller than the right angle. They are acute angles. Acute means sharp, pointed. (feel how it is sharper than the right or obtuse angles). This is an acute-angled triangle. How many acute angles does it have? Three.
Bring out the three triangles and review the first period. The triangle must have one right angle to be a right-angled triangle... and so on. Second and third periods follow. Give the child the reading labels.
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RECTANGLES 

Materials: Reading labels: five "rectangle" and one "rectangle/square"
Presentation: Isolate the first inset. Identify it and give etymology (rectangle: Latin rectus- right, and angulus - an angle; thus having all right angles. Invite the child to identify the other rectangles as they are isolated. 

Isolate the last inset. This is also a rectangles because it has all right angles, but it is also a square. Do a three period lesson and give the child the reading labels.
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REGULAR POLYGONS

Materials: Reading labels: "pentagon", "hexagon", "octagon", "nonagon", "decagon", and a series of ten cards: "</angulus", "3/tria-", "4/quatuor-", "5/pente", "6/hex-", "7/hepta-", "8/okto-", "9/nonus or ennea", "10/deca-", "n/polys-"
Drawer 3 and the frame and inset of triangle and square from the presentation tray. 

Presentation: Position the two extra insets to the left of the drawer in line with the top row. Isolate the triangle. Invite the child to identify an angle. Identify one on the square also. Isolate the decagon and invite the child to identify an angle. Feel it and compare it to the triangle and square. This angle is less sharp than the angles f the triangle.

Present the symbol card which represents angle (<). Identify the angles on the triangle and count them. Place the 3 card and the angle card side by side over the inset frame. Continue with each of the other figures, counting the angles, and placing the corresponding numeral card with the angle card. Since there is only one angle card, it floats from one inset to the next as needed.

Isolate the triangle inset and the two cards 3 <. The child identifies the figure and gives the meaning of its name. Then turn over the cards reading the Latin words which were made into a compound word to get triangle. Return the inset to its frame with its number card.
Isolate the square inset and cards: 4 <. Turn over the cards to find that 4 angles was quatuor angulus, from which our word quadrangle was derived. 

Go on naming the other figures in this way using the Greek word for angle - gonia. Note: nonus - ninth, and ennea - nine.

After ten we have no more figures in our materials. Imagine a figure with any number of sides... 15, 20, 100, any figure with more than three sides. We can indicate this number by n. Bring out the card and place next to it the angle sign. turn over the cards: polys - many, and gonia - angle. Any figure that has more than three sides is a polygon. All of these figures we've examined up to now are polygons.
Beginning with the triangle turn all of the figures in their frames to show that the sides and angles are equal. All of these are "regular polygons". Name each figure: regular triangle is an equilateral triangle; a regular quadrangle is a square; a regular pentagon; a regular hexagon... and so on. Do a three-period lesson and give the reading labels.
[top]


CIRCLES
Materials: Reading labels: 4 "circle", 1 "circle (smallest)", 1 "circle (largest)"
Presentation: The child identifies all as circles and puts out the reading labels.
[top]




OTHER FIGURES 

Materials: Reading labels: "trapezoid", "rhombus", "quatrefoil", "oval", "ellipse", "curvilinear triangle" or "Reuleaux triangle"
Frame of the circle inset (for presentation of ellipse)

Presentation: Isolate the trapezoid and identify it (trapezoid: Greek: trapezion - a little table). In order to understand why this figure has its name we must go back in time to see what a table of the Greeks looked like. Nowadays our tables don't look trapezoidal. Some Spanish tables have two legs but still not trapezoidal. The Greek table was like a Spanish table because it had two legs, yet it was more stable because the legs were inclined. 

Isolate the rhombus and identify it. This is a rhombus (rhombus: Greek: rhombos - magic wheel, top) In ancient Greece, in the city of Athens, during a religious procession through the streets, a priest walked along with a cane (rod) raised over his head. At the end of the cane there was a cord attached, and at the end of the cord there was a rhombus-shaped figure attached. He rotated the cane in the air as he walked causing this figure to spin around like a top, making a characteristic sound. This was part of a religious ritual.
Isolate the quatrefoil and identify it (quatrefoil: Old French quatre - four, and foil - leaf). This figure has the shape of a four-leaf clover, considered a sign of good luck.

Isolate the oval and identify it (oval: French ovale <Latin ovum> - egg). This figure has the shape of an egg.

Isolate the ellipse and identify it (ellipse: Greek elleipsis - an omission or defect <elleipo - to leave out>). What has been left out? Think of the ideal figure, the circle. Place the inset of the ellipse in the circle frame and it is easy to what is missing. This is also the shape of the path that the earth follows around the sun.

Isolate the Reuleaux triangle and identify it (curvilinear: Latin curvus - curved, and linear - a line). This triangle has three sides which are curved lines. It is named after a man name Reuleaux who discovered the properties of this shape. He found that a drill bit made in this shape will make square holes.

Give three-period lesson and give the reading labels.

Age: 6 years and on
Aim: Knowledge of the geometric figures and their relative exact nomenclature.
[top] 

	xConstructive Triangles - First Series

	
Note: The triangle, the smallest figure in reality is the constructor of all other figures in reality. The tetrahedron, the smallest solid in reality constructs all of the other solids in space.
Materials: 
Box 1-
Two yellow equilateral triangles
Two yellow, two green right-angled isosceles triangles
Two yellow, two green, two gray right-angled scalene triangles
One red smaller right-angled scalene triangle
On red obtuse-angled scalene triangle
(Each triangle has a black line along one side)
Box 2 -
Two blue equilateral triangles
Two blue right-angled isosceles triangles
Two blue right-angled scalene triangles
One blue obtuse-angled scalene triangle
One blue right-angled scalene triangle (corresponds to the red triangle from Box 1)
Box 3 - 
Twelve blue right-angled scalene triangles with no black lines. The angles measure 30, 60, and 90 degrees.
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FIRST BOX 

Presentation: Invite the child to remove the triangles from the box, and then sort the triangles according to shape. Having done this, ask the child to separate each pile according to color, resulting in various piles of triangles having both shape and color in common. Isolate the two red ones to be used later.

The teacher takes the pile of two equilaterals and separates them in such a way that the two black lines are facing each other. Watch, these black lines are like a magnet. Slide the two triangles together so that the black lines meet. Invite the child to do the same, leaving the joined triangles in place.

Identify the figures that have been constructed: a yellow rhombus, a green square, and a gray rectangle. The teacher identifies the other three figures as common parallelograms (parallelogram: Greek parallelogramium <parallelos, parallel, and grame, figure>). therefore a parallelogram is a plane figure having parallel sides. By simultaneously running two fingers along two parallel sides, the teacher gives a sensorial impression of parallel. We also call them common parallelograms to differentiate them from the square, rectangle, and rhombus which could also be considered parallelograms. The child names each figure as they are indicated by the teacher.
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SECOND BOX - CONSTRUCTION OF QUADRILATERALS 

Presentation: Invite the child to sort the triangles by shape. As before, set aside the two small triangles which correspond to the red ones of the first box.

Isolate the two equilateral triangles and invite the child to form all of the possible quadrilaterals. try as he might, he can only form one. The child identifies it as the rhombus.

Leaving the rhombus intact, the teacher takes the two right-angled isosceles triangles and forms the possible figures. The child identifies the figures as they are made. there are two: the square and the common parallelogram.

The child may see two different parallelograms. Trace one on a sheet of paper. Form the other and superimpose it. The second parallelogram doesn't fit inside the contours of the first. Trace the second parallelogram and cut out the two figures. By placing the cut-outs back to back, we can see that one is the mirror image of he other, therefore they are the same parallelogram.

The child is invited to form the possible quadrilaterals with the two right-angled scalene triangles. The child identifies the three: 

rectangle, common parallelogram, a different parallelogram.

One by one, isolate each type of triangle, ask the child to classify the triangle according to its sides, and ask, "Of how many different lengths are the sides of this triangle"? Conclude that with a triangle whose sides have all one measure, we can form only one figure - the rhombus. With a triangle whose sides have two different measures, we can form to figures - square and common parallelogram. With a triangle whose sides have three different measures, we can form three figures - rectangle and two parallelograms.
Direct Aim: To give the relationship between the number of different lengths of the sides and the number of figures which can be possibly constructed.
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SECOND BOX - HEADS & TAILS 

Presentation: Every plane figure, like a coin, has two sides. One side is called observe or heads; it is the side which has a face or the principle design. When you turn it over, you have the reverse side or tails. All of these figures have an observe (blue) and a reverse (natural wood or white) side.

Isolate the two equilateral triangles. Invite the child to form as many figures as possible. As before, he can make only one. Suggest that he tries with on observe and one reverse side. It won't help. There is only one figure he can make.

With the two isosceles triangles he makes the two possible quadrilaterals with the observe sides. Invite the child to make a triangle. The child classifies the triangle: isosceles. By turning one triangle to its reverse side, the child can make no new figures.

With the two scalene triangles, the child tries to form all possible quadrilaterals first with the two observe sides (yielding the same three figures as before) and then with one reverse side. The child is able to form a new figure: a kite (or a deltoid, having the form of the Greek capital letter Delta ).

Invite the child to make triangles, first with observe sides (yielding none) and then with one reverse side. The child classifies the triangles he makes: acute-angled isosceles and obtuse-angled isosceles triangles.
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TRAPEZOID 

Presentation: With the two small red triangles, invite the child to unite the triangles along the black lines and identify the figure obtained - a trapezoid.

Using the two corresponding blue triangles, invite the child to form the figure which he already knows and to identify it - a trapezoid. Continue making other quadrilaterals using only the observe sides. The teacher identifies the figure obtained. since it has four sides we can call it a quadrilateral. It is a concave quadrilateral - a boomerang (it may also be called a re-entrant).

Invite the child to turn over one triangle to form any other figures, quadrilaterals or triangles. The quadrilateral is called a common quadrilateral. The triangle is an obtuse-angled isosceles triangle. (Note: This triangle has great importance in the later study of the area of a trapezoid.) Recall the figures formed by these triangles; there are four.
Age: After 6 years
Aim: Exploration of the triangle as the constructor of triangles and quadrilaterals.
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THIRD BOX
Presentation: Isolate one triangle. Ask the child to identify each of the angles, and the biggest and smallest angles. This angle which is neither smallest nor biggest we can call the medium angle. The child names each angle: smallest angle, medium angle, biggest angle.

First star: Let's unite all the triangles by their smallest angle. The teacher positions a few and allows the child to continue. How many points does this star have? Twelve. with all of the triangles at our disposal, we can make only one star with twelve points.

Second star: Let's unite all the triangles by the medium angles. How many points does this star have? Six. Try to make another star with the triangles that are left. With all the triangles at our disposal, we can make two stars with six points.

Third star: Let's unite all of the triangles by the largest angle. How many points does this star have? Four. This symbol is very famous; it is the star of Saint Brigid, the patron saint of Ireland. Try to make another star like this. With all the triangles at our disposal, we can make three stars with four points.

Aim: Use of the triangle as a constructor to indirectly demonstrate the following:
30o x 12 triangles = 360o 60o x 6 triangles = 360o 90o x 4 = 360o
360o / 30o = 12 tris. 360o / 60o = 6 tris. 360o / 90o = 4 tris.
360o / 12 triangles 360o / 6 = 60o 360o / 4 = 90o
[top]




Related activities: 

1. Construct the first star. Notice that the triangles meet at a point in the center. We must divide this star into two equal parts, leaving six triangles on one side and six on the other. Many possibilities exist; simply choose on and slide the triangles away to leave a gap.
We want to make the point at the top of one side meet the point on the top of the other. Slide one half along and then towards the other to make the two points meet at the top. We see that they have met at the bottom also, and where there was a point in the center there is now a line segment.

Again divide the figure in half, this time along the other side of the triangle which was displaced before. Separate the two halves to leave a gap. Identify the two points at the top and bottom which should meet. Slide one half into position. We see that a quadrilateral (a rhombus) has been created at the center.

Continue in the same manner, identifying the figure formed at the center each time: equilateral hexagon, equilateral octagon, equilateral decagon, equilateral and equiangular, therefore regular dodecagon. This is the first diaphragm. It is like the diaphragm of a camera. Bring one in to demonstrate.
2. Construct the second star. As before, divide into two equal parts. Slide one side so that the vertices of the extreme angles meet. Note the change from a point to a line segment. Continue naming each of the figures made, ending with the equilateral and equiangular, therefore - regular hexagon.
3. Construct the third star. Divide as before and slide one half. In this only the point, line segment and square are formed in the center. This is the third diaphragm.
Note: This third diaphragm will serve as a point of reference for two algebraic demonstrations of the Pythagorean theorem.
4. The children draw, cut, and paste the stars and diaphragms.
5. Older children may solve for the areas of the diaphragms and their internal figures, and find the relationship between them.
6. Constructing the second or third star, the child forms other figures by fitting in the angles.
7. Encourage further explorations using these triangles.
Direct Aim: Exploration of shapes using triangles.
Indirect Aim: Preparation for the sum of exterior and interior angles.
[top] 
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	xIntroduction

	The two materials used in this chapter are the box of sticks and the classified nomenclature of geometry. The box of sticks is the most important instrument used by the teacher for the presentations, and in the succeeding work of the child.
The classified nomenclature codes the concepts given in the presentations. It is a bank of information to which the child will refer constantly.
Etymology continues to play a crucial role, as we take into consideration the different psychological realities of the child from 3 - 6 years old, and the child from 6 - 12 years old. From 3 - 6, the child has a drive to know "things", while from 6 - 12, the child has a drive to know "the reasons of things". Therefore at the level of language, the "thing" is given by its name, and the "reason of the thing" is given with the etymology of the name.
Materials: 
Box of sticks
Accompanying box of supplies
Classified nomenclature
Wall chart of pictures and labels

Description of materials: Box of sticks
Eleven series of sticks, the first ten of ten different colors and ten different lengths; the last is a series of varied natural sticks.
dark brown - 2cm light brown - 12cm
violet - 4cm green - 14cm
orange - 6cm pink - 16cm (lengths are hole to hole)
red - 8cm blue - 18cm
black - 10cm yellow - 20cm
Eight of each of these ten series have holes at the extremities; two of each have holes all along the length. The natural sticks are of ten different lengths. These serve to construct right-angled isosceles triangles whose hypotenuse are equal to s 2. Therefore these sticks have the lengths of 2 2, 4 2, 6 2, 8 2 and so on.
Three groups of semi-circumferences and three circles.
red circle - diameter of 10; corresponding green semi-circumference
silver circle - diameter of 7; corresponding orange semi-circumference
white circle - diameter of 5; corresponding blue semi-circumference
Box of supplies:
four different colors of thumbtacks
red upholstery nails
brads
three crayons - red, blue, black
Classified Nomenclature for Geometry:
Series A is an exception since it also includes an envelope containing two white pieces of paper picturing a point and a line in red; a red square of paper (surface) and a cube constructed of red paper and dismantled to be stored in the envelope. Note: The line goes off the edges of paper to imply infinity.
[top] 

	xFundamental Concepts

	While most secondary schools present these concepts starting with the point, the most abstract, and progressing to the solid, reality, we will in the elementary school begin with reality; the concept of the body and go on to the surface, line and point. In the second presentation after the child has worked with these concepts we will present them in reverse order: point, line, surface, solid.
Materials: 
A box - parallelepiped, a can-cylinder, a ball - sphere
The Geometric solids and the stands
Classified nomenclature
Decimal system materials: cube, squares, bars and beads
Pencil sharpener, pencil, paper
Presentation:
A. The teacher asks the child to bring one of the three objects to place in the center of the table. Now put another object in the place of that one. It can't be bone unless the first object is moved. Try with the third object.
We see that we cannot place an object in a place occupied by another object. Everything that occupies a space is called a solid. This box has flat surfaces. The ball has curved surfaces, so it is the opposite. Since the can has flat surfaces and curved surfaces, it can be placed between them. Examine the geometric solids, naming them as they are divided into three groups: 1) cube, square-based parallelepiped, regular triangular prism, square-based pyramid, regular triangular pyramid; 2) cylinder, cone; 3) sphere, ovoid (or ovaloid), ellipsoid.

Touching the objects lightly, the teacher compares the surface to a very thin veil of paint, or to a piece of paper. With an inset or an object, the teacher lightly runs her fingers over the surface: this is the surface. We can touch anything in the environment and label it a surface; table, wall, face, the globe. The concept of surface is infinite. It goes on in all directions to infinity.

The teacher runs a finger along the edge of the box. This is a line, this is another line. continue identifying lines on other objects in the room, on the geometric solids. In reality the line as a concept has only one dimension, and it is infinite in both directions. Let's try to draw a line. Sharpen the pencil well. Invite the child to draw a line. That's too thick. Sharpen the pencil more and try again. This is okay, but it's still too thick. It should have no thickness at all. And it should be much longer. It should to out the door, across the fields, into the woods; and in the other direction as well, past the deck, through the field, down the street.

On the corners of the box, identify a point, another point. What is a point? It is nothing, but it is similar to a grain of sand, a particle of dust, a grain of pollen.

Let's try to draw one. Be sure the pencil has a sharp point. Invite the child to make a dot. That's too big, try again. It is still too big. The concept of a point is that element that has no dimension at all. Note: Only the solid has a definition, the others can only be compared to things.

Bring out the special envelope for this series and construct the cardboard cube. The teacher identifies the solid, and the surface. Turn and bend the surface - it's still a surface. Identify the line and change its position - it's still a line. Identify the point. The child matches the labels and definitions using the wall chart and control booklet for control.
B. Note: The way in which the quantities of the decimal system were presented is very important now. The identification has already been made between the unit and the point, the bar and line, the square and surface and the cube and solid. The bead had to be held carefully for it is so small it might roll away. the bar gave an idea of length like a cane. The square covered the palm of your hand. The cube filled up the hand so there was room for nothing else.

The teacher places a unit bead on the table. This is a bead, a unit; it is a point. Add another point, still another point... I've made a line. The point is the constructor of the line.

Replacing the beads with a bar of ten, the teacher identifies the line. Other lines are added, making a column of bars. I've made a surface. The line is the constructor of the surface.

Replacing the bars with a square, the teacher identifies the surface. The squares are stacked; this is another surface, still another surface... I've made a solid. The solid is made up of many surfaces. The surface is the constructor of the solid. In reality, the point, therefore, is the constructor of the solid.

Imagine that this point (the bead) is on fire, like the end of an incense stick in a dark room or the phosphorescent plankton at night. Roll the bead. When it moves I see a line. This moving point has made a line before my eyes.
Imagine that this line (bead bar) is on fire. Hold it a one end and quickly move it back and forth. This moving line determines a surface.

Imagine that this surface is on fire. In moving the surfaces I create a solid.

The point is the constructor of reality. Take an object from the environment, a box or can. All things in reality are limited by surfaces. The surfaces, in turn, contain lines. the lines are made up of points, and the point is made up of nothing. Technically the point has no dimensions.

The same identification can be made of unit beads, when placed far away the cube itself appears to be no more than a unit bead.
The work with the classified nomenclature involves the picture cards in the folder, with reading labels and the same definitions.
Direct Aim: To furnish the fundamental concepts: point, line, surface, solid.

Indirect Aim: To furnish the concepts of all plane figures (which are simply surfaces) and all geometric solids (which are simply solids) in preparation for the study of area and volume.
Age: After 6 years
Note: Use the large dictionary which is gilt-edged; demonstrate sensorially the solid (the dictionary) is made up of many surfaces (pages). Isolate the gilt surface and show that it is made up of many line (edges of paper). One line is made up of many points (particles of gold powder).
[top] 

	xLines

	A. Types of lines
Materials: A string attached to two small spools
Presentation: The teacher, unseen, places one spool in each hand and closes his fists so that the spools cannot be seen. The string passes between the fingers of each hand. Placing the fists together, the children are invited to watch. The teacher unrolls the spools as the hands are separated.. this is a line, this is a line... As the line grows, the teacher changes its position continuously - horizontal, vertical, oblique - still identifying it only as a line.
Finally, with the string taut, this is a straight line; and with it drooping, this is a curved line. "A line" cannot exist by itself; it must be straight or curved or a combination of both. Any line that I make will have one of these qualities. The concept of a line goes infinitely in both directions.
Exercises: Classified nomenclature and commands
[top]




B. Parts of a straight line 

Materials: 
...Two strings attached to spools
...Two scissors, a red felt pen
Presentation: Again the teacher prepares the spools in her hands and invites the child to watch as the line appears. What is it? A line...a straight line... a straight line.... Invite the child to find a point on this straight line and mark it in red. The child then takes the scissors to cut the line at the point... this is a straight line... (cut). Taking one spool and the point, the teacher extends the string... this is a ray... this is a ray. The teacher identifies the other ray in the same manner. These two rays are equal. a ray starts from a point and goes on to infinity. This red point is the origin. Therefore a point divides a straight line into two rays.

With the other spool the situation is repeated, with child identifying a straight line. This time the child is invited to make two red points on the line, and to cut the line at the two points simultaneously. Before the cut, the line is identified as a straight line. After the cut the teacher takes on piece at a time. This is a ray. This is another ray. this is a line segment. The two red points on this line segment are called endpoints, because we can't tell which is the beginning and which is the end. Therefore two points divide a line into two rays and a line segment.
Exercises: classified nomenclature - after the child has put the cards with the corresponding labels, have him put them in order: origin, ray, endpoints, line segment.
[top]




C. Positions of a straight line 

Materials: 
...A transparent pitcher and vase
...Water and red dye
...A level, two plumb lines, with a red line (cord)
...A red stick
...A globe
Presentation: Dye the water in the pitcher red (because red is always used to highlight the subject of a presentation) and pour some into the vase, which is placed in the center of the table. Observe the surface of this water and describe it: it is still. This will be a point of reference.

Agitate the pitcher and place it next to the vase. Let's wait without saying anything until the surface of this water becomes like the other. When it is exactly like the point of reference, the surface can be identified as horizontal. Place the red stick alongside the vase so that it aligns perfectly with the water. This stick represents a line which goes on in both directions. When it has the same position as the surface of the still water, it is a horizontal line.

Drop the stick in the water and wait until it is still (like the point of reference). This stick represents one of the lines that make up the surface of the water. This is a horizontal line. Remove the stick.

A straight line is horizontal when it follows the direction of still water (horizontal < horizon: Greek horizon < horas, boundary, limit; thus the horizon is the boundary of the visible earth in all directions, where it seems that the sky touches the water. Bring the children up the hill to see the horizon.

Hold the plumb line until it is still. This will be the point of reference now. Get another plumb line and wait without touching it, without a word, until it is exactly like the point of reference. Place the red stick along the red cord, so that it coincides just as the stick on the surface on the water. This straight line which goes on in both directions infinitely is vertical, because it follows the direction of the plumb line. This is a vertical line (vertical: Latin verticalis < vertex, whirlpool, vortex, crown of the head, summit, highest point, <vertere, to turn; therefore vertex can be applied to anything which turns like a whirlpool, or to the highest point, like the crown of the head or the summit). A vertical line is one which points to the vertex, that is, the topmost point in the sky over our heads (zenith). It passes through the center of the earth and on to the nadir (opposite of zenith). Take the plumb line and hold it still again. Let's imagine that this is a straight line which goes on in both directions - up to the zenith and down through the center of the earth to the other side. Use the globe to show that a vertical line is relative to the position of the observer.

Place the points of reference for the two opposite elements in front on the child. What is the median? Hold the red stick horizontally. When a straight line follows the direction of the surface of still water, what is it? A horizontal line. Hold the stick vertically. When a straight line follows the direction of the plumb line what is it? A vertical line. Hold the stick obliquely. Is this straight line like the surface of water? The plumb line? 

When a straight line is neither horizontal or vertical, it is oblique. Turn the stick 360o identifying its position as it turns - horizontal, oblique, oblique, oblique....vertical, oblique, oblique, oblique, oblique, horizontal, oblique ...etc. (oblique: Latin obliquus, slanting, sloping, not straight, not right, devious) So what is straight, right, and normal? The horizontal and vertical line. The oblique line runs contrary to the true, contrary to vertical or horizontal.
Exercises: Classified nomenclature and commands. Demonstrate use of the level for determining lines in the environment.
[top]




D. Horizontal line - curved or straight? 

Materials: 
...A globe
...Frame of smallest circle inset
...Knitting needle
Presentation: Invite the child to identify their hometown on the globe. Place the inset frame on the globe so that the town coincides with the center of the circle. This curve (the rim of the frame) represents the horizon for everyone living here in and around the town. Because we are standing outside the earth we see the entire horizon as a circle, instead of as an arc-part of the circumference. 
With the chalk mark a point on the floor. Draw a circle around this center point. Invite the child to stand at the center. What do you see? Without turning the child can only see an arc, a part of the circumference.

Reinforce the facts that in these demonstrations the child is much bigger than the circle on the globe or on the floor, when in reality it is the reverse. The child is a tiny, tiny point in relation to the earth which is huge. The curvature of that arc would be so slight that you would only be able to see a straight line.

With the knitting needle, hold it so that it forms an arc on a horizontal plane. Invite the child to identify what he sees as he lowers his body..... a curved line.... a curved line... a straight line. At eye level this curved line looks like a straight line.
[top]




E. Straight line in a horizontal plane 

Materials: Box of sticks, supplies, board
Presentation: The teacher tacks a stick onto the board and identifies the board as a plane; a straight flat surface that continues in all directions infinitely. Imagine that this stick is a straight line that goes on infinitely in both directions.
Hold the plane vertically and ask the child to identify the position of the line as the plane is rotated: 1800...horizontal..oblique...oblique...vertical...oblique...etc.
Hold the plane obliquely. The plane in space could be in any position, but to facilitate your work, the plane will always be horizontal, like the surface of your work table.

Tack on two other sticks so that the three positions are represented: -, /, |. If these three lines were considered in space they would all be horizontal (hold the plane at eye level to show this). Let's consider them on the plane surface. When a straight line follows the direction of the viewer's body, it's vertical. When a straight line doesn't form a cross or follow the same direction of the viewer's body, it's oblique.
Exercises: 
1. Leave only one stick on the board. As the plane is rotated (always horizontally) the child identifies the position of the line.
2. To understand that these positions are relative to the viewer, seat two children so that a right angle is formed between their bodies and the plane. As the plane is rotated, the children simultaneously identify the line as they view it.
3. The child draws the lines on the blackboard. The criteria hold true even if the plane is vertical (or oblique) like the blackboard.
[top]




F. Two straight lines lying in a plane - coplanar lines 

1. Parallel lines
Materials: 
...Box of sticks, supplies, board
...Figures of children
...Red arrows
First Presentation: Identify the board as a plane. Place a stick on the board and identify it as a line belonging to the plane. We've already explored everything we can about this straight line. Let's see what happens when we add another straight line. Put another stick on the board so that it neither touches or crosses the first. We have two coplanar straight lines; they both belong to the same plane (coplanar: Latin con, together, planus, plane; thus lying in the same plane).

One stick is fixed to the board horizontally. Taking two small equal sticks, these are the key to the story. Place them perpendicularly along one side of the first stick. Move the second stick toward the first until it meets the guide sticks and fix it there. Remove the guide sticks, but leave them nearby to remind the child of their importance. 

Place the two indifferent children on either sides of the lines so that they are walking in the same direction. The expressions on their faces show indifference. It is as though they don't even know each other. Move the figures along to the end of the line and turn them over; make them walk back. They are like two people walking on opposite sides of the street. They don't care to know each other. each one stays on his own sidewalk and they will never have the chance to meet.

We can extend these straight lines to infinity (add sticks of the same color, fixing them with the guide sticks until the lines go off the board in both directions) but these two lines will never meet. Substitute the red arrows for the two children. These two lines are parallel. They never meet no matter how far we follow them because they are always the same distance apart (parallel: Greek parallelos < para, beside, and allelon, of one another; thus one thing beside another)
Exercises: find parallel lines in the environment - door frames, fence rails, telephone wires, rows in the garden, railroad tracks.
Second Presentation (Parallel lines are parallel independently of their position): Invite the child to construct two parallel lines and then to identify their position: horizontal. Ask the child to construct two vertical parallel lines and then two oblique parallel lines using the same process as before. All are parallel regardless of their position.

Remove two pairs of parallel lines. Rotate the plane in its horizontal position as the child identifies the position...horizontal...oblique....vertical...etc.

Whenever we draw two parallel lines, the lines are also horizontal, vertical, or oblique.

Construct a series of parallel lines, using the same guide sticks or a pair of longer guide sticks. These are called "fascial lines" because this was the symbol of fascism, first used be Julius Caesar and later by Benito Mussolini.
[top]




G. Divergent and Convergent Lines 

Materials: Box of sticks, supplies, board
Also 4 figures of children: 2 happy, two sad and 4 one-way red arrows
Presentation: The two parallel sticks may be left on the board for comparison. The teacher fixes one stick horizontally. Two small, but different guide sticks are used to position the second stick. The guide sticks are set aside.

Place the two unhappy children on the lines. These two children are very sad. They used to get along very well, but as they went along in life, the distance between them becomes greater and greater. (move the figures along the lines) That's why they look so unhappy.
Replace the figures with one way arrows. These lines go only in one direction, the distance between the lines keeps increasing. Place extra sticks at the wide end, showing that the guide sticks would also need to increase in length. These are divergent lines.
(divergent < diverge: Latin di-apart, separatelym and vergo - to incline 0r - Latin divergare < devergere, de-opposite of con (together) and vergare, to direct oneself; thus to move away from each other). This term was coined in 1611 by Kepler to give the opposite of convergere which means to direct towards each other.
[top]




Exercise: Find divergent lines in the environment 

Presentation: Position one stick horizontally on the board. As in the preceding presentation use two different guide sticks to position the second stick. Fix the second stick and set the guide sticks aside.

Place the two happy children at the wide end. As these two go along, they become closer and closer and happier and happier, knowing that in the end they will meet. 

Replace the figures with one-way arrows. These lines go only in one direction - toward each other. These are convergent lines. (convergent: Latin con- together, and vergera - to incline) These lines come from two different points toward each other to one point.
Love stories in geometry, like those in real life can change. Place extra sticks at the narrow end to see how these line continue in their one direction. What happens? After the point of convergency, these two lines become divergent.

Exercise: Find convergent lines in the environment
[top]




H. Oblique and perpendicular lines 

Materials: 
...Box of sticks, supplies, board
...Measuring angle
Presentation: Take two pairs of sticks with holes along the length and connect each pair with a brad at the center. Let's see how two straight lines can meet. Two straight lines can meet this way X or (rotate the second pair from an overlapping position, through the position shown so that the child may see that they are equal and then on to a perpendicular position) two straight lines can meet this way + (Note: each pair started form a horizontal position). 

Invite the child to measure the four angles of the first pair to see if they are right angles. None are right angles. In the second pair, all are right angles.

When two straight lines meet and do not form angles that are right angles, the tow straight lines are oblique to each other. Review the meaning of oblique (deviated, slanting, not right).

When two straight lines meet and form all right angles they are perpendicular to each other (perpendicular: Latin perpendicularis < perpendiculum, a plumb line < per, through and pendere, to hang). this perpendicular line hangs and goes through the other Note: the Old English word for plumb line is perpendicle.

Three period lesson with child constructing them.
Exercises: 
1. Place a pair of overlapping sticks horizontally with the measuring angle positioned at the vertex. Ask the child to identify how the lines are in relation to one another as the top stick rotates ... oblique, oblique... perpendicular, oblique .... as they overlap again - silence) .... oblique ... etc.
2. the child is asked to take three pairs of sticks and unite them with brads in this way:
1st pair - both have hole along the length; united at the center
2nd pair - one has holes, the other is normal; united at the center of the one with holes
3rd pair - both have only end holes; united at one end.
The sticks are lain overlapping in horizontal positions. Using the measuring angle the child makes the first pair perpendicular and counts the right angles formed (4). The number is written on a piece of paper and is placed by the pair. The same procedure is followed for the second and third pairs. When two lines meet and are perpendicular to each other, they create four right angles, or two right angles or one right angle. Invite the child to try o arrange two perpendicular lines that create three right angles. It is not possible.
The first pair are two straight lines; the second are a line and a ray; the third are two rays.
3. With one pair of sticks with holes joined at the center and placed horizontally on the board, the child is asked to make the two line perpendicular, checking with the measuring angle. These lines are perpendicular. The teacher turns the whole thing 450 and measures the angles to check. How are these lines in relation to each other? Still perpendicular. Before the lines were horizontal and vertical, now both are in an oblique position. Do the same with the second and third pairs from the previous exercises. With the measuring angle, show that right angles are always formed, regardless of the position of the lines. Therefore all of these lines are still perpendicular to each other because the amplitude of the angle didn't change.
[top]




I. Two straight lines crossed by a transversal 

Materials: 
...Box of sticks, supplies
...Board covered with paper
Presentation: Place one, then another like stick on the board, having the child identify the number of straight lines on the plane. Then place a third stick (a different color with holes along the length) so that it crosses the other two. Now there are three straight lines on our plane; the third crosses the other two.

Remove the sticks. Place one horizontally and tack it down reminding the child that this straight line goes on in both directions to infinity. Into how many parts does it divide the plane? Indicate these two parts with a sweeping hand. Place the second stick on the plane so that it is not parallel. Even this straight line goes on to infinity. With a black crayon, draw lines to demonstrate this. Identify the three parts into which the plane has been divided. The part of the plane which is enclosed by the two straight lines is called the internal part which we can shade in red. Above and below the straight lines are the external parts of the plane because they are not enclosed by these two lines.

Place the third stick across the other two and tack it down where it intersects. This is a transversal (transversal < transverse: Latin trans, across, and versus, turned; thus lying crosswise). Two straight lines cut buy a transversal on a plane will determine a certain number of angles - how many? Using non-red or non-blue tacks, identify and count the angles. First conclusion: Two straight lines cut by a transversal will form eight angles.

Some of these angles are lying in the internal part of the plane, while others are lying in the external part. Remove the tacks. Identify and count the angles in the internal part, using red tacks (same color as the plane). These four angles are interior angles because they lie in the internal part of the plane. Do the same, identifying the exterior angles. The four angles are exterior angles because they lie in the external part of the plane. Second presentation: Two straight lines cut by a transversal form four interior and four exterior angles.

We need to divide these eight angles according to different criteria. Remove the red and blue tacks and identify two new groups using two other colors: four angles formed by one straight line and a transversal; and four angles formed by the other straight line and a transversal. All of the work that we'll be doing involves pairing an angle from one group with an angle from another group. We won't be working with two angles from the same group because that would mean only two straight lines were being considered, not three. Let's examine these pairs. 

Remove the tacks. Using two tacks of the same color, the teacher identifies two angles. These two angles are a pair of alternate angles. Recall the meaning of alternate. One is on one side; the other is on the the other side of the transversal. On what part of the plane are they? Internal, therefore they are also interior angles. We combine these two characteristics into one name: alternate interior angles. Invite the child to identify the other pair with two tacks of a different color. The child draws these and labels them.
Remove the tacks. The teacher identifies another pair of angles. These are a pair of angles that lie on the same side of the transversal. On what part of the plane do they lie? Internal, therefore they are also interior angles. We can call these interior angles that lie on the same side of the transversal. Invite the child to identify another pair with two tacks of a different color. The child draws the angles and labels them appropriately.

Remove the tacks. The teacher identifies another pair of angles. These are alternate angles because they lie on on one side one on the other side of the transversal. The child identifies in what part of the plane they lie - external - and their corresponding name - exterior. These are alternate exterior angles. Invite the child to look for another pair and identify them with two tacks of a different color. The child draws the situation and labels it accordingly.

Remove the tacks. The teacher identifies two angles. These are a pair of angles that lie on the same side of the transversal. The child identifies in which part of the plane they lie - external - and recalls their subsequent name - exterior. Therefore these angles can be called exterior angles that lie on the same side of the transversal. The child is invited to identify another pair using two tacks of a different color. The child copies this situation and labels it.

Remove the tacks. This time an exterior angle will be paired in a relationship with an interior angle. The child chooses an angle, identifying it with a tack. The other angle must be formed by the other straight line, as you remember, so that three lines will be involved. The teacher identifies the other angle of the pair. These are corresponding angles, because they follow a certain order. Both angles lie on the same side of the transversal, and each angle lies above its straight line. Invite the child to identify other pairs using different color tacks for each pair of angles. All eight angles are used. The child copies the situation and labels it accordingly. Note: These angles have only one quality, since the pair is divided among the two different parts of the plane.

Finish with classified nomenclature and commands. A command might ask the child to identify the other member of a given pair of angles.
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J. Two parallel straight lines crossed by a transversal 

Materials: 
...Box of sticks, supplies, board
...Twelve xeroxed forms showing above
...Paper, pencil, and ruler
Presentation: With the sheet of paper from the board and the sticks arranged as they were for the last series of presentations, nearby, construct two parallel (horizontal) lines crossed by a transversal. Recall construction of parallel lines from before using the guide sticks. Position the transversal and fix it with tacks.

Verify that the nomenclature used in the last situation is also applicable here: internal and external parts of the plane (red and blue shading is no longer necessary); interior and exterior angles, and so on, until the four pairs of corresponding angles have been identified. Since the same nomenclature is used, and the same angles exist, the old plane and its lines can be removed. What we must discover now is how the angles which constitute a pair are related.

Invite the child to choose a pair of alternate angles, identifying them with a pair of tacks which are the same color. The child names the pair he has chosen: either alternate interior or alternate exterior angles. The child then colors these angles on one of the forms. Note: This is only a sensorial demonstration of congruency.

Cut the form along the transversal. This will always be the first of the two cuts we must make. Choose one of the two resulting parts and identify the sides of the angle to isolated. Cut the form along the side of the angle. Superimpose this angle over the other angle, sliding it along one side until the vertices and other sides meet, showing that the two angles are congruent. Repeat the procedure with the other pair of alternate exterior angles, and the two pairs of alternate interior angles. Upon completion, it will be evident that all possibilities for alternate angles are exhausted, because the angles on the board will each have a tack.

Use a new form for each pair of angles considered. After each pair, make a conclusion about the congruency of that pair of angles. At the end we can make this generalization: There are four pairs of alternate angles. The angles of each pair are congruent to each other.
Invite the child to choose a pair of corresponding angles, identifying them with a pair of tacks. Remember that corresponding angles are not differentiated by the name interior and exterior, because one of the pair is lying in the internal part of the plane while the other is in the external part of the plane. The teacher controls the choice of angles; both angles lie on the same side of the transversal; both have the same position with respect to their line; i.e. they are both above their lines. The child transfers this situation to a form by shading in the angles.

As before, make the first cut along the transversal. Notice that this time both angles are still on the same part of the form. Make the second cut along the line that will divide the two angles, so that we will be able to superimpose them. Superimpose the angles as before to demonstrate congruency. We can conclude that: The first pair of corresponding angles are congruent.

Identify the second, third, and fourth pairs of corresponding angles. Follow the same procedure, using a new form each time, to demonstrate that the angles are congruent. Again, in the end the angles will all be identified with tacks. Generalization: There are four pairs of corresponding angles. The angles of each pair are congruent to each other.

This time, instead of demonstrating that a pair of angles are congruent, we must demonstrate that they are supplementary. This time we will again have two pairs of interior angles and two pairs of exterior angles. Invite the child to identify two angles that lie on the same side of the transversal with a pair of tacks. The child names the pair which he has chosen: interior or exterior angles; and transfers them to a form. As before cut along the transversal to find that both angles are still on the same piece of paper. We must separate the angles by the second cut. Place the two angles side by side so that their transversal sides are adjacent and their non-adjacent sides form a straight line; thus demonstrating that the two angles are supplementary. We can conclude that the first pair of (i.e.) interior angles that lie on the same side of the transversal are supplementary.

As before, repeat for the second, third, and fourth pair, making a conclusion with each pair. In the end, all of the angles have been identified with tacks. We can make this generalization: These are four pairs of angles which lie on the same side of the transversal. The angles of each pair are supplementary to each other.

Exercises: The teacher prepares forms with only the parallel lines. The child in his work completes the form by drawing the transversal either way. The direction of the transversal cannot be changed by changing the position of the form.

1. The child uses the forms to demonstrate that each pair of angles is congruent or supplementary. For each pair he writes the appropriate conclusion. At the end, he writes the generalization (as in the presentation).

2. The child works from command cards. For example: Demonstrate that the angles that constitute any pair of alternate angles are congruent. Note: In order to do this, the child must have realized that the two straight lines cut by the transversal must be parallel. He may choose interior or exterior angles.

Age: After 9 years

Direct Aim: Knowledge of the theorems involved regarding congruent angles and supplementary angles formed by two straight parallel lines and a transversal

Indirect Aim: Preparation for a more advanced study of parallelograms
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	xAngles

	
A.Types of Angles and the Parts of an Angle
Materials: 
...Box of sticks, supplies, board
...Red felt pen (with a long thin head)
...The measuring angle, in its envelope (both sides are colored)
Presentation: The teacher takes two different sticks - a long one with holes along its length and a shorter one with just two end holes. Placing the longer one on top of the other at the center of the board the two sticks are fixed at the lower end with a red upholstery tack. At this point both are mobile, so place the shorter one in its vertical position and fix it there. Now only one moves.

Place the red pen in the last hole of the top stick and begin drawing a line in a clockwise direction... this is an angle, this is an angle.... (indicate the angle with one hand moving around between the sides of the angle) ... (at 3600) this is a whole angle. It is called a whole angle because I went all the way around to the same point again.

Watch where I stop this time. Repeat the same procedure. This is an angle, this is an angle... (at 1800) this is a straight angle. The line it has made is a straight line.

Repeat the procedure as before, starting from zero. This is an angle, this is an angle ... (at 900) this is a right angle. Take out the measuring angle and identify the red part which is the "measuring angle". Note: this is the child's first protractor). The measuring angle is a right angle. Demonstrate that the angle just constructed is truly a right angle by sliding the measuring angle along one stick until it meets the other line... a perfect match.

Leave the measuring angle there. Repeat the procedure as before, starting from zero. This is an angle, this is an angle ... (before 900) this is an acute angle. It is less than the measuring angle.

Leave the measuring angle in its place. Repeat the procedure as before, starting from zero. This is an angle, this is an angle ... (after 900) this is an obtuse angle. It is more than the measuring angle.

This red nail is the vertex of the angle. These two sticks are the sides. They are rays which continue to infinity in one direction. The inside part of the angle is the size of amplitude.

Using the measuring angle the child measures the size of each of the angles constructed. The acute angle is less than the measuring angle; the right angle equals the measuring angle; the obtuse angle is more; the straight angle is twice the measuring angle; the whole angle is four times the measuring angle.

To demonstrate the theorem that the size of an angle does not vary with the length of its sides, place the pen in the second hole and draw a right angle again. Measure it to see that it is the same.
Exercises: 
1. classified nomenclature
2. Draw angles and cut them out. Classify them using the measuring angle.
3. Look for the various types of angles in the environment. The child will notice that most angles are right angles.
Age: Seven years
Aim: To give the first concept of angle, to explore the different types of angles, and to give nomenclature of the types and parts of an angle.
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B. Study of angles 

Materials: Box of sticks, measuring angle
Presentation: Take four sticks, of which two are alike. Separate the four into pairs having one each of the like sticks. Join the pairs with brads to form two angles in such a way that one of the like sticks is on top and one is on the bottom.

These are two different angles; they have nothing in common., Place the angles so that the like strips are superimposed. Now these two angles have one side in common. To emphasize that these two angles have three sides, disjoin the angles, remove one of the like sticks and rejoin the three with one brad. There are two angles and three sides; they have one side in common, and therefore a common vertex.

The two sides which are not in common are not opposite rays (opposite rays form a straight angle).

These angles are called adjacent (consecutive) angles (adjacent: Latin ad, to, near and jacere, to lie; thus to lie near each other) (consecutive: Latin consequa, one thing that comes after another). Put these angles aside, intact for later use.

Take four sticks, two of which are alike. As before, form two angles so that one like stick is on top; the other is on the bottom. These are two angles; there are two vertices and each angle has two sides. Superimpose the like sticks, then separate the sticks and remove one like stick, then rejoin the three. Now there are two angles, but they have one side in common and thus a common vertex.
The two sides which are not in common are opposite rays. These are adjacent angles. Put them aside for later use.

Take four different sticks and connect them to form two different angles. The teacher then places them, side by side but not overlapping. There are two angles, two vertices, and each angle has its own two sides. They have one special characteristic (place the measuring angle under the sticks to demonstrate), the sum of their angles is equal to the measuring angle. These two angles are complementary (complementary: Latin complementum, that which completes or fills up the other; thus they complete a right angle).

Take four different sticks and join them to form two different angles. Position the angles. there are two angles, each having their own vertex and two sides. However there is one special characteristic. Their sides form a straight angle. The sum of their angles is 1800. Place the measuring angle to show that the angle formed is the double of the measuring angle, and therefore it is a straight angle.these are supplementary angles (supplementary: Latin supplea, to fill up, more than). The etymology doesn't help much. The angle formed is "more than" the measuring angle, in fact it is the double.

Take the sample of complementary angles made previously. The child identifies them and recalls their characteristics - sum is equal to 90o. Take also the adjacent (consecutive) angles. The child identifies them and recalls their principal characteristic - one side in common.

Take four sticks, two which are alike and join them to form two angles as before. Slide the two towards each other to make a 90 angle and verify this with the measuring angle. The child identifies these angles: only complementary. Disconnect them, remove one like stick and rejoin them. Position them again and verify with the measuring angle. The child identifies them again as having both characteristics: adjacent and complementary. These two angles are complementary adjacent angles.

Take four sticks, two of which are alike. On the board, the supplementary angles and adjacent (case 2) angle previously made, have been placed for reference. The child identifies them and recalls their principal characteristics.

As usual the four new sticks are joined to form two angles: one like stick on top; one like stick o the bottom. These two angles are only supplementary. Remove one like stick and rejoin the angles. These two angles are supplementary (because their sum is a straight angle) and adjacent (because they have one side in common) They are supplementary adjacent angles.

Finish with a three period lesson. The child works with classified nomenclature. They may draw, cut, paste and label the angles.
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C. Vertical or Opposite Angles 

Materials: Box of sticks, supplies
Presentation: The child brings four like sticks and constructs two angles connecting them with brads. These two angles have nothing in common. Let's give them a common vertex. (simply superimpose them without disjoining and rejoining them). Now let's move the sides of one angle. This side is the opposite ray to this side. In the same way indicate that the other two are opposite rays. Since this set-up isn't too steady, we can reconstruct them using two sticks with holes along their lengths. Join them with a brad somewhere near the center and tack two of the ends down. (note: they are oblique lines - not perpendicular)

Identify the four angles that have been formed using 4 tacks of the same color from the box. This angle is on the opposite side of the vertex from this angle. These two angles have a common vertex. In the same way identify the other pair of angles as being opposite the vertex from one another. The characteristics of opposite angles have been identified: they have a common vertex and their sides are opposite rays.
Note: At three different age levels, there are three different demonstrations to show the equality of opposite angles:

1. Sensorial demonstration (7 1/2 years) On a piece of paper repeat the situation of the sticks, using these to trace two lines in black which go off the page. This line represents one stick; this line represents the other. Note the two angles indicated by red thumbtacks and color them with crayon on the paper. Do the same for the other two angles. Cut our plane (the paper) along one of the black lines, thus dividing the plane into two semi-planes. Take one of these and cut along the ray, dividing the plane into three pieces.

We must satisfy that this (loose) angle, which is colored red is equal to its opposite angle, shaded in the same color. Superimpose the loose angle at the edge, matching the sides. Slide the piece along that side until everything meets perfectly. In the same way demonstrate that the other pair is equal.
2. (approx. 8 1/2 years) Take the envelope entitled "vertical angles" from the box of supplies which contain four cards on which 1 - 4 are written. Remove the tacks and number the angles. We must show that angle 1 = angle 3, and angle 2 = angle 4. When writing we can use this notation ^1 to say "angle 1". If we add ^1 and ^2, since they are adjacent and supplementary they will total 1800 (if the child has not learned how to use a protractor we say ^1 + ^2 = 2 measuring angles). Likewise, ^2 and ^3 form a straight angle. Placing a straight edge along the sticks isolates this characteristic, making it more visible to the child. Indicate the angles emphasizing the common angle - the common addend - angle 2. There for ^1 = ^3. Continue in the same way.
3. (approx. 11 years) given a diagram of the angles, we mark them with an arc to show they are equal; a double arc for the second pair. Simply state the textbook declaration: Angles 1 and 3 are both adjacent to angle 2. These are supplementary to the same angle, angle 2. therefore angle 1 and angle 3 are equal to each other. Finish the lesson with classified nomenclature and drawing of the angles.
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D. Measurement of Angles 

Introductory Presentation:
Note: Up until this point the child has only measured angles with the measuring angle, and before that with reference to the right angle (in the geometry cabinet drawer of triangles). Here we will introduce the concept of degrees.

When we measure things we use certain units of measurement. For water, we measure the length of an object in inches and feet. In other parts of the world they use liters, grams and meters. But when it comes to measuring angles there is a universal system that was invented a long time ago by Babylonian priests.

"The Story of the Star"
In ancient times there were some Babylonian priests who were very interested in astronomy and the calendar. These were priests who were accustomed to sleeping during the day and staying awake at night to look at the sky. They studied the paths of stars, and the constellations.

They discovered that in order to see a star in the exact same place as before, a certain number of days would pass. They counted and counted again, and by trial and error they arrived at the conclusion that 360 days would pass from the time a star was visible in a certain place until it returned to that same place again. They called this period of time a year.

They made a slight error in their calculations; they were off by 5 days, 5 hours and 49 minutes. But considering their instruments that they used for measuring, this wasn't much of a mistake.

This time period of a year was too large to be practical; they needed a smaller space of time. They counted the dawns from the appearance of this star to its reappearance and divided the year into 360 days.

The priests thought that the paths followed by the stars made a circle. So they divided the circle into 360 parts and called each part a day. We call these parts degrees.

From that day onward no one has ever changed that measurement, even though we have found out with our more modern instruments that they had made a slight mistake.

From this path of the star in the sky, the Babylonian system of numeration was developed. Their system of numeration was based on 60. The priests discovered that the circle could be divided into six parts. A regular hexagon could be inscribed in this circle, then divided into six equilateral triangles( where two sides are formed by radii, and the third by a cor equal to the radius). Taking 1/6 of the path of the star (circumference), they obtained 60 which is the base of their system.

The Babylonians also gave us their symbol for days which is our symbol for degrees. Instead of writing the word degree(s) after a number we simply use this symbol 0. A little circle to remind us of the path of a star in the sky. Now instead of talking about angles in terms of their size: being wide, big or small, we will talk of the amplitude of an angle.
[top]


Materials: 
...Montessori protractor and other protractors
...Circle, square and triangle fraction insets
...Ruler and compass

1. Presentation of the Montessori protractor
This is the instrument used to measure angles. Its rim, like the path of a Babylonian star, is a circle. The Babylonians had determined that it took 360 days for the star to go around and come back to the same point; therefore we have divided this circle with little lines into 3600 (degrees).

With the child start at zero, where the star started, and count by ones up to 20, by 20's around to 340 and by ones to 360. But 360 is not written there, because we have reached the same place from where we started- zero. There's a line that runs from zero to the center of the circle. The center represents the point where the priests were standing in order to see this circle in the sky.
[top]


2. Use of the Protractor
Bring out the circle fraction insets of the thirds, ninths, sixths and halves. Taking 1/3, identify the angle to be measured: the only true angle on the piece. Recall the nomenclature and identify each part of the angle: angle, vertex, 2 sides.

Holding the knob of the piece, place the vertex on the red dot which is the center. Place one side down along the black line so that the side touches zero. Then place the inset piece flat, so that the side will touch one of the degrees. From zero count by 20's around to the other side - 120. Therefore one third is 120 degrees. The child writes 1/3 = 1200.

Try with 1/9 placing the inset piece on the protractor as before - verte, side along the black line, surface 1/9 = 400 Go on to 1/6 : 1/6 = 600. This is the subdivision that established their system of numeration. The star had followed its path for 60 days of the 360 days which is the whole angle.

With 1/2, identify for the child the angle and the vertex, and the two sides of the angles. The vertex cannot be placed at the center ( in the priests room) as before. However the shape helps to line up the sides. We already know that this is a straight angle. 1/2 = 1800
Examine a second group of fraction. Bring out the fourths, eigths, fifths, and tenths. For each of these the second side meets a little line that is not numbered. Following the circumference of the circle from zero, count by 20's then by 10's, 5's or 1's to reach the second side.

The last group consists of the whole and the sevenths. 

Remove the whole from the frame. Identify the angle, which is all of the interior, the vertex and the sides, which extend from the vertex in all directions. When this inset is placed into the frame, we cannot determine where the angle begins or end. The important thing to note is that everything is covered. Therefore the unit is 3600 - the whole angle. It follows the complete path of the star.
In measuring 1/7, we find that the side does not meet one exact mark. We can say that 1/7 is approximately 510.

Examine the triangle fraction insets. Begin with the whole triangle. Choose one angle, position its vertex on the center, one side on zero and read the measure on the other side. Continue for the other two angles. All angles are 600 therefore this equilateral triangle is equiangular as well. 

The 1/2 piece has angles of 300, 600, 900. 1/3 has 1200, 300, 300. 1/4 has all 600 angles, just like the whole.

Examine the square fractions insets which are triangles formed by subdividing the square: 1/2, 1/4, 1/8, 1/16. All of the triangles have angles of 450, 450, 900. With 1/16 use a ruler to prolong the side,

Examine the rectangles and squares formed by subdividing the square: 1, 1/2, 1/4, 1/8, 1/16. All have all 900 angles. Again a ruler must be used to extend the sides of 1/8 and 1/16.
Ages: around 8 years
Aims: Measurement of angles
Indirect preparation for the sum of interior and exterior angles of polygons
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Operations with Angles 

a. Addition
Materials: 
...Circle fraction insets
...Montessori protractors
Presentation: The teacher proposes an example: 1/2 + 1/4. The child isolates the two pieces, measures them one at a time and notes their measurements 1/2 = 1800, 1/4 = 900. We could restate the addition in terms of degrees: 1800 + 900. Place the 1/2 piece in the frame of the protractors and add the 1/4 piece. The result can be read on the protractor where the non-tangent side meets the frame. 1800 + 900 = 2700.
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b. Subtraction
Materials: 
...Circle fraction insets
...Montessori protractors
Presentation: The teacher proposes an example 1/3 - 1/6. The child isolates the two pieces, measures them one at a time and notes their measurements 1/3 = 1200, 1/6 = 600. Place the 1/3 piece in the protractor. From this we must take away 1/6.

1st method: Slide the 1/3 piece counter-clockwise the number of degrees corresponding to 1/6. Read the result where the second side of the angle meets the frame - 600

2nd method: Place the two pieces in the frame - minuend first. Slide the two pieces counter-clockwise until the non-tangent side of the second angle meets the measurement of the first angle - 1200. Take away 1/6. Read the result where the second side of the angle meets the frame - 600.
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c. Multiplication 

Materials: 
...Circle fraction insets
...Montessori protractor
Presentation: The teacher proposes an example: 1/10 x 8. The child isolates the piece 1/10, measures it and notes its measurement. 360 x 8. Take the fraction 8 times placing them in the frame starting at zero and reading the result where the second side of the last fraction meets the frame.

Another example is 1/10 x 12 which is 360 x 12. Place all of the 10 pieces on; the angle is 3600. Remove them and place only two pieces on the protractor; the angle is 720. Add 3600 + 720 to obtain the results. In terms of fractions rather than angles, this result would be a mixed number.
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d. Division - Bisecting an Angle
Materials: 
...Full sheets of paper
...Compass, ruler
Exercise 
1) An angle can be divided into two equal parts by folding the paper so that the two sides of the angle (paper) meet. Recall the nomenclature of an angle. This fold is called the bisector, it divides the angle into two equal parts.
2) Draw an angle. With a compass, place the point on the vertex and mark off two equidistant points on the sides. Open the compass wider and with the compass point on one side point, then the other, draw two arcs. A line drawn from the vertex to the intersection of these two arcs is the angle bisector. Therefore the two angles are equal.
Aim: Preparation for geometric constructions
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e. Exercises in measurement and drawing of angles - other protractors 

Materials: Various protractors - circular protractors (small enough to fit in Montessori protractor), those having clockwise numeration, counter-clockwise; also semi-circular protractors of various sizes
Presentation: Introduce the other protractors, comparing the first to the Montessori protractor by placing it inside the frame and aligning the degree marks. Show the others, reinforcing the theorem that the amplitude of the angle does not vary with the length of its sides.

Demonstrate the use of the protractor in measuring angles. Place the center hole over the vertex of the angle. Align one of the sides to zero, by sliding the compass around like a wheel. From zero, read the numeration progressively until the place where the second side corresponds to a degree mark. The child writes the angle measurement inside the angle, with degree symbol in red. the teacher can prepare many angles out of cardboard which the child traces and measures.
Demonstrate how to draw an angle. Make a point in red. this will be the vertex. From this point draw a ray; this will be one of the sides. Place the protractor so that the vertex corresponds to the center hole, and the side corresponds to zero. Make a mark at the number of degrees desired. Draw a line from the vertex through this mark to make the second side. Write its measure inside. The teacher can prepare command cards which tell the child to construct an angle of a stated number of degrees.
Age: About 8 years
Aim: Use of standard protractors, measuring and constructing angles, and operations with angles, including constructing a bisector
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E. Convex and reflex angles 

Materials: Box of sticks, supplies, board
Red pen (with a long narrow head)
Note: Up to this point an angle has been defined: "that part of a plane lying between two rays which have the same origin", and five angles were identified: acute, right, obtuse, straight and whole.
Presentation: (By size) Invite the child to choose two sticks and fix them on the board as usual for making angles (the longer stick on top of the shorter and secured at one common end with the upholstery tack; the shorter is fixed at the other end as well). This pair of sticks should be toward the left side of the board, to leave room for the next pair.

Ask the child to make an acute angle or a right angle or an obtuse angle using the red pen. Identify the angle that is constructed. This angle is a convex angle. Color the angle. Because the child was given the choice of three angles, we can say that all three angles - acute, right, or obtuse are convex angles.

Choose two sticks identical to the first pair and fix them on the board. This time draw an angle which is greater than a straight angle, but less than a whole angle. This is a reflex angle. Color the angle with a different color (convex: Latin convexus, rounded or bent, curved, crooked) (reflex: Latin reflexus, bending back). Do a three-period lesson.
Presentation: (By sides): Begin from where the last lesson left off. Recall the nomenclature of the convex angle: vertex, side, side. ask the child to take two sticks just like the ones on the board and place them so that the sides of the angles are extended (prolonged). The existing sticks represent rays, therefore they extend the sides in the opposite direction. Place the loose sticks in position without fixing them. This green stick is a prolongation of this side of the angle, etc.., for the reflex angle as well.
Consider the first angle. Indicate the colored region. What type of angle is this? Convex. Do the prolongations of the sides fall inside this angle? No. We can conclude that the prolongations of the sides of a convex angle do not lie within the angle itself.
Consider the second angle with the same questions. Conclude that the reflex angle does contain the prolongation of the sides. Do a three-period lesson.

(Organization of the definitions) Combine the two viewpoints of size and sides. An angle whose amplitude is less than that of a straight angle is a convex angle. It does not contain the prolongation of its sides. An angle whose amplitude is less than a whole angle but greater than a straight angle is a reflex angle. It does contain the prolongation of its sides. .
[top]


Classified nomenclature
Exercise: With only one pair of sticks fixed on a clean surface, slowly construct the spectrum of all of the angles while on child identifies them in the old way, the other in the new way:
Child One: "Acute, acute ..... right, obtuse .... straight-silence ..whole
Child Two: "Convex, convex ...convex, convex .. silence,reflex ..silence
Note: With this exercise the child realizes that the straight angle and the whole angle do not fit the definition of convex or reflex angles.
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F. Research in the environment

Here always the classification will depend on one's point of view. which is more common in the environment; make a list 
convex: the corner of a table, shelf or cupboard
reflex: a chair, sofa, a corner of the library or of the room
Try to form different angles using your body.
Age: After nine years
Direct Aim: Knowledge of convex and reflex angles
Indirect Aim: Preparation for convex and concave polygons
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G. A new definition of an angle

Presentation: (A new definition of an angle) Invite child to draw an angle on a piece of paper, the sides reaching the edge, effectively dividing the paper in half. Review definition of a plane and on a slip of paper write, "An angle is", and below it a label reading, "a part of a plane". Planes go on for infinity but this plane is limited by what? The angle. And what constructs this angle? Two rays. Write on a new slip "limited by two rays" and place below previous slips. Can these two rays exist anywhere on the plane? No, they must share a common vertex. Write this on a final slip thus finishing the new definition: "An angle is a part of a plane, limited by two rays sharing a common point of origin". Stack sheets of paper above and below to show the child that the angle exists in that plane only. 
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	xPlane Figures

	
Materials: Box of sticks, supplies, board Red cord Paper and scissors, red pen Labels for writing
Presentation: The teacher places the red cord on the board so that a simple open curve is formed. What is this? It is a curve that has a beginning and an end. Which is the beginning and which is the end? I can't tell, but what is important is that my hand can go all around, inside and out without ever leaving the plane. This is an open curve; it is like an open gate.

The teacher ties the two ends of the cord and places it on the board again so that it forms a simple closed curve. Again the teacher moves her hand around the figure on the plane: outside the figure. The teacher lifts her hand and touches the plane inside the figure and identifies it - inside the region of the figure. Identify the internal and external parts of the plane. This is a closed curve region. We can also add the quality "simple" since it is not overlapping (demonstrate this) Thus, it is a simple closed curve. Set it aside.

The teacher places a single stick on the board, moves her hand all around it on the plane. A second stick is joined to this one and they are placed on the board forming any angle. The teacher's hand still can move all around the angle. A third stick is united to these two and placed on the board; the teacher moves her hand all around it. This is a broken line. It is open; it does not form a region. Since it is straight in places, it is not a curve. It is like a line that has been broken.

The three sticks are united to form a triangle. This time my hand must go around the figure, but I must lift it to go inside. Identify the internal and external regions. We can call this figure a polygon, which is just a general name.

Place the simple closed curve region (cord) and the polygon (stick) side by side on the board. The polygon is the opposite of the closed curve region. These are the two big families with which we will be working.

To reinforce the concepts just given, the teacher draws figures in red on the paper and invites the child to cut them out. (remove the cord and sticks)

We can classify all the figures into two groups.(place out a label which says figures (or regions)) Beneath this heading place the two sub-headings - closed curve regions; and polygons. Sort the four cut-outs into these two groups.

All of these are figures (regions). They can be closed curve regions, limited by a curved line. They can be polygons limited by broken lines.
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Classification Exercises 

Materials: Geometry cabinet insets
Additional insets for the geometry cabinet
Two concave figures constructed previously with the child now in red on laminated cardboard
Seven classification cards
A stick from the box of sticks
A. Classification of closed curve regions and polygons
The teacher places out the label "Figures or Regions" and below it: "Closed Curve Regions" and "Polygons". The child is invited to classify all of the figures into these two columns, emptying the cabinet, drawer by drawer, placing the figures into the two groups. On a large sheet of paper the child draws the result of this classification, drawing each figure.
B. A sensorial classification of convex and concave (re-entrant)
The teacher takes any convex polygon and the stick and passes the stick over the surface of the inset saying - internal... internal... internal. The internal region is not interrupted by any part of the external region. This is a convex figure. the teacher repeats the experience with any convex closed curve figure and arrives at the same conclusions. Taking a concave polygon, the experience is repeated - internal...internal....internal... but, look... the stick touches an internal part, then an external part and then an internal part again. This is a concave (re-entrant) figure. The experience is repeated with a concave closed curve region, and the same conclusions are made. The teacher places out the label "Figures (Regions)" and below it "convex" and "concave (Re-Entrant)". The child is invited to classify these four figures. Notice that in each column there is one closed curve figure and one polygon. the child continues classifying all of the other figures. All of the figures will end up in the convex group except the three flowers. These three figures are a special case. It seems that we should classify these flowers as concave, but concave flowers have a very different shape (this will be shown later). these flowers are convex. The child copies the situation on a large piece of paper.
Note: At a later age, these figures will be classified according to the presence of convex or reflex angles.
C. Closed curve regions/polygons - convex/concave
The teacher places out the heading card - "Figures (Region)" and below it - "Closed Curve Regions" and "Polygons". Below each of these subheadings is placed "Convex" and "Concave (Re-Entrant)". the child classifies each figure, making four columns. The child copies the situation on a large piece of paper.
At the end the teacher isolates the concave figures and their classification cards. We will only be interested in convex figures. When we talk about closed curve regions and polygons, we can assume from now on that they will be convex. One exception will be considered later.
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	xPolygons - Triangles

	A. Triangles - Classification
Materials: Box of sticks, supplies, board
Measuring angle (additional materials listed later)
Presentation: The teacher chooses three sticks randomly - a, b, c. The second group of sticks containing a, a, b. A third group of sticks are all equal - a, a, a. Invite the child to unite the sticks of each group to form a polygon. Notice the color of the sticks. These triangles are all related. Identify each triangle. This is a scalene triangle, because all the sides are different. This is an isosceles triangle, because two sides are the same. This is an equilateral triangle, because all three sides are the same. 

Note: The child already knows the names and the etymology. The new experience here is the construction of the triangles. 
The isosceles triangle has two equal sides. The equilateral triangle has two plus one... three equal sides. This means that the equilateral triangle is also isosceles, but an isosceles triangle is not equilateral. An equilateral triangle has two equal sides like the isosceles triangle, but it has something more - the third side is also equal, thus it is equilateral. Set the three triangles aside. 
The teacher takes two sticks: orange (6cm) and red (8cm). These are united and placed on the board to form a right angle. Use the measuring angle to verify this, and leave the measuring angle in position. Let's find the stick that will join these two sticks, without altering the position of the first two sticks, without altering the angle. The stick that fits is the black (10cm). Join the three sticks to form a triangle and place it on top of the measuring angle.

Note: This 6, 8, 10 triangle is one of the Pythagorean triples - a series of three numbers which satisfies the Pythagorean theorem: a2 + b2 = c2. The Egyptians discovered the first triple: 3, 4, 5. With the box of sticks only 6, 8, 10 and 12, 16, 20 are possible (others: 5, 12, 13 and 8, 15, 17). 

The teacher takes two different sticks and unites them to form an angle greater than the measuring angle. The third stick is found to unite them. After checking the angle to be sure that it is greater than the measuring angle, remove the measuring angle. 
The teacher takes three different sticks and unites them. With the measuring angle and acute angle is formed, and the third side is added and united. This time we must check the other two angles to be sure that they are also acute angles. Measuring just one angle is not enough. Since all three of the angles are smaller than the measuring angle, that is, acute angles, this is an acute-angled triangle. 

Identify the others as well, stating the number of characteristic angles. Note that the right-angled triangle and the obtuse angled triangle each had two acute angles. An acute-angled triangle however must have three acute angles.
[top]


Materials: 
Geometry cabinet drawer of triangles, reading labels
Paper for making labels
Second level reading labels:
right-angled scalene triangle
obtuse-angled scalene triangle
acute-angled scalene triangle
right-angled isosceles triangle
obtuse-angled isosceles triangle
acute-angled isosceles triangle
The triangles just constructed are lain out in two rows as they are in the drawer of triangles: the top row is classified according to sides, and the second row according to angles. 

Every triangle by its nature has two qualities. One quality refers to its sides and the other refers to its angles. If I ask you to draw a right-angled triangle; the triangle you construct will also be isosceles or scalene. Let's label these triangles as we have always known them (using the geometry cabinet labels).

For each of these triangles we must add another quality. The first triangles has been classified according to its sides (copy the name onto a paper label). Let's classify it according to its angles. Use the measuring angle to determine the classification. Write a new label. Place the two labels on top of the figure. Do the same for the other two figures. Use a protractor to measure the angles to determine that all of them are equal. Therefore it is also equiangular. Continue with the triangles that were classified according to their angles. Classify them according to their sides determining this by the sticks which are different colors; thus the sides are different lengths. Write two labels for each, as before. Now we no longer have some triangles classified according to sides and others according to angles. All have been classified by both characteristics.

Look over the triangles to see if there are any duplicates. remove one acute-angled scalene triangle and its labels. There are no other duplicates.

There is something missing from our series. The teacher constructs an obtuse-angled isosceles triangle. The child is invited to classify it according to its sides (write a label) and then by its sides (write another label). Be sure it is not a duplicate. There is only one other triangle missing. Invite the child to unite two like sticks and to form a right angle with the measuring angle. Leave the measuring angle in its position as you try to find a stick which will unite them. Allow the child to try a second pair. It is impossible.

Introduce the neutral sticks. Invite the child to lay them in a stair. This stick (indicating the first) will be used to close a right angle formed by a pair of sticks of the first series. Place a colored stick next to it. Go on up to ten.

Invite the child to try the neutral stick that corresponds to his pair. Unite the sticks and classify the triangle. Be sure it is not a duplicate.
There are no other triangles in reality. Arrange the triangles in three columns - scalene, isosceles, and equilateral; then in three rows - right-angled, obtuse-angled, and acute-angled.

Isolate the first triangle and place its labels below it as you read them. Ask the child to identify the functions of each word; there are two different adjectives and two like nouns. Since we only have one triangle we can eliminate one of these nouns. Tear off the word "triangle" from "right-angled triangle". Place both adjectives in front of the noun and read the whole thing. Copy this onto one new long label. Remove the old labels. Continue in the same way for the others. The adjective describing the sides is always closest to the noun because it is the most important.

With the equilateral triangle, isolate the three adjectives and discard two of the nouns. Begin with "acute" and see if that quality would precisely indicate this triangle. No, there are other acute-angled triangles. With equiangular and equilateral, each one by itself is sufficient to identify this triangle. We'll use the more common one. We can remember that equiangular refers to the same triangle.
Take the insets from the drawer of triangles and match them one by one to the figures made with sticks. Identify each inset as it was previously known and give it its second quality. By passing the inset through its frame backwards, we can prove that it is isosceles.
Two triangles of the geometry cabinet correspond to the same triangle, so we can eliminate one inset and its frame. However, there are two triangles which have no inset to match. Bring out the additional insets. Invite the child to identify each using the measuring angle. Use the surface cards as you would use the frame to classify the sides. 

These are all of the triangles of the 6 - 9 classroom. We also have labels for the 6 - 9. Invite the child to match new labels as he puts the triangle insets away. "Equilateral" is an old label, because the name didn't change.
Exercise: Trace each inset, copy its name and write the reason for its name.
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B. Triangles - Parts of the triangle 

Materials: Seven triangles constructed previously Drawer of triangles, now including two additional inset All other triangles in the environment Box of sticks, supplies, including perpendicular angle Triangle stand
Presentation: The teacher takes the equilateral triangle as a first example. Touching the surface, the teacher says - surface. The layer paint gives the concept of the surface.

Using the corresponding triangle of sticks, the teacher runs her finger around the perimeter. The sticks are the image of the perimeter (perimeter: Greek peri, about, and metron, measure; thus the distance around). the teacher indicates each side, naming each "side". At the end of the plural form is given "sides". The angles and vertices are identified in the same way. The triangle inset is standing on its side, perpendicular to the table as the teacher identifies "base:; the triangle is turned to identify each new base. The plural form is given "bases".

Note: This is to prepare for the conclusion - that any side can function as a base.

Place the triangle inset upright in the stand with reverse side closest to the groove and facing the children. Hang the plumb line in the groove to that only the cord is visible. Move the plumb line along until the cord meets the vertex opposite the base. Holding the line at the vertex so that a line segment is formed, the teacher says "height". This is the height of the triangle in relation to this base. Indicate the base in the groove.

Take out the perpendicular angle and identify it. Place it in the groove at the center of the triangle so that one side will coincide with the plumb line. Repeat the identification of the height. since the height coincides, we can say that the height is perpendicular to the base.
How many bases are there? Three. How many heights? Three, same as the bases. How many sides? Three. We can conclude that the number of heights is equal to the number of bases which are the same as the sides. The common characteristics of the height is that each is perpendicular to its relative base. Continue identifying the parts: perpendicular bisector, median (medians), angle bisector (angle bisectors).

Explore the nomenclature of other triangles. For two of the three bases of the obtuse-angled triangle, the height is external and is perpendicular to the extension of the base. For two of the three bases of the right-angled triangle, the height coincides with a side.

Note: This is why the initial presentation should deal with an acute-angled triangle.
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C. Special nomenclature of the right-angled triangle 

Presentation: Take the two right-angled triangles and identify their parts as before. In identifying its sides, we can give these sides particular names.

Right-angled scalene triangle - The side which is opposite the right-angle is called the hypotenuse. The other two bear the Greek name cathetus. One is longer (major cathetus); the other is the shorter (minor cathetus). All of the other nomenclature is the same.
Right-angled isosceles triangle - The longest side which is opposite the right angle is called the hypotenuse. the other two sides bear the name cathetus. since they are equal, there is no distinction between them.
Note: The presentation which should follow is "Points of Concurrency" which would be a study of the meeting point of the the three heights, that of the three medians, and the orthocenters.
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	xStudy of Quadrilaterals

	
A. Classification
Materials: Box of sticks, supplies
Presentation: The teacher constructs the first figure using a yellow (20cm), a brown (12cm), a pink (8), and an orange (6 cm), uniting them so that the yellow and orange are not consecutive sides and are not parallel. This is a common quadrilateral (trapezium). the child identifies its principal characteristic; it has four sides (quadrilateral: Latin quadras < quator, side, and lateris, side).

Invite the child to build a figure exactly like this one, of sticks. Superimpose the second one on the first to show that they are equal. Move the two sides back and forth like the arms of a balance, stopping where the yellow and orange sticks are parallel. Use two small sticks as guides to check if they are parallel. This is a trapezoid. It is a quadrilateral, but it has something more. It is a quadrilateral which has at least one pair of parallel sides.

Note: It is important for the child to understand this concept; a trapezoid is a quadrilateral, but a quadrilateral is not necessarily a trapezoid.

Invite the child to choose two pairs of like sticks; join them to form two angles, then unite them to form a quadrilateral in such a way that two sticks of the same color do not touch. This is a common parallelogram. It has two pairs of parallel sides (indicate these pairs). The common parallelogram is a quadrilateral with two pairs of parallel sides. Is it also a trapezoid? Yes, but it has something more.
Invite the child to construct with the sticks the same figure as before - the parallelogram. Superimpose this figure on the other to show that they are equal. Stand the figure on end and using the measuring angle as a guide, straighten the sides until the side coincides with the measuring angle. If one angle of this quadrilateral is a right angle, then all of the others will also be right angles. This is a rectangle. It is a parallelogram with all right angles. The previous figure was just a common parallelogram, whereas this parallelogram is no longer common. It has all right angles.

Is the rectangle a parallelogram? Yes, it has two pairs of parallel sides. Is the rectangle a trapezoid? Yes, it has at least one pair of parallel sides. Is it a quadrilateral? Yes. Is the common parallelogram a rectangle? No.

Invite the child to unite four like sticks. This is a rhombus. It is a parallelogram with equal sides. Is the rhombus also a rectangle? No. Is it a parallelogram? Yes. Is it a common parallelogram? No. Is it a trapezoid? Yes. Is it a quadrilateral? Yes. Is the rectangle a rhombus? No.

Invite the child to reproduce the previous figure. Superimpose one on the other to show that they are equal. As before, stand the figure on end to straighten its sides, using the measuring angle as a gauge. This is a square. It is a parallelogram ... (is that all I need to say? No) .... with equal sides ... (is that enough?) .... with right angles. Repeat the definition. By saying that it has equal sides, the common parallelogram and rectangle are excluded. In order to exclude the possibility of being a rhombus, however, another quality must be added - right angles. Questions similar to those for the rhombus may be posed.

These are all the quadrilaterals of reality.
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B. Quadrilaterals - Types of trapezoids 

Materials: Box of sticks, supplies Geometry cabinet insets, reading labels -"square", "rhombus", "rectangle", "trapezoid" Additional insets: common quadrilateral, common parallelogram, three trapezoids (all except the equilateral) Second level reading labels - "common quadrilateral", "common parallelogram", "isosceles trapezoid", "scalene trapezoid", "right-angled trapezoid", "scalene trapezoid", "right-angled trapezoid", "obtuse-angled trapezoid"
Presentation: Isolate the trapezoid previously constructed with sticks. In order to extend our family of trapezoids, we must first know its parts. The two sides which are parallel are bases. Identify the other two as sides. Are the sides equal? No. This is a scalene trapezoid. Recall the meaning of scalene from the triangles.

Invite the child to take four sticks, two of which are equal. Unite them so that the two sticks are not touching each other. Arrange them so that the two bases are parallel. Identify the two bases and the two sides. Are the two sides equal? Yes. This is an isosceles trapezoid.

The teacher takes four sticks (yellow - 20cm, black - 10cm, orange - 6cm, brown 12cm) and unites them so that the yellow and black sticks form the parallel sides. Identify the bases and the sides. Use the measuring angle to show that a right angle is formed by the perpendicular side. This is a right-angled trapezoid.

The teacher takes four sticks (yellow - 20cm, green - 14cm, red - 8cm, brown 12cm) and unites them so that the yellow and green sticks form the parallel sides. Use the measuring angle to identify the two obtuse angles. They are opposite each other. This is an obtuse-angled trapezoid.

Note: It is not so much the number of obtuse angles, but the opposite position of the obtuse angles which is important. This is the only trapezoid which can be divided into two obtuse-angled triangles.

Bring out all of the quadrilateral formed with sticks (common quadrilateral, the trapezoids, common parallelogram, rectangle, rhombus, square) and organize them as the child recalls the name of each. Bring out the old labels and match them to the figures, This old label "trapezoid" will be of no use anymore, and discard it. Bring out the new labels and match them accordingly. Each member of the family of trapezoids has its own characteristic; therefore they each have a different name.

Match the insets of the geometry cabinet with the figures: square, rectangle, rhombus. Before the trapezoid was known only as a trapezoid. Identify its other characteristic: isosceles. Bring out the additional insets and match them as well.
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C. Quadrilaterals - Classification according to set theory
Materials: All the quadrilateral insets (of previous presentation)
Board covered with paper
Blank labels, pen
Presentation: Like the portrait gallery to be found in the houses of noble families, the family of quadrilaterals has its own gallery, which has six portraits of the six members of the quadrilateral family. But instead of walking with our feet, we have strolled with our minds through this gallery of the quadrilateral. Now that we have examined these figures one by one, face by face, we must look at this family of quadrilaterals together, as a whole. We must look at the interrelationship of the members of this family. As we stroll along, we notice similar features in their faces. But in the family of quadrilaterals, we see increasing perfection as we go through the generations. This is like looking at the genealogical tree of the family. With the last descendant of this family the square, we have the perfect quadrilateral. It is the only quadrilateral which is a regular polygon. In this family of geometry we see increasing perfection in the last descendants. This is in contrast to some noble families where we see degeneration in the last descendants.
Place all of the insets on the board in a random group. Draw a circle around the figures. This is a gallery. All of these portraits belong to the family of quadrilaterals. Write a label "quadrilateral" and place it inside the circle. They are all quadrilaterals because they all have four sides.

Isolate the common quadrilateral and the label to one side of the circle, draw a circle around the remaining figures. These are all trapezoids. Place a label inside the circle. "trapezoid" All of these quadrilaterals have at least one pair of parallel sides.

Isolate the four trapezoids and the label to one side of the circle and draw a line around the remaining figures. These are all parallelograms. Place a label in the circle. All have two pairs of parallel sides.

Isolate the square and the rectangle and draw a circle around them. These are rectangles. Place a label in the circle. They are parallelograms with four right angles. Recall that a square was included in the drawer of rectangles.

Place the rhombus and draw a circle in such a way that the rhombus and the square are included in the circle. These are rhombi. Place the label on the rhombus side of the circle. They are parallelograms with four equal sides.

Place a label for the square in the intersection of these two sets. This means that the intersection of the set of rhombi and rectangles is the square.

It is interesting that at the end of our visit to this portrait gallery, we see one family member who is perfect and marvellous. His portrait is placed between the portraits of his father and his mother. As it sometimes happens in nature, this child has inherited the best qualities of both parents.

In the set of quadrilaterals, the child is the square. His father and mother are the rectangle and the rhombus. The square has the distinctive characteristics of the rhombus: equal sides. The square is the perfect quadrilateral; it is the only regular polygon among all of the quadrilaterals.
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D. Parts of the Quadrilateral

Notes: The nomenclature of quadrilaterals, and other polygons with more than four sides, will present some difficulties, because, unlike the triangles, not all quadrilaterals have the same nomenclature. Also the stick figures must be used in order to identify the diagonal. 

Materials: Quadrilaterals made previously with sticks
Insets of the quadrilaterals
Stand, small plumb line, perpendicular angle
Box of sticks, supplies
Presentation: (Square). Isolate the square made of sticks and invite the child to name it and recall its characteristics. Let's examine the parts of this figure. the teacher points to each part as it is named: Surface ...perimeter... Where there are more than one the teacher names and identifies each singularly, then gives the plural ... side (sides), angle (angles), vertex, (vertices), base (bases).. to identify the base, stand the figure on its side. We can conclude that each side can serve as a base. Repeat with the inset. 

Place the figure in the stand and drop the plumb line into the opening. Move the plumb line along until it coincides with one of the sides ... "height" ... Continue moving the plumb line along whispering ... "height, height, height" ..... when the plumb line coincides with the other side, say aloud, "height". Place the perpendicular angle beside the figure to determine that the height is perpendicular to the base. The principle heights are those two on the sides. all the segments in between are also heights but in reality they are all the same height; they are all equal. Repeat the experience with other bases.

Did you notice that I had to concentrate on keeping the square erect in this stand? If I let it slant, it is no longer a square. This figure needs a support. Line up the neutral sticks and find the one that corresponds to the sticks used for this square. Join it at two opposite vertices. This segment which connects two non-consecutive vertices is the diagonal (diagonal: Greek dia, through, and gonia, angle; thus the line that goes through the angle). We can say that for the quadrilaterals the diagonal is one of the most important elements.

Note: Dr. Montessori suggests that at this point we introduce the story of construction to show the importance of the diagonal. It keeps the roof from opening up. 

Notice that the diagonal divides the square into two triangles. The triangle is the constructor of this figure. Place another stick along the other diagonal to show that the square is divided into four triangles. Again the triangle is the constructor.

(Rhombus). As before use the stick figure to identify ... surface, perimeter, side (sides), angle (angles), vertex (vertices), base (bases) ... In identifying the height, proceed as before this time staying silent until the plumb line coincides with the first top vertex ... "height". Continue, whispering "height, height, height", until the plumb line coincides with the second bottom vertex. silence prevails until the plumb line coincides with the extreme top vertex ... "height". All of these heights are equal. The first principle one is internal. The second was external, and was perpendicular to the extension of the base. These are relative to this base.

Repeat the experience with the other bases and those of the inset. Lastly, identify the diagonals.

(Rectangle). Identify: surface, perimeter, side (sides), angle (angles), vertex (vertices), base (bases) ... These four bases are equal in pairs. Identify the height as for the square. Notice that the heights are equal in pairs. If the base is long, the height is short, and if the base is short, the height is long. How many heights are there? Two. Identify the diagonals.

(Common Parallelogram). Identify the same parts as before. Notice that the bases are equal in pairs. Identify the heights as for the rhombus, and make the relative observations as for the rectangle. How many different heights are there? Two. Identify the diagonals.
(Trapezoid). Begin with the most general: the scalene trapezoid. Examine the parts as before: surface, perimeter, side (sides), angle (angles), vertex (vertices), diagonal (diagonals). Identify the two sides which can be bases. They are parallel. The other two can never be bases. Notice that in all of the parallelograms all of the sides served as bases. here, however, only two of the four sides can serve as bases.

Identify the longer (larger) base and the shorter (smaller) base. The other two sides which are not bases are called legs. (Recall the etymology and the story of the Greek table)

Since the number of bases has decreased in relation to the number of sides, the number of heights will also decreases. Identify the height as before, saying "height" when the plumb line coincides with the first top vertex, whispering "height, height" as it moves along, saying "height" as it coincides with the second top vertex and silence as it continues along. Repeat with the other base. How many heights are there? Only one, for they are all equal.

Identify median 
- the line segment which connects the midpoints of the two legs; and joining line of the midpoints of the parallel sides 
- the line segment which connects the midpoints of the bases.

Identify the nomenclature of the isosceles trapezoid in the same way. Notice that the legs are equal. The joining line of the midpoints of the parallel sides corresponds to one of the heights.

Identify the nomenclature of the right-angled trapezoid. One of the legs is perpendicular, thus it corresponds to the height.
The nomenclature of the obtuse-angled trapezoid is the same as before. Since one height is external, identify the heights for the rhombus.

Note: For the following presentation, the common quadrilateral was enlarged so that the longest side was 20cm. #1 - plain, #2 - one diagonal drawn on each side, #3 - cut along one diagonal resulting in two triangles with the black line along one side each.

(Common Quadrilateral). Identify each part as before: surface, perimeter, side (sides), angle (angles), vertex (vertices), diagonal (diagonals) (use #2). seeing that nothing is new, the teacher asks after identifying each part - "Where's the difficulty"? 

Stand up the figure. Where is the base? Is it this? Try all four of them. We'll realize which is the base when we find the height. Discover that each base has two different heights. It can't be! The secret of this figure is that it has no base and therefore it has no height.
(Solving for the area). When we calculate the area we must multiply the base times the height. How can we calculate the area of this figure which has no base and no height? This is where the triangle becomes important. We must decompose the quadrilateral into triangles by tracing the diagonal (use #2, then #3, superimpose the triangles on the quadrilateral to show equivalence). With these triangles, we have no problem calculating the area because each triangle has as many heights as bases. Calculate the area of each and add. 

We can conclude that the common quadrilateral has neither a base, nor a height, thus the diagonal has an important role. When we must calculate the area of such a figure, we must divide the figure along the diagonal.
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	xPolygons With More Than 4 Sides

	A. Parts of Polygons
Materials: Box of sticks, supplies "Polygons" drawer of the geometry cabinet
Presentation: Invite the child to choose any five sticks and write them. The teacher arranges the figures so that it is convex. Ask the child to count the sides and identify the figure - 5, pentagon. Give the nomenclature as before: surface, perimeter, side (sides),angle (angles), vertex (vertices). In order to make this figure stable the teacher attaches one stick and identifies it as a diagonal. Since it still is not stable, the teacher adds a second diagonal.

Notice that a triangle did not met a diagonal. The quadrilateral, having four sides (one more than the triangle) needed one diagonal to make it stable. This divided the quadrilateral into two constructive triangles. Here with a pentagon (having one more side than the quadrilateral) two diagonals were needed. They divided the figure into 3 constructive triangles. For a hexagon 3 diagonals will be needed.

Identify one angle. Next to it is a successive angle. The next angle is not successive, and there is a diagonal. The next angle is also not successive, and there is the other diagonal. The last angle is a succeeding angle. A line connecting this (first) angle with a succeeding angle is merely a side. However, a line connecting this angle with a non-successive angle forms a diagonal.
Examine the other angles as a focal point. Each time it is possible to make two diagonals, and three constructive triangles.
Take the polygon from its drawer. Ask the child to identify it and its particular characteristic - pentagon, having equal sides (turn it in its frame as proof) thus, a regular pentagon.

Repeat the nomenclature as before; everything is the same. There are three other parts which only pertain to the regular polygon. This knob indicates the center of the figure. A line form the center to any vertex is a radius. Even a line from the center to the midpoint of any side is also a radius, but it has a special name: apothem. Three period lesson.

Examine the other figures as well.

Exercises: 
classified nomenclature
command cards
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	xComparative Examination of Polygons

	
(Triangle). What is the distinctive characteristic of the triangle? what did it have? Everything. This is because the triangle is the constructor. The only thing the triangle did not have was a diagonal. It does not need a diagonal because it is stable without it. All of the angles are successive.

(Quadrilaterals). The common most fundamental characteristic of quadrilaterals is their diagonal. All, except the common quadrilateral, had bases, and therefore they had heights. the common quadrilateral has no base, thus no height. It had to be considered in terms of the triangles formed by the diagonal.

(Polygons). The polygons have no base and therefore, no height. The regular polygon had improved nomenclature - center, radius, apothem. this is true also for the equilateral triangle and the square, because they are also regular polygons.
A. Study of the apothem
Intuition of the apothem
This was given when the child studied the Parts of the Polygons. The regular polygons had three elements of nomenclature that was characteristic: the center, the radius, and a special radius called the apothem. The presence of two different radii indicates that two circles are also involved.
Identification of the apothem

Materials: 
Geometry cabinet: presentation tray, drawer of polygons Inset of a triangle inscribed in a circle
Fraction inset of the square divided into four triangles
A special cardboard square (10cm diagonal and black dot in center
Box, entitled "Apothem", containing white cardboard circles, each radius is drawn in red and each circle corresponds to a regular polygon:

Polygon Sides Radius

triangle 3 approx. 2.5cm
square 4 approx. 3.5
pentagon 5 approx. 4.0
hexagon 6 approx. 4.3
heptagon 7 approx. 4.5
octagon 8 approx. 4.6
nonagon 9 approx. 4.7
decagon 10 approx. 4.8
Note: All of the measurements of the radii are irrational numbers with the exception of that which is relative to the equilateral triangle. In that case, the radius of the inscribed circle is half of the radius of the circumscribing circle. Theorem: The area of the circumscribing circle is four times the area of the inscribed circle.
Note: The two new figures of the equilateral triangle and the square are introduced, because those same figures found in the presentation tray have sides of 10cm. Therefore it is impossible for the two original figures to be circumscribed by a circle which has a diameter of 10 cm.
Presentation: Recall the special nomenclature pertinent to regular polygons: center, radius, and a special radius called the apothem. Now we'll find out what's special about the apothem. The child may remember these three elements of nomenclature, but at this point he hasn't understood the reasoning.

Present the inset of the equilateral triangle inscribed in a circle. remove the circle insets and invite the child to classify the triangle. Verify that the sides are equal by tracing one side on a piece of paper and matching the other sides. Isolate the triangle at center stage left and get rid of the frame and circle segments.

Bring out the square fraction inset. Lift our two opposite triangle pieces and juxtapose to form a square. Take the red cardboard square. Superimpose the fraction pieces to demonstrate congruency. Place the cardboard square next to the triangle and get rid of the inset, since these constructive triangles have served their purpose.

Bring out the drawer of polygons and ask the child to line up the polygons (in a row with the triangle and square) naming them as he goes along. 

We have eight regular polygons, all of which have a center, a radius, and a special radius - the apothem. Since there are two different radii, there must be two different circles. Bring out the circle inset and frame from the presentation tray, and place it above the series of polygons. This is the first of the two circles. this series contains the second circle. Invite the child to put the circles in order from smallest to largest. Place each circle under a polygon. How interesting! The first circle is common to all polygons, but each polygon has its own circle. The triangle has this circle (indicate the circle inset) and this smaller circle (indicate the corresponding small cardboard circle) the square has ... and so on, for all polygons.
[top]




B. The polygon in relation to the first circle

Remove the inset of the circle from its frame. Place the inset of the triangle in this frame. The circle holds it inside (circumscribe: Latin circum - around, scribere - write or draw). Place the two insets back to back to see this in another way. Hold the two insets back to back using two fingers of one hand on the little knobs. We can see that the center of the triangle coincides with the center of the circumscribing circle.

Place the triangle inset in the circle frame. Now we can try to find the radius. It is the segment which joins the center to one of the vertices. This radius is also the radius of the circumscribing circle. The teacher identifies the radius of the figure, then removes the triangle from the frame, inviting the child to identify the radius without the help of the circle. 

[top]


C. The polygon in relation to the 2nd circle
Take the white cardboard circle and superimpose it on the back of the triangle inset so that it is inscribed. Then rotate the circle so that the radius is perpendicular to the side of the triangle.

Because this line segment is perpendicular, it meets the midpoint of the side. This circle is inscribed by the triangle; it is contained within the triangle. Hold the triangle and circle as before to show that the centers coincide.

This line segment which joins the center of the polygon with the midpoint of one of the sides is that special radius called the apothem. It is also the radius os the inscribed circle.

(apothem: from a Greek verb meaning to bring down, thus the line segment is brought down (dropped) from the center of a regular polygon to one of its sides)

Ask the child to identify the apothem without the aid of the circle.
[top]


D. The polygon in relation to the 1st and 2nd circles simultaneously

We've seen that the triangle is embraced by the first circle and it embraces the second circle. Place the inset in the frame wrong side up (extend off the edge of a table so the triangle is flush with the frame) and place the small circle on the triangle inset. We know that the three centers coincide; they have become one center.

Repeat the same procedure with all of the other seven polygons. After we can bring these facts to the child's attention: 1) Each time the number of sides of the regular polygon increases, so too, the size of the inscribed circle increases. 2) If the size of the circle increases, the length of the radius increases. The length of the radius varies from a minimum of 25 cm for the equilateral triangle to a maximum of just under 5 cm for the decagon. 3) As the number of sides of the regular polygon approaches infinity, as the inscribed circle becomes larger, the radius approached 5 cm the radius of the circumscribing circle. 4) When the inscribed circle of the polygon coincides with the circumscribing circle of the same polygon, the polygon no longer exists; it is identified in the circles. 5) The two radii coincide, because since there is no polygon; the circle are one. The radius of a circle can be regarded as the apothem of a polygon having an infinite number of sides,

Age: after 9 years
[top] 

	xFrom Irregular to Regular Polygons

	
Materials: Box "regular and irregular polygons" which contains:
Six special measuring angles: 1080, 1200, 1280 (approximately), 1350, 1400, 1440
Reading labels "equilateral and equiangular polygon", non- equilateral and non-equiangular polygons, equiangular but non- equilateral polygon, equilateral but non-equiangular polygon, regular polygon, irregular polygon, non- equilateral polygon, non-equiangular polygon, equilateral polygon, equiangular polygon
Cardboard sticks (40 cm long) with a hole at one end only
Box of sticks and supplies, measuring angle
Geometry cabinet drawer of "polygons
Cards for 5-10, which have the greek roots on the other side
Note: For the child to understand the characteristics which determine regularity or irregularity of a polygon, we must examine more than one family of polygons, since the triangle will not be sufficient.
Presentation: Invite the child to build an acute-angled scalene triangle or any other triangle he'd like except the equilateral triangle. Classify the triangle which was constructed by calling attention to whether its sides or its angles are equal: Are the sides equal? no, this is a non-equilateral triangle. (write the label in black: non-equilateral triangle) Are the angles equal? no, this is a non-equiangular triangle. (write another label)

Invite the child to construct with the sticks the triangle which he was forbidden to build before. Ask the same questions and write the two separate labels: equilateral triangle, equiangular triangle. Now each triangle has two labels: one which refers to the classification of its sides and one which refers to its angles. Read them. We want to make one label for each. Tear off "triangle" on one of them. Read what's left. We need the word "and". Write "and" in red and place it between the adjectives. Repeat the experience for the second. Now we can make new labels for each one (no color distinction for and anymore). Read the labels. "non-equilateral and non-equiangular triangle", "equilateral and equiangular triangle". All of the goodness is in one, while all the badness is in the other. Two negative qualities give an irregular triangle. Two positive qualities give a regular triangle. Set these figures aside.

Invite the child to construct a common quadrilateral, any trapezoid, or a common parallelogram. As before classify the figure by asking: Are the sides equal? Are the angles equal? After each answer, make the appropriate classification and write a label. Unite the two adjectives with and in red as before. Read the parts and rewrite a new label (all in one color): non-equilateral and non-equiangular quadrilateral.

Invite the child to build a rectangle. Use the measuring angle to verify that one angle is a right angle, therefore all are right angles. Classify the figure as before writing two labels. Notice that this is the first time a figure has one positive quality and one negative quality. Tear off the adjectives and eliminate one noun. Decide on which one shall come first. Read the two adjectives; we need the work but this time. Write but in red and place it between the adjectives. Read it and write new label: equiangular but non-equilateral quadrilateral.
Note: this use of conjunctions and, but will aid the development of set theory.

Invite the child to build a rhombus. Proceed as before. The label reads equilateral but non-equiangular quadrilateral.
Lastly the child constructs a square. Proceed as before. Equilateral and equiangular quadrilateral.

Align the four quadrilaterals and their labels in the order of which they were presented. Two negative qualities produce an irregular quadrilateral. One positive quality and one negative quality still produce an irregular quadrilateral. Two positive qualities produce a regular quadrilateral. Bring to the child's attention the progression towards perfection.

Place the six figures just built - triangles and quadrilaterals on the table with labels. In both families we have the two extremes. Each family has two opposite figures: one has two negative qualities, the other has two positive qualities. But only the family of quadrilaterals has two intermediary figures which constitute the passage from imperfect to imperfect.

At this point we can begin to make some generalizations: a polygon is regular when it is equilateral and equiangular at the same time.
Game: Examine the quadrilaterals. Why is this common quadrilateral not regular? This rectangle seems to be regular for it has equal angles. (mention this positive quality first to show the move toward perfection) Have the child find the bad quality - the sides are not equal. The sides are equal in pairs. That's not enough. repeat the procedure with the rhombus. Finally the last one is perfect; it is regular.

Ask the child to choose five sticks at random and join them. Identify the figure: 5 sides, pentagon. As before classify the figure, write the two separate labels. Unite the qualities with and in red. Rewrite the label non-equilateral and non-equiangular pentagon". Invite the child to unite five equal sticks and arrange the figure so that it is not equilateral. Proceed as before. The last label will read equilateral but non-equiangular pentagon.

The third figure which must have the opposite qualities of the last, will be more difficult to build. Present the special measuring angles. Using the drawer of pentagons insets, we can find the figure to go with each measuring angle. Lay out the numeral cards 5-10 in a row. Take any measuring angle and place it on the back of an inset, matching the angles. The child copies this information into his notebook.

Remove all of the measuring angles except that which pertains to the pentagon. Ask the child to take these sticks: red(8), black(10), brown(12), pink(16), blue(18); and unite them :red-pink-brown-black-blue. Check their angles with the pentagon measuring angle. Classify this figure as before. equiangular but non-equilateral pentagon. Ask the child to unite five equal sticks. Control the angles with the appropriate measuring angle. Proceed as before. equilateral and equiangular pentagon.

Observe that in the family of pentagons, the same thing happened as with the family of quadrilaterals. There are two extremes and two mediators. Identify the irregular and regular pentagons. The two intermediary figures demonstrate the passage from imperfect to perfect.

Proceed as before. In the examination of polygons having more than four sides, we use one with an odd number of sides and one with an even number of sides.

Notes: When the child is working alone, he may not remember the colors of the sticks for the third figure, or their order. For this reason the cardboard sticks are provided.

Unite two sticks and use the measuring angle to form the desired angle. As each successive stick is added, check the angle formed with the measuring angle. For the last side, try the sticks from the box. If one cannot be found, measure off a cardboard stick. Cut it, punch a hole and attach it. Check the angles with the measuring angle.
[top]




Materials for Exercises: 
additional inset figures 
envelope containing cardboard figures 
"convex polygons"
3 irregular pentagons, hexagons, octagons, nonagons,decagons: one for each of the irregular classifications 
box "regular and irregular polygons"
several cords or circumferences (for making sets) 

First Exercise: Ask the child to read the four long labels; observe that "polygon" has ben substituted for the name of the family (triangle, quadrilateral, etc.)

Isolate two of these labels "equilateral and equiangular polygon", non-equilateral and non-equiangular polygon". Take all of the triangles (from cabinet and from the box of additional insets) and classify them, making two groups under these two headings. Since two equilateral triangles are identical, one can be removed. Also one of the acute-angled scalene triangles can be eliminated.
Bring out the two smaller reading labels - irregular polygons and regular polygons and place them accordingly above the headings. The child can copy this into his notebook, tracing the insets, or substituting the reading labels and making two lists.

Proceed with the family of quadrilaterals. This time all four long labels will be needed. Place them in order: negative, 2 mediators, positive. The child takes out all of the insets and classifies them. (eliminate one square) Place the two small labels above the headings. "Irregular polygons" includes the first three columns.

Proceed with the pentagons. The four labels are needed again. But there is only one inset. Classify it. Bring out the envelope of Convex Polygons, and invite the child to find more pentagons. Use the measuring angle to verify classification. Place the two small labels above the headings. Proceed with the other polygons.
Second Exercise: (Triangles) Place the two circumferences on the table side by side. Place the labels "equilateral polygon", equiangular polygon" in one circle, and "non-equilateral polygon", "non-equiangular" in the other. Invite the child to place all of the triangle insets in their respective places (again eliminating the duplicates). Only one is perfect. Superimpose the two circumferences to make an area of intersection. What triangle has the qualities of both sets? None. Why? Because there are no mediators in the triangle family. Place the labels "regular polygon", "irregular polygon" appropriately.

(Quadrilaterals) With the circumferences side by side, place the labels "equilateral polygon", equiangular polygon", one in each circle. Classify all of the quadrilaterals (excluding the duplicate rectangles). Only a few of our quadrilaterals have these characteristics. One figure is found in both sets - the square. Superimpose the circles and place one square in the intersection; eliminate the other. Place the labels "regular polygon" - in the intersection; "irregular polygon" - so that it touches both sets, though separately.
(Pentagons, etc...) Proceed as for quadrilaterals with other polygons.

The child copies his work by tracing the insets or substituting the names of the figures.
[top] 

	xConstruction of Polygons

	
Note: This activity pertains to all polygons.
Materials: Different colored drinking straws, scissors, yarn, Upholsterer's needle
Exercise: Following command cards, the child constructs the figures, using diagonals as needed for stability. For sides of equal length, the child should use straws of the same color.
[top] 

	xCircle - Level One

	
Materials: Box of sticks, supplies, board, red pen
Fraction insets of the circle; whole, half, one other 
Inset of the triangle inscribed in a circle
Two wooden circumferences (painted embroidery hoops of two different sizes, such that the sticks may serve as radii - large red hoop 20cm in diameter; small blue hoop 12cm in diameter)
[top]


A. Circle and its parts
Presentation: The teacher takes any stick and fixes one end to the board. remember that when we constructed an angle, two sticks were needed. Here, using one stick we'll construct something different. Place the red pen in the hole and draw a circle. Indicate the internal part: this is a circle. It is the part of a plane enclosed by a very special closed curve. Identify the center of the circle (tack) and the radius (radius: Latin rod, spoke of a wheel) of the circle (stick). All of the points that make up this red line are the same distance away from the center. This is why this special closed curve line is called the circumference (circumference: Latin circumferre, to carry around, circum, around, ferre, bear).

Ask the child to take another stick identical to the first. Fix them together at the center and arrange them so that they are opposite rays. This is the diameter (diameter: Greek dia, through, metron, measure).

Take the longest stick from the box and place it so that it touches the circumference at its two ends. This is a cord (cord: Latin chorda, cord, string).

Each of the two parts of the circumference divided by this cord is an arc. This small one is an arc (arc: Latin arcus, bow, arch); the large one is an arc.

The diameter is a special cord because it is the longest cord possible, and it is the only cord which passes through the center of the circle. The two arcs which result from the division of the circumference by the diameter are special arcs. They are called semi-circumferences (semi: Latin half). Three period lesson.

Bring out the fraction insets and line them up left to right: whole, some fraction (3/3), halves, and the inscribed triangle. Take out the whole inset and place it on the table. This is a circle. Take out the 1/3. This is a sector (sector: Latin a cutter) of the circle. A sector is what we call each of the two parts into which the circle is divided by the two radii. Any of our fractions can serve as a sector. Perhaps the 1/2 could even be considered as a special sector. Remove the 1/2 inset. This is a semi-circle. It is exactly one-half of the circle. 
Remove one of the "moon" pieces of the last inset. This is called a segment (segment: Latin secare, to cut) of the circle. A segment is the name given to each of the two parts resulting from the subdivision of a circle by a cord. Perhaps even the semi-circle can be considered as a segment.

Redefine sector and segment a little more precisely. This is a sector. It is formed by two radii, two radii which are not prolongations of each other. Thus the semi-circle cannot be called a sector. The segment is formed by a cord, but by a cord which does not pass through the center of the circle, that is a cord which is not the diameter. Thus the semi-circle cannot be called a segment either, but it is the limit of these two figures.

The ring of a circle is the last part of the plane enclosed between two circumferences having the same center. Three period lesson. Classified nomenclature and commands.

Age: Seven and a half years
[top]


B. Relationship between a circumference and a straight line
Presentation: Place a stick (straight line) and the large wooden circle (circumference) on opposite sides of the board. Move one toward the other, but do not let them touch. The teacher says, "external, external, external..." The straight line is external to the circumference and vice versa. repeat the experience this time sopping when the stick touches the circumference ... external, tangent (tangent: Latin tangere, to touch). The line and circumference are touching each other at one point.

Repeat the experience, this time placing the stick on top of the circumference ... external, tangent, secant (secant: Latin secans < seca, to cut). The line cuts the circumference at two points. Identify the two points of intersection. Three period lesson.

Note: Even if a short stick were used, the secant would intersect the circumference at two points, because the stick represents a straight line which goes on in both directions to infinity.

Exercises: Classified Nomenclature and commands
[top]


C. Relationship between two circumferences
Presentation: Place the two circumferences on the board and repeat the experiences of the previous presentation:

external - having on points in common
tangent - having one point in common
secant - having two points in common

Return the circumference to the tangent position. Ask the child: is the one outside or inside the other? Flip one circumference over to show that they would look like otherwise. So we can say that this circumference is external; we can also say that it is tangent. These two adjectives (external, tangent) refer to the same circumference. When we combine the qualities, one adjective becomes an adverb (externally, tangent).

Flip one circumference over. They are still tangent, but now one is internal. Repeat the transition of the adjectives. These circumferences are internally tangent.

Return to the first position and repeat the experience using these new names ... external, externally tangent, internally tangent. Move the inner circumference so that it is neither tangent nor concentric. This circumference is internal. It is inside the other, but there are no points in common.

Move the inner circle so that the circumferences are concentric. Use two small sticks to check that one is equidistant from the other all the way around. This is a particular type of internal, called concentric (concentric: Latin con, with, together; center). They have the same center. Concentric circles are a subset of internal. Do a three-period lesson.

Exercises: Classified nomenclature and commands

Age: Eight years
[top]




D. Relationship between a circumference and a straight line 

Materials: 
...Box of sticks, board, measuring angle
...Circumference
Presentation: Place the circumference and a long stick to serve as the straight line on the board. Allow the child to experiment to find the stick which may serve as a radius for this circle. The child chooses the one that looks right.

Move the straight line towards the circumference, external, external ... We will use the radius to put this straight line in relation to the circumference. We'll choose a radius which is perpendicular - use the measuring angle to check. Place one finger on the straight line where a perpendicular would intersect, and place another finger on the center. When the straight line is external, the distance between the center and the straight line is greater than the radius.

Move the straight line to the tangent position. Recall the first level definition: they touch at one point. When the straight line is tangent, the distance between the center and the straight line is equal to the radius.

Repeat the experience ... external, tangent, ... secant. Recall the first level definition. When the straight line is secant, the distance between the center and the straight line is less (shorter) than the radius.

Later we'll learn how to write the symbols for these positions.
Age: Nine years
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E. Relationship between two circumferences
Materials: 
...Box of sticks, supplies and board
...Two circumferences
...Two charts - Internal and Secant
Presentation: Place the two circumferences on the board and ask the child to find the two sticks which will serve as radii; place these in them appropriately. Use a long stick to align the radii in the same straight line. Remove the long stick.

(External) Place a finger on each center, to show the distance between the two centers. Is this distance equal to, greater than, or less than the sum of the two radii? Place two sticks like the radii, on the board end to end to allow the child to visualize the sum of the radii. The distance is greater; by how much? find an appropriate stick.

Two circumferences are external to each other when the distance between the two centers is greater than the sum of the radii.
This can be expressed in symbols. The symbol /d/ will represent the distance between the two centers (since d is used for diameter, we'll use a small delta ). R will represent the longer radius and r will represent the shorter radius.

Thus > (R + r), or we can consider the sum of the radii. Is it equal to, greater than, or less than the distance between the two centers? Less, so (R + r) < . The two statements say the same thing, but different symbols reflect the different order of the terms.

(Internal) Refer to the chart. Placing a finger on each center, the distance between the centers is shown by the green line segment. The radii are shown side by side on the chart, but the sticks may be superimposed to leave a portion of the longer stick visible as the difference. Look at the chart. Is the distance between the centers equal to, greater than, or less than the difference between the radii? Formulate a statement about internal circumference and write the symbolized form. < (R - r) and (R - r) > .

(Externally tangent) Ask the child to place the two circumferences together again using the long stick to align the radii. Place the two extra sticks end to end to show the sum of the radii. Is the distance between the two centers equal to, greater than, or less than the sum of the radii? Formulate a statement and write the symbols. = (R + r) and (R +r) = .

(Internally tangent) Invite the child to position the circumference accordingly; the radii should be superimposed. Place the two extra sticks to demonstrate the difference between the radii. Ask the question as usual, formulate a statement and write the symbols. = (R - r) and (R - r) = .

(Secant) Refer to the chart. This time we need two series of extra sticks. Place out a pair to represent the sum and a second pair to represent the difference (Notice in all other cases we used one or the other). Begin with the sum. Ask the question, formulate a statement and write it in symbols in the two ways. < (R + r)

Discard the sticks for the sum. (R + r) > 

Consider the difference the same way. > (R - r)

Using these four statements we can combine them (R - r) < to make one: (R - r) < < (R + r) or (R + r) > > (R - r) .

(Concentric) Fix the two radii to the board with an upholstery tack and position the circumferences concentrically. Invite the child to use two fingers to show the distance between the two radii. the two fingers are at the same place; there is no distance. Recall the meaning of concentric. = 0, which means there is no distance. Three period lesson. Classified nomenclature and command cards.
Age: Nine years
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	xIntroduction to the Material - Squares

	
Materials: 
Insets of the fractional parts of the square
Geometry charts
Presentation: Bring out the insets arranging the frames in two rows with the whole inset centered at the left between the two rows.
Isolate the frame and inset of the whole. The child identifies it: square, whole. Continue bringing forth inset one at a time, identifying each: the number of equal parts, how the whole was divided each time. After identification of the halves, present charts 1 and 5. After the fourths have been identified, present charts 2 and 6. The eighths (rectangles) were formed by the division of each small square (1/4) by joining the midpoints of two opposite sides. The eight small triangles were formed by the two diagonals and the lines joining the midpoints of the opposite sides. 

Note: If the two insets of the fourths were transparent, and were superimposed, the resulting lines would be those of the eight triangles.

Remove the 2/8 rectangles and 4/16 squares to show that the sixteenths were formed by joining the midpoints of the other opposite sides. This is a repetition of the passage from halves to to fourths. Likewise, use 2/8 triangles and 4/16 triangles to show that the sixteenths were formed by the other diagonal. Again this is a repetition of the passage from halves to fourths.

Note: For this presentation it is important that the pieces are arranged in the inset frame, just as they are shown on charts 1 - 4. Any arrangement showing an inscribed square is incorrect at this stage.

Identify the value of the pieces of each inset: whole, halves, halves, fourths, fourths, etc... Demonstrate that the pieces are equally divided by superimposing them back to back. Present charts 7 and 8.

Isolate the whole and the quadrilateral fractions. Identify the shape of the whole. Find the others that have the same shape. Identify the shape of the half. find the other having the same shape. Note that the shapes alternate: square (1), rectangle (1/2), square (1/4), rectangle (1/8), square (1/16).

Isolate the whole and the triangular fractions. Recall the shape of the whole. Identify the shape of the half and the others in order. Classify each triangle. All are right-angled isosceles triangles. Present charts 3 and 4. demonstrate the relationship between the lines of the figures using the arrangement pictured. As always, begin with the whole, and add one piece at a time. 

· The side of the square is equal to one of the equal legs of the isosceles triangle (1/2). 
· The equal side of the 1/2 triangle is equal to the hypotenuse of the 1/4 triangle. 
· The equal side of the 1/4 triangle is equal to the hypotenuse of the 1/8 triangle. 
· The equal side of the 1/8 triangle is equal to the hypotenuse of the 1/16 triangle.
Exercises: The child may show that the patterns demonstrated here go on infinitely, with regards to subdivisions, the shapes formed (alternate squares and rectangles), and the relationship between lines in the triangles. The child may make copies of the geometry charts.
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	xPresentation of the Material - Triangles

	
Materials: 
Insets of the fractional parts of a triangle
Geometry charts... triangle 1,2,3,4

Presentation: Bring out the four insets. Identify the whole triangle: equilateral, whole, unit. Identify the others in the same way as before: the number of equal parts, how they were formed, the value of each resulting piece.

The same triangle was divided into two equal parts by the height. Each has the value of 1/2. the same triangle was divided into three equal parts by the angle bisectors extending to the point of intersection. Each has the value of 1/3. the same triangle was divided into four equal parts by finding the midpoints of the sides and joining them. Each has the value of 1/4.

Classify the triangles which have been formed: 1/2 - right-angled scalene triangle; 1/3 - obtuse-angled isosceles triangle; 1/4 - equilateral triangle. show chart 1.

Examine the relationship between the lines of the fractional triangles and the whole. Show charts 2,3 and 4.
Exercise: the child may construct his own charts.
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	xPresentation of the Concepts

	
1. Congruency
Materials: Metal insets of the square and its subdivisions
Presentation: Invite the child to bring out the material and arrange it properly. Take any two inset pieces from the same frame.

Note: Montessori suggests the fourths to be taken from the frame as pictured. .

Superimpose the two pieces. Indicating the surface, tell the child that every point of one figure corresponds to a point on the other figure, that is, they can be superimposed perfectly. (The Norwegians say that one "answers" the other, rather than on "corresponds" to the other) This is a special quality that these two figures have. We can say that one is congruent to the other.
Repeat the experience with the other fractional divisions.
[top]


A. Similarity
Materials: 
Metal insets of the square and its subdivisions
A red cardboard rectangle 20 x 2.5 cm
Metal insets of the triangles
Geometry charts: S9, T5
Presentation: Discuss the meaning of the word similar and give examples of things resembling one another, having the same traits, but different in other ways (similar).

Isolate the whole inset and the inset of the square 1/4. Ask the child to identify their shapes. They have the same name. are they congruent? Superimpose to find out. Hold up the small square while the child walks away with the large square to see that they look alike.

These two figures are similar. All squares are similar simply by their definition.

Isolate the 1/2 and 1/8 pieces and identify their shapes as rectangles. They have the same name. Recall the nomenclature - sides, base, height, angles. superimpose the angles to show that the angles are equal. Place two small rectangles adjacent to the larger rectangle to show that the base of the larger is twice the base of the smaller. Repeat the experiences in reference to the height. Thus, these two rectangles are similar to each other because their angles are respectively equal and the sides are in proportion to one another: the base and height of the larger are double those of the smaller.

Here the name was not sufficient to determine similarity, nor are equal angles sufficient; the sides must be proportionate.
Repeat the experience with two triangular fractional pieces: 1/2, 1/8. Classify them. Superimpose the angles. Use an extra 1/8 to demonstrate that the sides are proportionate.

Note: All square by their definition are similar to each other. Rectangles however must have proportionate sides. Compare the cardboard rectangle - 20 x 2.5cm to the 1/2 rectangle inset to see the extreme case of two non-similar rectangles. The base of the metal rectangle is twice the base of the other, while the height of the metal rectangle is half the height of the other.

(Triangle) Isolate the 1/2 triangle inset and classify it. Draw another right-angled scalene triangle which is not similar to show that the classification is not enough to render them similar. bring out a 1/3 inset and classify it. These two triangles (1/2 and 1/3) have nothing in common.

Show that the small triangle (1/4) which has the same name as the whole triangle (and thus, has equal angles) also has proportionate sides. Like the square which is the perfect quadrilateral, the equilateral triangle, which is the perfect triangle, is similar to all other equilateral triangles by its definition.
[top]


B. Equivalence
Materials: 
Metal insets of the square and its subdivisions
Geometry chart: square 10 (5 and 6 for review)
Presentation: Isolate the whole and the rectangle halves and triangle halves. Recall the value of each inset. Remove the whole inset from its frame and try to place the two equal rectangles in its frame; these two squares are equal. Repeat the procedure for the triangle pieces. Refer to chart S5. All three squares are equal to one another.

Identify 1/2 of the square; a rectangle; also a triangle. Isolate one rectangle and one triangle. Each piece has the value of 1/2 of the same square. Are they congruent? Are they similar?

When two figures do not have the same shape, but have the same fractional value; they are equivalent (equivalent: Latin aequus - equal; valere, to be worth). Repeat the experience with the fourths, eighths, and sixteenths.

If two figures have the same fractional value of the same whole, then one can be transformed into the other. Use the frame to transform the 1/2 rectangle into a 1/2 triangle. fill the space vacated by the rectangle with small pieces: 1/4 square, 2/8 triangles. Remove these pieces and arrange them on the table in the shape of the triangle.

Change the triangle into the rectangle, using the same smaller pieces and reversing the process.
Exercises: 
1. For each of the three concepts, ask the child to identify the insets that bear that relationship.
2. The teacher chooses an inset piece and asks the child to find a piece which is congruent (similar or equivalent) to it.
3. The child constructs his own geometry charts.
4. The child makes different shapes (). To find the value of the pine tree, place the pieces in an empty square frame. 1/2 + 1/4 + 1/8 + 1/16 = What will make the square complete? 1/16. Thus this shape is equivalent to 1/16 less than the whole: 15/16. Later, when the child has done addition with fractions having unlike denominators, the calculation can be done arithmetically.

Note: The village is formed with triangles and squares. Therefore the value of the village is 15/16 + 15/16 = 30/16 = 1 7/8. Each roof is equivalent to one whole.

Age: Nine years

Direct Aim: To furnish the fundamental concepts: congruency, similarity, equivalence.

Indirect Aim: To serve as a base for the following material - constructive triangles.
[top] 

	xConcepts in Action

	
Introduction: After the concepts have been introduced, we proceed to more advanced work in the study of equivalences, and the study of the relative value between geometric figures. For this work the constructive triangles are used.
Materials: 
Three wooden boxes: One triangular, two hexagonal
The triangular box contains ten pieces; the fundamental piece is the right-angled scalene triangle, 1/2 of the equilateral triangle. 
The larger hexagonal box contains eleven pieces; the fundamental piece is the obtuse-angled isosceles triangle, 1/3 of the equilateral triangle. 
The smaller hexagonal box contains eighteen pieces; the fundamental piece is the smaller equilateral triangle, 1/4 of the large equilateral triangle of the first box.
Other Materials: Colored paper, scissors, glue
Right-angled ruler, graph paper, compass
Inset of the equilateral trapezoid from 
"Additional insets"
Note: These materials are presented at two different levels, the first of which can be done in the Children's House as a sensorial exercise: One box is presented at a time. The child empties its contents, sorts the pieces by color and shape and unites the pieces along their black lines. The figures formed may be named at this level. Prior to the second level presentation in the elementary, make the box available to the children so that they may repeat the sensorial exercise and reacquaint themselves with the material.
[top]




A. Triangular box 

Presentation: The child empties the box, sorts the pieces and unites them as usual. They all make equilateral triangles. superimpose each equilateral triangle formed of several pieces on the grey unit triangle. Determine that the unit has been divided into 2, 3, 4 equal pieces and assign the fraction values to each piece. Determine how the unit triangle was divided in each case.

Isolate the two right-angled scalene triangles. As the child did with the blue triangles of the first series, he tries to form all of the figures possible with these two triangles. Excluding the original equilateral triangle, there are five: rectangle, two different parallelograms, obtuse-angled isosceles triangle, and a kite. The child names the figures as he makes them.

Determine equivalence between each figure and the unit triangle. superimpose the two triangles on the unit triangle to show congruency, and to recall their value. Any other figure made with these two halves has the same value as the unit, and is equivalent. Show that the figures are equivalent among themselves.
rectangle = equilateral triangle
> therefore: rectangle = kite
kite = equilateral triangle
As a parallel exercise, the children may trace the triangles onto colored paper, cut them out, construct the figures using a compass and ruler.

Next, we draw the child's attention to the relationships that exist between the lines of the equilateral triangle and those of the five figures. Then we examine the relationship between the lines of the five figures.

Recall the nomenclature of the equilateral triangle: side, base, height (shown by superimposing one-half) and semi-base. Be careful to position the parallelograms so that the height is represented by a side of the triangles which form it. Identify the properties of the kite.

Rectangle: base = 1/2 the base of the equilateral triangle
height = the height of the triangle
Parallelogram: base = the height of the triangle
height = 1/2 the base
side = side
Kite: longer side = height
shorter side = 1/2 the base
long diagonal = side
Note: In identifying the nomenclature of this figure, the child showed where the shorter diagonal would be. The characteristic of this figure is that one diagonal is the perpendicular bisector of the other. However, there is no relationship to be made with the short diagonal. Later the child may discover that this short diagonal is equal to the side of T2.
Obtuse angled isosceles triangle: base = twice the height
height = 1/2 the base
equal sides = sides
In examining the relationship between the lines of the various figures, paper figures must be constructed for each figure in order to leave the triangle free for use as a measuring instrument. Be sure that the child understands that the number of comparisons to be made will decrease with each figure: the first is compared with four others, the second with three, the third with two and the fourth with only one, the last figure.

Arrange the figures so that the key figure is isolated above the row of other figures. Place the triangle first on the key figure and name a line, then find the corresponding line on the figure below. Identify all of the relationships between the key figure and the first figure, then go on to do the same with the other figures in the row. After the possibilities of the first key figure have been exhausted, one of the figures below becomes the key figure, and so on.
[top]


B. Large hexagonal box
Presentation: Empty the contents of the box. Sorting the pieces by their shape, the child observes that all but one of the pieces are congruent obtuse-angled isosceles triangles. Sorting them by color and uniting them as always, the child identifies the four figures: hexagon, triangle, rhombus, parallelogram.

Isolate the figures in yellow. Turn the three triangles of the hexagon over as if on hinges so that they are superimposed wrong side up on the unit triangle. Thus the three outside triangles are congruent to the unit triangle, and the hexagon is equal to twice the equilateral formed by the three yellow triangles nearby.

Bring back the other pairs of triangles and determine the value of each figure in relation to the unit triangle. Invite the child to experiment to try to find another figure - the arrowhead. determine its value. conclude: since the rhombus = 2/3 unit triangle, and the arrowhead = 2/3 unit triangle, then, rhombus = the parallelogram = the arrowhead.

Invite the child to experiment with three obtuse- angled isosceles triangles to make all of the possible figures. There are four: two concave pentagons, and obtuse-angled trapezoid and an isosceles trapezoid. The value of each of these figures is 3/3, thus they are equivalent to the unit triangle and equivalent to each other. Again the child forms the various figures by tracing, cutting, pasting or drawing.

As before, the lines of the various figures are compared first with the guide triangle, then among themselves. the same is done with figures formed of three triangles.

Form the hexagon again, observing that the inscribed figure is 1/2 the circumscribing figure. The three black lines of the hexagon are special diagonals (recall how diagonals are formed). These connect a vertex with the first non-successive vertex it meets.

At this point we examine the equivalence between one figure (hexagon) and the sum of several congruent figures (rhombi). Isolate the hexagon and the triangle (the figures formed by the yellow pieces). Open the hatch of the hexagon and remove the inscribed triangle, replacing it with the triangle made of three parts, and reclose the hatch. Notice that the hexagon still has the same value, though it was made of four pieces and is now made of six. Divide the hexagon into three rhombi to show that this one figure is equivalent to the sum of these three congruent figures. 

As usual, examine the relationship between the lines of the hexagon and the equilateral triangle; the lines of the hexagon and those of the rhombus; the lines of the rhombus and the equilateral triangle (the diagonals are the only lines considered).
Note: This first hexagon will be called H1. The unit triangle is congruent to that of the first box and therefore is called T1. Here we have found that T1 = 1/2 H1 and T1 is inscribed in H1.
[top]


C. Smaller hexagonal box
Presentation: At first the large yellow equilateral triangle and the six obtuse-angled isosceles triangles are removed from the box. The remaining triangles are all small equilateral triangles: six grey, three green, two red.

The child begins as usual. He names the figures he has formed: hexagon, trapezoid, rhombus. Then values are assigned to the three figures. Superimpose all of the triangles to show congruency. Reconstruct each figure and count the number of congruent triangles in each. The trapezoid has 1/2 as many pieces as the hexagon. Separate the hexagon to show two trapezoids. The rhombus has 1/3 as many pieces as the hexagon. Separate the hexagon into three rhombi. comparing the trapezoid to the rhombus, we see that the rhombus is 2/3 of the trapezoid, or the trapezoid is 3/2 of the rhombus.

Examine the relationship between the lines of the three figures. Note this time that the diagonals of the hexagon connect opposite vertices. classify the trapezoid. It is an isosceles trapezoid, but it is more than isosceles. Since it is made up of three equilateral triangles, it has an extraordinary characteristic. The longer base is equal to the equal legs. Present the inset and the label and add it to the other insets. Just as the equilateral triangle is an isosceles triangle plus, the equilateral trapezoid is an isosceles trapezoid plus. show also that bilateral symmetry exists in the hexagon and rhombus.

At this point the large yellow equilateral triangle and the six red obtuse-angled triangles are returned. When the child joins the triangles, three rhombi are formed. The triangles are stacked up to prove that they are congruent. Thus the three rhombi are congruent.

Put the three rhombi together to form a hexagon, thus the hexagon is formed of six equal triangles. Open the hatch of the hexagon and take out the three red triangles, replacing them with the yellow equilateral triangle. Observe that the equilateral triangle is inscribed in the hexagon. Superimpose the red triangles (that were just removed) on the yellow triangle to show that the equilateral triangle is made up of three red triangles. Since the hexagon is made up of six red triangles, the triangle is 1/2 of the hexagon.
Note: This hexagon will be called H2 and the large yellow equilateral triangle is called T2. Therefore T2 = 1/2 H2 and T2 is inscribed in H2. The smaller equilateral triangles which are congruent to the small equilateral triangles of the first box, and therefore have the value of 1/4 T1, will be called T3.
[top]


D. Relationship between T1 and T2
Presentation: With the pieces of the small hexagonal box, form various figure: hexagon, trapezoid, rhombus, and equilateral triangle and hexagon. Superimpose the grey hexagon on the red and yellow hexagon to demonstrate congruency.

Recall the value relationships already established. Since the equilateral triangle is equal to 1/2 the red hexagon, then it is also equal to 1/2 of the grey hexagon - or a trapezoid.

Bring from the triangular box the grey unit triangle (T1) and the four small red equilateral triangles (T3).

We know that the yellow triangle T2 is equivalent to the trapezoid which is 1/2 of the grey hexagon.

One of the triangles of the trapezoid is congruent to one of the small red equilateral triangles (T3). Superimpose them. Thus, one red triangle is 1/3 of the trapezoid.

The red triangle as we know is 1/4 of the large grey unit triangle (T1). Four of these red triangles are equivalent to the grey unit triangle.

Because the yellow triangle (T2) is made up of three of the small red triangles (T3), then we can say that the yellow triangle (T2) is made up of 3/4 (T3) of the grey unit triangle (T2 = 3/4 T1).
[top]


E. Difference and ratios between similar figures
Materials: From the triangular box : T1-grey equilateral, and T3- red equilateral
From the large hexagonal box: T1-yellow equilateral, three yellow obtuse-angled triangles having the black line on the hypotenuse
From the small hexagonal box: T2-yellow equilateral, six small grey equilaterals
Presentation: Identify the two triangles by the symbol names T1 and T2. Construct the hexagons and identify them H1 and H2.
If the child has not already discovered it, lead him to the conclusion that T1 - T2 = 1/4 T1. since T1 has the value of 4/4ths, and T2 has the value of 3/4ths, T1 - T2 is the same as saying 4/4 - 3/4 which equals 1/4. Set up the equation using the materials and card for the signs. T2 = T1 - T3.

This means that the small red equilateral triangle has the same value as the grey portion that is left showing when T2 is superimposed on T1 concentrically, or so that one vertex coincides. 

Knowing that H1 is the double of T1 and that H2 is the double of T2, we can conclude that their difference would be the double of 1/4 of T1, that is 2/4.
2T1 - 2T2 = 2 (1/4 T1) = 2/4
2(4/4) - 2 (3/4) = 8/4 - 6/4 = 2/4
Using T1 as the unit, assign relative values to the hexagons: H1 = 8/4 and H2 = 6/4 (T1 = 4/4). The large hexagon is 8/4 of the grey triangle; the small hexagon is 6/4 of the grey triangle. Therefore, the small hexagon is 3/4 of the large hexagon. Examine also the inverse of each of these statements as they are also true.

Since the ratio between the small triangle and the large triangle is 3:4, then the same relationship exists between their doubles, the small hexagon and the large hexagon ... 3:4.

Superimpose H2 on H1 concentrically with the sides parallel. the frame is the difference between the two hexagons, and, therefore, has the value of 2 1/4 equilateral triangles. Thus the difference between the hexagons is a rhombus. This is the arithmetical way of showing their difference.
[top]


F. Sensorial demonstration of the difference between H1 and H2
Materials: 
Triangle fraction insets: whole, 3/3
Constructive triangles: H1, H2 and two red T3
Presentation: verify the congruency between the triangle whole inset and the small red equilateral triangle, by superimposing the inset on the wooden triangle. In the same way, we can see that this metal inset is equal to 1/6 of the grey trapezoid.

Superimpose H2 on H1 so that the vertices of the grey hexagon coincide with the midpoints of the sides of the yellow hexagon. Place the 1/3 metal inset pieces over the yellow portion that remains visible. With this material we can cover only three places. However these three obtuse-angled triangles equal one small red equilateral triangle. Move the three thirds to the three remaining vacant spots; these three triangles correspond to the second small red equilateral triangle.
[top]




G. Equivalence between two rhombi 

Material: 
From the small hexagonal box: two red obtuse-angled and two red equilateral triangles
From the triangular box: grey equilateral, green right- angled
2/2 triangle fraction insets (optional)
Presentation: Join each pair of red triangles along the black lines to form two rhombi. Superimpose one rhombus on the other to show congruency. Demonstrate that each rhombus was divided into two equal pieces. Since each triangle has the value of 1/2 of the same rhombus, all of the triangles are equivalent.

Demonstrate this equivalence sensorially by superimposing the two metal inset pieces on first one red triangle, and then in another arrangement on the other.

We know that the red equilateral triangle has the value of 1/4 T1. Since the red obtuse-angled triangle is equivalent, it must also have the value of 1/4. Therefore, 1/4 + 1/4 = 1/2 T1. Superimpose the green right-angled triangle as a proof.

Following this line, the grey triangle can be constructed with two rhombi. Also this 1/2 is the difference between the two hexagons in the form of a rhombus or this right-angled scalene triangle.
[top]


H. Equivalence between the trapezoid and T2
Materials: 
From the triangular box: grey equilateral triangle
From the small hexagonal box: yellow equilateral, three green equilateral triangles
Presentation: Unite the three green triangles to form a trapezoid. Knowing that each of these small triangles is congruent to the red triangle having the value of 1/4 T1, we can say that the trapezoid has the value of 3/4 T1. The trapezoid can be superimposed on the grey equilateral triangle to show that 1/4 is lacking.

We've already seen that the red obtuse-angled triangle was equivalent to the small red equilateral triangle having the value of 1/4 T1. So each green triangle would also be equivalent to a red obtuse-angled triangle. These obtuse-angled triangles were each 1/3 of T2; T2 is composed of three obtuse-angled triangles having the value of 1/4 T1. Therefore T2 is equal to 3/4 T1. Having the same value of 3/4 T1, the trapezoid and T2 are equivalent.
[top]


I. Ratio between circumscribing and inscribed figures
Materials: 
From triangular box: grey equilateral, four red equilateral triangles
From large hexagonal box: yellow equilateral, three yellow obtuse-angled
From small hexagonal box: six grey equilateral triangles
Triangle fraction insets 4/4, square fraction insets 4/4 (diagonal)
Presentation: Superimpose the four small red equilateral triangles on the grey equilateral triangle. Remove the three triangles at the vertices, leaving two equilateral triangles.

An equilateral triangle inscribed in another equilateral triangle is 1/4 of it. The ratio is 1:4. Demonstrate the same experience using the metal insets. We can construct a chart to examine all regular polygons.
Number of sides Ratio
3 1/4
4 2/4
5 ? (between 2/4 and 3/4
6 3/4
etc... etc...
circle 4/4
Use the metal inset of the square. Recall the value of the triangular pieces. Put two pieces aside. With the remaining two form an inscribed square. The inscribed square is 2/4 of the circumscribing square.

We don't have any material to examine the pentagon. For the hexagon, form H1 and H2 and superimpose them to recall the ratio of 3:4.

We have no more materials to examine the others. When will the ratio be 4/4? When there is no difference between the circumscribing and inscribing figures, that is when the figures are circles. We can conclude that the ratio for the pentagon will be somewhere between 2/4 and 3/4, and for the septagon and all the others, the ratio will be between 3/4 and 4/4.
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	xTable of Contents:

	· Introduction to the Five Kingdoms 

· The Animal Kingdom 

· The Plant Kingdom

	xIntroduction

	
This work can be given as a simple lesson for younger children as an introduction to living things and then given again in an expanded version to older children before their introduction to the Classification Charts. Refer to the book Parade of Life, published by Prentice Hall, for detailed information you or your children may be seeking on these animals.
Materials: 
...Picture of a moneran, protist, fungus, plant, animal
Presentation:
How many living things do you think there are in the world? It would be impossible to say, so to make things easy, biologists have divided them into five big kingdoms.
Moneran:
Bacteria is the oldest living thing on the earth. Bacteria is in the Moneran Kingdom. Bacteria are tiny organisms that can only be seen by a very high-powered microscope. Blue green algae from the Archaic Era 3.5 billion year ago was actually a bacteria. There are helpful and harmful bacteria in the world. Helpful bacteria makes yogurt. One type of harmful bacteria gives you strep throat.
Protists:
Protists are one celled organisms. Like the bacteria, protists are very tiny and still need a microscope to be seen. Protists evolved about 1.5 billion years ago. The diatom, amoeba and algae are protists.
Fungi:
All fungi are organisms that cannot make their own food. They need to find energy and chemicals by growing on a source of food. Then they release chemicals on the food they are eating. This chemical works something like your digestive juices in your stomach. The chemical digests the food and the fungus re absorbs it. Yeast and mushrooms are types of fungus.
Plants:
Plants are organisms that can make their own food. They have lots of cells that are very specialized. There are many kinds of plants from simple to very complex. Some plants that you know are mosses, ferns, algae, flowering plants.
Animals:
Animals are many-celled organisms that have specialized tissues and organs. Animals must search for their own food. Their bodies will not manufacture it. There are many kinds of animals from very simple to very complex. They are divided into animals with a vertebral column or backbone and animals without one.
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	xInvertebrate - Vertebrate

	
Materials: 
...10 pictures of invertebrate animals 
...10 pictures of vertebrate animals
...Labels: Vertebrate Invertebrate
Note: suggestions for materials: safari cards, Audubon animals
Presentation: 
Imagine how you would look if you didn't have a backbone. 
We are all sitting here because of a support system in our bodies called a skeletal system. 
Put your fingers on the back of your head and run your fingers down the back of your neck and as far as you can. Continue on down to the bottom of your back. 
That is your backbone! 
Your backbone is one of the most important parts of your body. It is bone that is covering your central nervous system. This is a network that sends signals from your brain to every part of your body. Most animals have a central nervous system, but not all of them have a backbone. If animals have backbones, they are called a Vertebrate. If they do not have a backbone, they are called an Invertebrate. We are going to learn to look at an animal and tell if they are a vertebrate or an invertebrate. 
To make things very simple, these animals are always invertebrates: 
Sponges
Jellyfish , corals and their relatives.
Worms
Snails, slugs, animals with inner or outer shells.
Animals with jointed feet.; insects, lobsters, spiders, etc.,
Spiny skinned animals like starfish and sea urchins.
Animals with a backbone are the Fishes, Amphibians, Reptiles, Birds, and Mammals.
Lay out the labels: Invertebrate and Vertebrate.
Ask children to place the pictures under the label and check each other's work. As many pictures can be added as they want to do. 
Age: from 6-9
[top] 

	xClassified Nomenclature of Zoology (External Features)

	
Materials: For each group of animals in the division of vertebrates to be considered, there is a series of materials consisting of: Wall chart of labeled pictures. Folder with pictures, separate reading labels, definition cards, control booklet of pictures and definitions
All of the external parts are taken into consideration for one species of the fish, amphibian, reptile, bird and mammal.
A live animal should be used for the presentation if possible. If not, a large, beautiful, but accurate poster should be used.


Word level reading
Presentation: The fish is in its tank or bowl on the table.
What kind of fish is this? A goldfish.
What do you call that part where you find the mouth and eyes? The head.
Look at slits behind the eyes - they are called the gills.
What do you call those parts that are moving or sticking out from its body? fins. They are used for moving - the fish does not have legs. You use your legs for moving, but the fish doesn't have legs. 
The fins on either side closest to the head are called the pectoral fins because they are attached to the breast. Your pectoral muscles are like the fish's pectoral fins. They help you swim and lift.
The pair further back are called the pelvic fins because they are attached to the pelvis. Your pelvis is here....
The fin on the bottom and in the back is called the anal fin because it is attached to the anus. Your anus is your rear end. 
The fin at the very back is called the caudal fin. The fins on the top at the shoulders are called the dorsal fins. Those are all of the fins.
Not all fish have the same number of fins. It depends on where the fish feeds in the water. 
Look at the fish.... there seems to be a line which divides the fish in half. This is called the lateral line. 
Give three period lesson. Third period of this lesson: What do you call the fin that is attached to the pelvis?
Exercise: In the classified nomenclature folder are the pictures and labels only. The child lines up the pictures, reads the labels and matches. By now the child should be able to do this without direction. The wall chart is used for a control and for sentence level reading.
Age: 3-6 year old.
Aims: 
...To identify the fundamental external parts of animals that are familiar to the child. 
...To sharpen awareness and observation that is necessary to begin classification.
[top]




Sentence Level Reading 

Presentation: The child lays out the pictures and matches the labels appropriately. The child knows the parts of the fish by name. 
The teacher and children discuss where the fish lives and how it breathes. All living things, even plants need to breathe. Fish need to breathe, too. As we breathe air, the fish breathes air. It is a special kind of air that is dissolved in the water. Instead of lungs, which takes the oxygen and other gasses from the air , the gills take oxygen from the water.
Look at the head of the fish. Look at its special shape for going through the water quickly.
The lateral line lets the fish understand the movement and depth of the water around it. IT can tell whether it is in a current or in still water.
The pectoral and pelvic fins help the fish swim and stop when it needs to . They also give the fish stability. 
The dorsal fins help the fish swim and jump. 
The anal fins help it swim fast and keep its balance.
The caudal fin helps it swim rapidly and also lets it change direction.
(Look at fish for these movements)
Use three period lesson for this. Which fin helps it jump?, etc.
Exercise: The child takes the definition cards, reads them and matches them to the pictures. The definition book is used for control if necessary.
Activity: The children can draw pictures and write the definitions.
Age: 6
Aims: 
...to identify and define the fundamental external parts of animals that are familiar to the child. 
...to practice reading sentences.
...to organize thoughts and express them orally and written.
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	xFirst Knowledge of the Animal Kingdom

	 

Note: This material is preceded by the Classified Nomenclature of Zoology, external features and parallel to the Botany First Knowledge cards. 
Materials: Box containing pictures of animals (including all of the animals that will be pictured on The Animal Kingdom Charts), corresponding reading labels with the animals' names, and cards with stories about the animals.
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	xBody Functions of the Vertebrate Classes

	
Introduction:
This material parallels the Time Line of Life and shows the evolution of the vertebrate classes. This work along with invertebrate studies should go along with the Time Line. This work should be re-presented after the presentation of the Classification charts to show the breakdown of characteristics of these animals. Its format of movement, protection, support, circulation, respiration, reproduction will be seen over and over in the study of Montessori Biology in the questions we ask the children to ask themselves.


Materials: 
Either: Cards and an illustrated chart, one of each of the five classes, showing the 
Classified nomenclature: wall chart, folder with pictures, reading labels and definition cards, wall chart movement, protection, support, circulation, respiration, reproduction and control booklet.
Presentation: example: Amphibian
Using a chart and possibly a real amphibian, the teacher presents the internal and other parts of the amphibian. The child recognizes the animal, recalls the class: Amphibia and the meaning of the word: two lives. It is also one of the vertebrates.
Put the names movement, protection, support, circulation, respiration, reproduction 
down in front of a group of children. Place each picture one at a time under the correct function.
This is the amphibian moves. Some amphibians, the frog and toad, have very strong back legs.
The amphibian's skin is it's protection. It has to stay wet or it will die.
The amphibian has an internal skeleton. So do all the other animals in this material that we will study.
The amphibian has a three chambered heart. You may remember that a fish only had a two chambered heart. They must need more blood to circulate.
The amphibian has two different kind of respiration. As a tadpole, it has gills, but when it changes shape and craws up onto land, it develops lungs.
The amphibian reproduces by laying jelly-like eggs similar to a fish. It hatches out looking somewhat like a fish with a long tale. It develops legs and can crawl on the land. When it finds a mate, the female lays her eggs back in the water.
Go over the paragraphs describing the movement, skeleton, reproductive system, respiratory system, circulatory system and the skin or protection of the animal. Look at the age of the amphibian on the Time Line of Life and think of the fish that came before. What was different about the frog and fish? 

Age: 7-8.
Aim: To learn the characteristics of the five vertebrate classes.
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	xComparative Study - Five Classes of Vertebrates

	
Materials : The wall charts of the five vertebrate classes ( or one set of function labels from one of the classes) . The names fish (or Pisces), amphibian, reptile, bird ,, and mammal on the side going down. 
Presentation: 
Have a group of children lay out the loose pictures of the fish in order of their function. Next a group of children can lay out the pictures of the amphibian, then the reptile, then the bird, then the mammal.
The elements are compared, discussing the characteristics of each class and how this contributes to the evolutionary process. 
Example: The fish lay many eggs in the water and the young when they are born are abandoned. The same is true for the amphibians. The adult who lives on land, returns to the water to lay many eggs. The young are abandoned and live for a time in the water. 
The reptile also lays eggs and abandons them. But reptiles are land animals, so their eggs are laid on land. A damp environment is needed for the egg, so Nature put water inside the egg and a hard shell on the outside. The mother sometimes leaves the eggs on the sand to warm.
With birds, we see the first real caring for the young. The male and female sometimes build a nest together where the eggs are laid. The female keeps the eggs warm by sitting on them. When the eggs hatch, the male or the female goes to find food for the young. The young are taught how to search for food and to escape danger. The mammals do not lay eggs. The female keeps the egg inside her body and the young are born alive. The female cares for the newborn, and changes some of the blood into milk to feed it.
Aim: To examine the process of evolution through animal characteristics. To give children a sense of the process scientist go through in classification).
[top] 

	xClassification Game - Animal Kingdom

	
In what element do they live?
on the ground
in the water
in the air
What do they eat?
plants / herbivorous 
animals / carnivorous
plants and animals / omnivorous
How do they move?
by flight
by walking
by swimming
by creeping
in other ways
How do they care for their young?
they provide for their young
they take no care of their young
they suckle their young
How do they reproduce themselves?
born alive / viviparous
by means of eggs / oviparous
in other ways
How are they considered in relation to humans?
useful to humans
neither useful or harmful
harmful to humans
In what climatic regions do they live?
in a hot region / tropical zone
in regions which have changing temperatures / temperate zones
in regions that are very cold / frigid zones
Does this animal live in our region?
It did at one time.
It does not live in our region.
It does live in our region.
[top] 

	xFirst Classification of the Animal Kingdom

	
Introduction to the Animal Kingdom
Re-introduce the FIVE KINGDOM work that was the beginning of the child's work in Biology. 
In biology, we study life. Here we begin to study the animals in relation to the history of life, the story of evolution. Only after the children have understood the history of the past lives of these animals, can they fully understand and appreciate their existence.


Materials: 2 Animal Kingdom charts backed on red (which stands for animals): A blank chart, pictures and word labels. Folders for each of the phylum of the Animal Kingdom. 

Presentation:
These are all the kinds of animals that you already know, but now, they are arranged in a special order.. The further up we move on this chart, the more complex the animals become.
This is the Animal Kingdom. If you remember from the time line of life, the sea covered the world for millions of years. Think of yourself floating in a pool of water. Animals in the ocean did not need an inner skeleton when they first evolved. The sea held them up - or the sea provided them with calcium to build their own houses around their bodies. This first group of animals have no backbone. (make sure that with each presentation, you are referring to the time line - showing where the animal developed.
...The Porifera, or pore-bearers, are the sponges. They are very primitive animals that are like thousands of Protists all working together as one. They are able to glue onto the bottom of the ocean or on a rock and absorb the water as it washed over them. Organisms wash through them, are absorbed (or eaten) and the sponge squirts the water back out the top. I guess we can't really say that, as animals, sponges "go out looking for food", but luckily the food finds them because it grows where food is plentiful.
...The Cnidarians are stinging jelly-like animals. Cnidarian comes from a Greek word meaning stinging nettles. All Cnidarians have stinging cells called nematocysts. They sting their prey with the tentacles surrounding their mouth. Then it pulls its anesthetized prey into its mouth. The Cnidarians used to be called Coelenterata which means "stomach mouth" because they have only one opening into its body. It is all stomach! For the first time, animals seem to have some kind of symmetry or mirror image of itself on its body. The Cnidaria's symmetry is called radial symmetry. Hydras, Corals, Jelly fish, and Sea anemones are Cnidaria.
...When you think about a worm, you think about earthworms. But there are three phyla of worms: flatworms, called Platyhelminthes, roundworms, called Nematodes, and segmented worms, called Annelida. Planarians and tapeworms are examples of Platyhelminthes. Tricinella and hookworms are example of round worms. Earthworms and leeches and seaworms are examples of segmented worms.
...Mollusks are soft-bodied invertebrates. They have a thick, muscular foot. Some mollusks have a shell. All mollusks have a soft mantle which covers most of its body. The mantle produces the materials which make up the shell. There are three main groups of mollusks: snails and slugs: two shelled mollusks; and tentacled mollusks.
* At this point, you should do a three period lesson on the animals. You can work with the folders containing the classes of these three phyla. This is enough work for one day. Make sure the children understand about these animals. See if they would like to find out more about them before going on. 
...Arthropods are the largest group of animals. Arthropod means jointed feet. They include insects, crustaceans, and spider relatives. 
...Echinoderm means spiny skin. Even through echinoderms are called invertebrates, they do seem to have an internal skeleton of calcium plates. They also all have a five part body, a water vascular system and structures called tube feet. 
...The Chordate phylum must have three important characteristics at sometime during their lives: a nerve cord, a notochord and a throat with gill slits. There are four subphylum of chordates: Two without a brain: the tunicates and the cephalochordates.
Two with a brain: the Agnatha (no jaws - like the lamprey), and Gnathostomata, (jaws and paired limbs). The Fish, Amphibians, Reptiles, Birds and Amphibians are Gnathostomatas. 
*Introduce these animals with a three period lesson and their classes. At this point, when the child is able to understand and give a definition for each animal, she is able to work with the labels for a matching exercise.
The next step is working with the mute chart and folders without looking at the controls.
Aim: to understand the development of animals at a very basic level.
To understand which characteristics are common to these groups.
Age: 7-8
[top] 
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	xClassified Nomenclature for Botany

	
Introduction
Botany for the young child cannot ever be just the nomenclature material., Botany Cabinet or leaf identification from pictures. The work of the child should center around the outdoor work of plants for the four seasons. The child of this age is interested in all kinds of plants and especially experiments having to do with planting and growth.
Materials: Botany classified nomenclature, organized by plant, root, leaf, flower, fruit, seed for class study. Experiments and possibly Vital Functions of Plants can be included in this work.
Classified Nomenclature for Botany

Reading of words
example: The parts of a plant. The plant is alone on the table. The child identifies the parts of the plant. It is living. The child identifies the parts if he knows them. Otherwise, the teacher presents the names: roots, stems, leaves, and axis. The axis keeps the plant standing in the breeze. The concept of equilibrium is shown by the child leaning over and catching himself.
The child is given the cards and reading labels to match and uses the wall chart for control.
Reading of Sentences
example: The parts of a flower. Two flowers are on the table. One flower is broken in its parts. The child identifies the parts one by one attempting to form his own definitions. The teacher supplements these definitions with information on the function of each part.
Three period lesson. Each child within the group should be given the opportunity to form each definition verbally. After they know the names and function of each part, and can give definitions in their own words, they may match the pictures and labels to the definition cards using their own words.
Later the children can bring in their own specimens and identify and compare the parts.
Age 6-8
Note: In the classroom , we hope to give the child keys to explore her world. In math, we give her symbols of the decimal system. In language, we give her the letters of the alphabet and the 9 functions of words. In nature, we must give the child the world of living things.
[top] 

	xClassification Game for Botany

	
Reading of words
The teacher chooses several pictures of animals, those that might be known to the child, and that have simple names. The child identifies any that s/he may know. The teacher presents the names of the others. Incidental clues and hints are given to help the child remember. The three period lesson is given on those that are new.
When the child knows them all, the reading labels are given and the child may match them. The child may write the names, and draw pictures of the animals.
[top]


Reading of sentences
This work is intended for the point when the child reads reasonably well. This time the child puts out the pictures. The teacher reads a story from one of the cards. Upon completion the child guesses the animal that the story refers to. The story card is matched to the picture. When the child is working alone, he reads the stories.
Another nice way of doing this is to have an older child matched up with a younger one who doesn't read past a word level.
Age: up to 8 years.

Material: a box with several series of labels, each series is a different color. Each series contains a question and two or more answers.
[top]


Classification Game, first part
The teacher takes a group of 10-12 picture cards and one series of the classifying questions: What do they eat? How do they nourish themselves?
The question is read and the three alternative answers are read and placed as the column headings below the question.
The child takes an animal, identifies the animal and asks what do they eat?
If the child doesn't know, the teacher tells him, giving enough details so that he will remember the answer.
The pictures are placed in columns below the answers.
When all pictures have been placed in a column, review: "These animals eat other animals. " The label is turned over. "We call them carnivorous animals, and so on. "
The new words are given in a 3 period lesson.
What do you call animals that eat animals? What is carnivorous?
[top]


Classification Game, second part
One animal card is chosen, and all of its characteristics are considered. The animal picture is placed at the top. The child reads each question, finds the right answer, places the two side by side under the picture. The child goes on reading all of the questions and matching the right answers making a column.'
The child may write this down in his notebook or re-word it into a composition. Further research may be encouraged.
Age: 8
[top] 

	xFirst Knowledge of the Plant Kingdom

	
Classification Game - Plant Kingdom
In what environment do they live?
in a fluid environment
in a rocky environment
in a moist environment
in a dry environment
What is the vital cycle of the plant?
It has to be planted each year (annual). 
It grows back every year. ( perennial).
It grows every two years. ( biennial).
Does this plant grow naturally in our area?
It is natural to our area.
It is not a native plant.
How do humans use this plant?
as food for themselves
for construction and manufacture
as food for animals
for other uses
this plant is poisonous or harmful for humans
How does this plant get its nourishment?
It produces its own food.
It takes its nourishment from others.
It gets nourishment by other ways.

How does this plant reproduce?
by means of spores
by alternation of generation
by cell division
by means of seeds
by other means
[top] 

	xFirst Classification of the Plant Kingdom

	
It is important - especially in the classification of plants - that you have as many representations of the plants as possible. The scientific names are given here, but it is not necessary to give them unless you know their etymology. The scientific names will be meaningless to the 6-9 child without that. Plants and their classification are not familiar to many American families. It is important to make them interesting and play up the stories of the plants just as you do the animals.
Materials: Classification Charts with phyla, mute charts, loose pictures, labels, folders with classes.
Presentation: Tell stories from the Prentice-Hall Parade of Life Book about three phyla at a time, just as the animals. Show some of the examples of their classes with each. Have the children do some work or work with that part of the classification chart before they go on to the end. Give them time to get to know the definitions. Finish the work with them when you know they understand. They may work with the material in the sequence of pictures, labels, definitions matching with control - then pictures, labels, definitions with mute charts and folders.

The phyla of the plant kingdom are:
Bryophyta (Mosses, liverworts and hornworts)
Psilophyta (whisk ferns)
Lycopodophyta (club mosses)
Sphenophyta (horsetails)
Filicinophyta (ferns)
Cycadophyta (cycads)
Ginkgophyta (Ginkgo)
Coniferophyta (conifers)
Gnetophyta (Welwitschia,etc)
Angiospermophyta (flowering plants)
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	xVital Functions of Plants: Adapting Vital Functions for Ages 6-9

	
Traditionally, the Vital Functions have plants have been a complex series of exercises for the child the child of 9-12. The lessons are applicable for the child of 8 or 9, however, and it is important for the child of this age to be "captured" at the moment of concern for living organisms. These lessons are traditionally divided into four sections for the older children:
...Charts 1-10: Vegetative Functions
...Experiments: 1 - 14
...Charts 11-14: Functions of Relationship
...Experiments : 15 -18
...Charts 15-17: Preservation of the species , reproduction
...Experiments 19 - 21
...Charts 18-19: Synthesis
These lessons can be made lighter and more applicable to the 6-9 year old child by dividing the lessons as the classified nomenclature into The Plant, The Root, The Stem, The Leaf, The Flowers and the Seeds. Experiments can be done that give the lessons for the needs of the plant, the functions of the root, the stem, the leaf, flowers and seed.
Adapting Vital Functions for ages 6-9
Materials:
Place the plant stories on the back of the charts. Cut up the experiment cards and have them in a place on the Botany Shelf or near the planting materials. Tell the stories of the charts in your own words. Make the experiments as interesting and exciting as possible. Use other experiments that explain the needs or functions of the parts of the plant.
Use charts and experiments in this order:
· The Plant: 

· Chart 1, Needs of a Plant 

· Experiment #1, respiration of plants 

· Chart 2, The Menu of the Plant 

· Chart 3: From Death to Life: The Nitrogen Cycle
· The Root: 

· Chart : Water Seekers 

· Experiment 2: Root Hairs 

· Experiment 3: Formation of Roots 

· Experiment 4: Acid Reaction of Root Hairs 

· Experiment 5: Direction of Roots 

· Chart 4: Boulder in the Way 

· Chart 5: Give Drink to the Thirsty
· The Stem: 

· Chart 7: The Piston and the Pump 

· Experiment 6: Ascent of Liquids 

· Experiment 7: Ascent of Liquids 

· Experiment 7a: Capillary action 

· Experiment 8: Transpiration 

· Chart 8: The plant's need for the sun: aspiration 

· Experiment 9: Water is Necessary to the Plant
· Leaves: 

· Experiment 10: Demonstration of Chlorophyll in Green Leaves 

· Experiment 11: Demonstration: plants need light 

· Chart 9: The Plant's Need for the Sun 

· Experiment 15: Action of lights on plants 

· Chart 10: The Chemical Laboratory 

· Experiment 12: Formation of Oxygen 

· Experiment 13: Making of Starch 

· Experiment 14: Starch is colored Blue
· Relationships in the Plant's Environment 

· Experiment 15: Action of lights on Plants 

· Exp. 16: Action of Heat on Plants 

· Exp. 17 : Roots grow downwards: the stem? 

· Exp. 18: Roots are sensitive to water.
· Plant movement: 

· Chart 11: Movement of Seeds: 5 ways to travel 

· Chart 12: How plants cling 

· Use nomenclature for aerial stems 

· Chart 13: Like the Stakes of a Tent
· Defense of the Plants: 

· Chart 14: The Defense of Plants
· Reproduction of the Plant (Study of the Flower , Seeds and Spores) 

· Experiment 19: Plants grown from roots, stems, leaves 

· Chart 15: Alternate Sexual Reproduction: the fern 

· Chart 16: Love Among Plants 

· nomenclature: the Flowers 

· Chart 17: "Go, My Child" 

· Nomenclature: Seeds 

· Experiment: The seed and its parts 

· Experiment 20: How plants grown from seeds develop and are nourished. 

· Experiment 21: Monocot- and Dicotyledon Plants
· Cosmic Work of Plants: 

· Chart 18: Like Hands that Hold 

· Chart 19: Fountain of Cups
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The Plant:
THE STUDY OF THE PLANT
Observation of real plant
Nomenclature: The Plant
Chart 1-2
THE NEEDS OF THE PLANT
and The Menu of the Plant
This chart describes the basic needs that all plants have in order to actively participate in life. Plants absorb minerals that are dissolved in water through the roots in the ground. The roots take the minerals and water to all parts of the plant. The leaves of the plant absorb the Carbon Dioxide in the air for the process of photosynthesis, using the sun's energy. The leaves of the plant also breathe in the oxygen from the air.
Experiment 1
RESPIRATION OF PLANTS
MATERIALS: A large mouthed jar or container that closes well. Mustard or radish seeds, cotton batting, a glass, watering can, a long match, a small plate.
COMMAND: Put a number of seeds in a glass of water for 24 hours. Then place them on a little plate covered with cotton
batting. Put the whole thing in a jar which you have prepared by wetting well. Leave the jar open, keeping the seeds well watered until the plants have germinated but also developed well. Now seal the jar well and put it in a very dark place. After 24 hours, raise the lid just high enough to quickly introduce a lighted match.
What do you observe? Write your observations.
[top]


Chart 6
FROM THE DEAD TO THE LIVING, THE NITROGEN CYCLE
Nitrogen is essential to the life of a plant. Nitrogen gas, as it occurs in natural air, is not usable. The plant must first obtain nitrogen in a compound in order for it to obtain its full benefit. Lightning, decomposing matter, the roots of legumes, are three important factors in changing the nitrogen gas into a compound that will benefit the plant.
THE STUDY OF THE ROOT
Observation: Real plant roots
Nomenclature: The parts of the root
[top]


Chart 3
HOW ROOTS MOVE IN THE DIRECTION OF THE WATER
Since water is essential to the growth of the plant and its basic survival, roots will seek water out in the soil if it is not immediately.
Experiment 2
ROOT HAIRS
MATERIALS:
A small clay flower pot, some radish seeds, water a drinking glass, two small transparent bowls.
COMMAND: Put some radish seeds in a glass and fill it half way with water. Place the flower pot in one of the bowls which is then filled with water. Place the flower pot in one of these bowls which is then filled with water. After 24 hours, remove both the pot and the seeds from the water. Inver the flower pot and try to make the seeds adhere to the bottom of the pot. Then return the up-side-down pot to the bowl of water so that the seeds are out of the water. Use the other transparent bowl up-side-down as a cover. Keep the whole thing in the light.
Observe what happens every day and write down your observations.
[top]


Experiment 3
FORMATION OF ROOTS
MATERIALS: A jar with a rather narrow mouth, water, some twigs from a plant.
COMMAND: Fill the jar with water and immerse the twigs. Observe the plants each day adding water if necessary.
Write your observations.
[top]


Experiment 4
ACIDIC REACTION OF ROOT HAIRS
MATERIALS: A jar containing germinated radish seeds, blue litmus
paper.
COMMAND: Put the litmus paper on the sucking hairs of the plant.
Observe what happens and write your observations.
[top]


Experiment 5
DIRECTION OF THE ROOTS
MATERIALS: A glass, ink-blotter paper, black construction paper, a rubber band, sand, bean seeds, water.
COMMAND: Cut the ink blotter paper to fit around the inside of the glass. Place the bean seeds between the blotter paper and the sides of the glass making sure they are positioned differently. Then fill the glass with sand and wet the sand. Cut the black construction paper large enough to wrap around the outside of the glass, holding it in place with a rubber band. The sand must be kept wet. Do the same using other seeds. Observe your glass every day.
Observe what happens and write your observations.
[top]


Chart 4
ROOTS OVERCOME ANY OBSTACLE
So strong is that need for the water and the minerals, the plant will not allow anything to be an obstacle. Roots will grow around large objects in order to obtain what it basically needs to survive.
[top]


Chart 5
GIVE DRINK TO THE THIRSTY
By observing the leaves of a plant above the ground, we can understand the root system. The width of the leaf system corresponds to the root expansion below the ground. If the plant is long and thin, so is its root system, and so forth.
[top]


THE STUDY OF THE STEM
Observation of real stems and their types
Nomenclature of the stem
[top]


Chart 7
THE PISTON PUMP
Water will naturally go from an area of greater water content, to an area of less water content. It will naturally equalize its own pressure.


[top]
Experiment 6
ASCENT OF LIQUIDS IN THE PLANT
MATERIALS: Flower with stem cut during the experiment, glass jar
with a wide mouth, red dye or food coloring.
COMMAND: Fill the jar 3/4ths full of water and color it with a little dye. Then freshly cut the flower and stem from the plant, immediately placing it in the colored water. Then immediately cut the stem again while under the water.
Observe what happens and write your observations.
[top]


Experiment 7a
ASCENT OF LIQUIDS IN THE PLANT
MATERIALS: A well developed corn plant or another plant still growing in the ground, a sharp knife.
COMMAND: Cut the stem of the plant.
Observe what happens and write your observations.
[top]


Experiment 7b
CAPILLARITY
MATERIALS: 3 glass tubes of different thicknesses, one of which is a capillary tube, a pitcher of water, red dye or food coloring, an eye dropper, a small glass container.
COMMAND: Fill the glass container with water, 3/4ths. full. With an eye dropper, put a drop of red dye in the water and then immerse the three tubes.
Observe what happens and write your observations.
[top]


Experiment 8
FORMATION OF WATER VAPOR
MATERIALS: A flower pot containing a plant with many green leaves, a large transparent plastic bag, a piece of ribbon, a watering can and water.
COMMAND: First water the plant in the flower pot. Then cover the green parts of the plant with a bag and tie the bag around the bottom of the stem. Tie it tightly so that on air can enter. Then place the plant in the light but not the sun. Observe the plant after 24 hours and thereafter. Keep the soil well watered.
Observe what happens and write your observations.
[top]


Chart 8
THE SUN'S DRINK
The liquids in a plant automatically proceed to the top of the plant. The full plant seeks out the light since the light is what enables the plant to produce nourishment.
[top]


Experiment 9
WATER IS NECESSARY TO THE PLANT
MATERIALS: 3 test tubes, water, oil, three small plants, test tube rack.
COMMAND: Put the water and one plant in one test tube. In another test tube put the oil and a plant. In the third test tube put only a plant.
Observe what happens and write your observations.
[top]




THE STUDY OF the LEAF 

Observation of leaves
Nomenclature of the leaf
[top]


Experiment 10
DEMONSTRATION OF CHLOROPHYLL IN GREEN PLANTS
MATERIALS: A mortar and pestle, some green leaves (geranium is best), a glass, alcohol.
COMMAND: Remove some green leaves from the plant and grind them with a mortar and pestle. Place the resulting pulp in glass containing alcohol.
Observe what happens and write your observations.
[top]


Experiment 11
DEMONSTRATION THAT PLANTS NEED LIGHT
MATERIALS: 2 small clay flower pots, radish seeds, loose soil, water.
COMMAND: Place the radish seeds in water for 24 hours. Fill the two flower pots with soil. Place the seeds on top of the soil, or better, push them into the soil. Water them. When the plants have germinated and have reached a certain height, leave one flower pot in the light and put the other in a dark closet. Keep the pots where they are and observe and record the behavior of each.
Observe what happens and write your observations.
[top]


Chart 9
THE SUN WORSHIPPERS
Plants are attracted to light because through this energy they are able to transform their substance into nourishment. Only with the light will chlorophyll work.
[top]


Experiment 15
ACTION OF LIGHT ON PLANTS
MATERIALS: A special box whose lid has a window that opens, radish or other seeds, or preferably, already sprouted shoots; potting soil, watering can and water.
COMMAND: In the bottom part of the box, plant the seeds or shoots in the soil. Keep them well watered. When the plants are several inches high, put the special lid on top of the box with the window closed. Open the window and see what happens.
Observe what happens and write your observations.
[top]


Chart 10
THE CHEMICAL LABORATORY
Tubes called xylem carry the water to the leaves on the plant. There, the chlorophyll is activated by the sun to work on the water and the carbon dioxide. A chemical change takes place and a simple sugar is formed. Oxygen is also formed and released into the environment. This is called photosynthesis.
[top]


Experiment 12
FORMATION OF OXYGEN
MATERIALS: Some aquatic plants, a large cylindrical glass container, a large funnel, a test tube full of water, water, a long match.
COMMAND: Fill the container almost full of water and immerse the plants in it. Then invert the funnel over the top of the plants and empty the test tube full of water over the inverted funnel. Expose the whole thing to strong sunlight. Then observe it after 2-3 hours and you will see that many tiny bubbles have developed. Now light a long match. When it is burning, blow it out. Take the test tube off quickly and put the glowing match in it.
Observe what happens and write your observations. What are the tiny bubbles formed of?
[top]




Experiment 13 

MAKING OF STARCH
MATERIALS: A geranium plant in full bloom, two pieces of aluminum foil smaller than the leaves, two pins, ethyl alcohol, warm water, three glasses.
COMMAND: In the afternoon, cover both sides of a leaf with aluminum foil, holding it in place with a pin. The next day, expose the plant to strong sunlight, especially the covered leaf. That afternoon, after several hours of exposure, break off the foil covered leaf from the plant and then remove the foil. Immerse the leaf in alcohol and you will see that it becomes yellow. Now immerse in hot water and leave it there for a while.
Observe what happens and write your observations.
[top]


Experiment 14
STARCH IS COLORED BLUE
MATERIALS: A potato, some iodine, a knife.
COMMAND: Cut the potato and then drop a bit of iodine on the cut part.
Observe what happens and write your observations.
[top]


RELATIONSHIPS in the PLANT'S ENVIRONMENT
repeat Exp. 15: action of lights on plants

Experiment 16
ACTION OF HEAT ON PLANTS
MATERIALS: 2 small plates, cotton wadding, radish seeds, water, a glass.
COMMAND: Put quite a few radish seeds in a glass with water and leave it for 24 hours. Pour out the water and then take the two plates and cover them with the cotton. Scatter the soaked radish seeds on top of the cotton and water both plates well. Leave one plate in the classroom and put the other in a refrigerator. Keep both well watered. Observe them each day and write up your observations.
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Experiment 17
ROOTS ALWAYS GROW DOWNWARDS, AND THE STEM?
MATERIALS: A glass, ink-blotter paper, black construction paper, a rubber band, sand, bean seeds, water.
COMMAND: Cut the ink blotter paper to fit around the inside of the glass. Place the bean seeds between the blotter paper and the sides of the glass making sure they are positioned differently. Then fill the glass with sand and wet sand. Cut the black construction paper large enough to wrap around the outside of the glass, holding it in place with a rubber band. The sand must be kept wet. Do the same using other seeds. Observe your glass every day.
Observe what happens and write your observations.
[top]


Experiment 18
ROOTS ARE SENSITIVE TO WATER
MATERIALS: a clear container, wide and straight-sided, radish or bean seeds, soft soil, a watering can and water.
COMMAND: Fill the glass container with the loose soil. Plant the seeds in the soil close to the glass sides and water the soil well where the seeds were sown. After the roots have developed well in depth, begin to water increasingly farther away from the plants.
Observe the container every day and write your observations.
[top]


PLANT MOVEMENTS
Chart 11
HOW SEEDS TRAVEL
Seeds travel away from the mother plant in many ways. The wind often moves seeds great distances. Animal carriers also contribute to their relocation. Explosion is another way this mother plant releases the seeds or spores great distances. This enables plants to reproduce their species in other locations than the original environment.
[top]


Chart 12
HOW PLANTS ARE SUPPORTED
Some plants do not have a very strong stem, so they develop tendrils which support them by winding around sticks or poles, or the stems of other plants. Other plants which do not have strong stems crawl along the ground.
[top]


Chart 13
ROOTS: ANOTHER MEANS OF SUPPORT
This chart shows men holding the plant - anchoring it to the ground, so that when there is a strong wind, the plant is not pulled down.
[top]


DEFENSE of PLANTS
Chart 14
HOW PLANTS DEFEND THEMSELVES
Plants also develop special organs to defend themselves. They need to protect themselves from animals - dryness - cold. In order to defend themselves from animals, the leaves and the stem of some plants are transformed into thorns. Then it is not possible for the animals to eat the plant.
Plants which grow in very dry areas transform their leaves and stem into water containers, and they can live without rain for a very long time. For example, a cactus plant.
Plants defend themselves from the cold by developing very thin pointed leaves, like needles, covered with a thick film which protects them from the cold. Plants which are not able to develop leaves like needles lose their leaves during the winter and "hibernate."
[top]


REPRODUCTION of PLANTS

the study of flowers, seeds and fruit 
Observation: real flowers, seeds, fruits
Nomenclature of Flower, seeds and fruit.
Experiment 19
PLANTS GROW FROM ROOTS, STEMS, AND LEAVES
MATERIAL: several low glass containers of different shapes, strawberry or violet runners , various kinds of tubers, carrot roots, bulbs, shoots of various plants.
COMMAND: Prepare the different containers by filling them with water first and then as much of the above described material as you have been able to obtain. Whether it is a bulb or shoot, make certain that only the lower part is immersed in the water of the glass container. You may also put this material in soil instead of water.
Observe what happens and write your observations every day.
[top]


Chart 15
ALTERNATION OF GENERATIONS
This chart pictures the underside of the fern leaf, and the sporangium which opens and releases spores. The spores fall to the ground and germinate. The heart-shaped leaf, the prothallium, forms. In this little leaf, the male and female organs are formed. The female organs each produce one egg. The male organs produce spermatozoa. The spermatozoa join with the egg to form a new little plant.
[top]


Chart 16
LOVE IN PLANTS
Flowers are dressed in beautiful colors and give off a sweet perfume, which attract insects. This perfume draws the insect inside the flower where it sucks the sweet nectar. Pollen adheres to the insect's hair is carried by the insect to another flower. When the pollen is deposited on the flower, it develops a tail which grows down and fertilizes the egg. The egg is then transformed into a seed.
[top]


Chart 17
GO MY CHILD
This chart depicts a mother plant saying farewell to her child, a seed. The mother has provided the child with food to sustain his life until he is able to make his own. Sometimes the seed is covered with a fruit, which is a protection to the little seed, as well as a means to transport it far from the mother plant. The fruit represents the ovary enlarged. It is not useful to germination of a seed. Its purpose is to attract animals who will take the fruit as food, and the seeds will be carried far from the mother plant.
Experiment: The seed and its parts:
Take a bean seed, soak it over night or let it sprout.
Using the nomenclature for the seed , take it apart and look at the seed and its parts.
[top]


Experiment 20
HOW PLANTS GROWN FROM SEEDS DEVELOP AND ARE NOURISHED
MATERIAL: several small plates, various kinds of seeds, cotton wadding, several glasses and water.
COMMAND: Select different kinds of seeds and put them in water in the different glasses for 24 hours. Cove the plates with the cotton and then sprinkle the soaked seeds on the different plates. Keep all the plates well watered. Make a note of when they germinate and of how much they have gown each day.
At a certain point, what happens? Why? Write you deductions.
[top]


Experiment 21
MONOCOTYLEDON AND DICOTYLEDON PLANTS
MATERIALS: a terrarium with soil, different seeds: bean, wheat, corn; a watering can with sprinkler and water, several glasses.
COMMAND: Soak each variety of seed in a separate glass of water for 24 hours. Then remove them and sow in straight rows in the terrarium., identifying the different seeds by takes with labels. Water them immediately and always keep them moist, remembering that if seeds aren't kept moist they will die and not germinate.
Observe what happens and make regular notations. The important thing for this experiment is to observe how the plant is formed when it sprouts.
[top]


THE COSMIC WORK of PLANTS
Chart 18
ROOTS HOLD THE SOIL
Roots holding the soil is the cosmic work of the roots. Roots are like dikes which hold the earth. The roots form terraces on the hillsides, preventing the erosion of soil. The same work that the roots do is done by farmers when they grow crops on the hillsides, by a method called terracing.
[top]


Chart 19
The Fountain of Terraces or Cups
The brown represents the soil and the blue, water. Some water is retained by the roots of a plant, and water filters through, slowed by the network of roots and soil, gradually working its way to streams and rivers. This principle of slowing the descent of water on the mountainside has been used in terraced gardens which work like this fountain of cups.
[top] 

	

	

	xDescription of the Charts

	Chart 1-2
THE NEEDS OF THE PLANT
and The Menu of the Plant
This chart describes the basic needs that all plants have in order to actively participate in life. Plants absorb minerals that are dissolved in water through the roots in the ground. The roots take the minerals and water to all parts of the plant. The leaves of the plant absorb the Carbon Dioxide in the air for the process of photosynthesis, using the sun's energy. The leaves of the plant also breathe in the oxygen from the air.
[top]


Chart 3
HOW ROOTS MOVE IN THE DIRECTION OF THE WATER
Since water is essential to the growth of the plant and its basic survival, roots will seek water out in the soil if it is not immediately.
[top]



Chart 4 

ROOTS OVERCOME ANY OBSTACLE
So strong is that need for the water and the minerals, the plant will not allow anything to be an obstacle. Roots will grow around large objects in order to obtain what it basically needs to survive.
[top]


Chart 5
GIVE DRINK TO THE THIRSTY
By observing the leaves of a plant above the ground, we can understand the root system. The width of the leaf system corresponds to the root expansion below the ground. If the plant is long and thin, so is its root system, and so forth.
[top]


Chart 6
FROM THE DEAD TO THE LIVING, THE NITROGEN CYCLE
Nitrogen is essential to the life of a plant. Nitrogen gas, as it occurs in natural air, is not usable. The plant must first obtain nitrogen in a compound in order for it to obtain its full benefit. Lightning, decomposing matter, the roots of legumes, are three important factors in changing the nitrogen gas into a compound that will benefit the plant.
[top]


Chart 7
THE PISTON PUMP
Water will naturally go from an area of greater water content, to an area of less water content. It will naturally equalize its own pressure.
[top]


Chart 8
THE SUN'S DRINK
The liquids in a plant automatically proceed to the top of the plant. The full plant seeks out the light since the light is what enables the plant to produce nourishment.
[top]


Chart 9
THE SUN WORSHIPPERS
Plants are attracted to light because through this energy they are able to transform their substance into nourishment. Only with the light will chlorophyll work.
[top]


Chart 10
THE CHEMICAL LABORATORY
Tubes called xylem carry the water to the leaves on the plant. There, the chlorophyll is activated by the sun to work on the water and the carbon dioxide. A chemical change takes place and a simple sugar is formed. Oxygen is also formed and released into the environment. This is called photosynthesis.
[top]


Chart 11
HOW SEEDS TRAVEL
Seeds travel away from the mother plant in many ways. The wind often moves seeds great distances. Animal carriers also contribute to their relocation. Explosion is another way this mother plant releases the seeds or spores great distances. This enables plants to reproduce their species in other locations than the original environment.
[top]


Chart 12
HOW PLANTS ARE SUPPORTED
Some plants do not have a very strong stem, so they develop tendrils which support them by winding around sticks or poles, or the stems of other plants. Other plants which do not have strong stems crawl along the ground.
[top]


Chart 13
ROOTS: ANOTHER MEANS OF SUPPORT
This chart shows men holding the plant - anchoring it to the ground, so that when there is a strong wind, the plant is not pulled down.
[top]


Chart 14
HOW PLANTS DEFEND THEMSELVES
Plants also develop special organs to defend themselves. They need to protect themselves from animals - dryness - cold. In order to defend themselves from animals, the leaves and the stem of some plants are transformed into thorns. Then it is not possible for the animals to eat the plant.
Plants which grow in very dry areas transform their leaves and stem into water containers, and they can live without rain for a very long time. For example, a cactus plant.
Plants defend themselves from the cold by developing very thin pointed leaves, like needles, covered with a thick film which protects them from the cold. Plants which are not able to develop leaves like needles lose their leaves during the winter and "hibernate."
[top]


Chart 15
ALTERNATION OF GENERATIONS
This chart pictures the underside of the fern leaf, and the sporangium which opens and releases spores. The spores fall to the ground and germinate. The heart-shaped leaf, the prothallium, forms. In this little leaf, the male and female organs are formed. The female organs each produce one egg. The male organs produce spermatozoa. The spermatozoa join with the egg to form a new little plant.
[top]


Chart 16
LOVE IN PLANTS
Flowers are dressed in beautiful colors and give off a sweet perfume, which attract insects. This perfume draws the insect inside the flower where it sucks the sweet nectar. Pollen adheres to the insect's hair is carried by the insect to another flower. When the pollen is deposited on the flower, it develops a tail which grows down and fertilizes the egg. The egg is then transformed into a seed.
[top]


Chart 17
GO MY CHILD
This chart depicts a mother plant saying farewell to her child, a seed. The mother has provided the child with food to sustain his life until he is able to make his own. Sometimes the seed is covered with a fruit, which is a protection to the little seed, as well as a means to transport it far from the mother plant. The fruit represents the ovary enlarged. It is not useful to germination of a seed. Its purpose is to attract animals who will take the fruit as food, and the seeds will be carried far from the mother plant.
[top]


Chart 19
The Fountain of Terraces or Cups
The brown represents the soil and the blue, water. Some water is retained by the roots of a plant, and water filters through, slowed by the network of roots and soil, gradually working its way to streams and rivers. This principle of slowing the descent of water on the mountainside has been used in terraced gardens which work like this fountain of cups.
[top] 
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